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ADVERTISEMENT. 



In this Edition'' (which is stereotyped, and so will 

■si 

be secured from fiiirther change) the Simpler Farts, 
those^ namely^ suited for general School purposes and 
required for the attainment of an ordinary B. A. degree 
in the Uniyersity of Cambridge^ are printed separately 
as Fart I.; to which is appended a large collection of 
easy Miscellaneous Examples^ specially adapted to the 
contents of this Fart^ and supplying means of complete 
Examination in them. 

It will be seen that the easiest kiuds of Simple 
Equations and Equation Froblems are in this Edition 
introduced much earlier than is usual in Treatises on 
Algebra : but there can be no reason why this branch 
of the subject, which is so interesting to most Students, 
and gives them some idea of the practical applications 
of the Science, should not be brought forward as soon 
as possible. 

Part II. is in the Fress, and will contain the higher 
parts of the Subject, with such additional remarks on 



IV ADVERTISEMENT. 

the earlier portions as will suit the wants of more 
advanced and promising Students. This Fart may be 
begun as soon as the Student^ having thoroughly 
mastered Part I., has entered upon the Miscellaneous 
Examples. 

The errata given below should be corrected at once, 
before using the book. They will not appear in future 
impressions. 

A Key to Part I. is in the Press and will be ready 
after Christmas. 

Fomcett St. Mary, Nov. 1, 1848. 



ERRATA. 



Page 

10, line 13, for - J(a-h6 4-c) read -J(a + 6-c). 

21, Ex. 13, 9, for +z* read -z*. 

23, Ex. 16, 2, for a:* + a; - 16 read a:* + 2x - 15. 

36, line 13, for vo* read ^a\ 

— line 21, for = = 2ary* read = - 2x^. 

62, Ex. 36, 12, for 6a* in numerator read 5a^. 

69, line 6, for so also -r- read so also 7^. 

Ir 

72, Ex.43, 19, for +J(10-3ar) read -i(10-3ar). 

85, Ex. 47, 16, for ttoo thirds read one third. 

86, Ex. 47, 22, for 72 read 42; for twice read also: for 18 read 27 

91, Ex. 49, 3, for '^{ay &c. read *\/{a:»y* &c. 
Misc. Ex. 73, for 6 Vx'"- read 2 Vx'\ 

73, for 96 Vx'\ 6 Vx'' read 96 Vx-\ 2 Vx'\ 

« 194, for 1~. read + ^ 



a:" 1 1 a:" + 1 
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ALGEBRA 
Part S« 



CHAPTER I. 

DEFINITIONS. 

1. Algebra is the science which reasons about 
quantities by means of letters of the Alphabet, and 
certain signs and symbols, which are employed to re- 
present both the quantities themselves, and the manner 
in which they are connected with others. 

Thus we might put a to represent 7, and then ttoice a would 
represent 14 ; or we might put a to represent 3, and then tunce a 
would represent 6, three times a, 9, &c. 

2. The sign = (eqital) denotes that the quantities 
between which it stands are equal to one another. 
Thus, if a = 17, then twice a = 34. 

8. The sign .*. stands for then or therefore, and •/ for 
since or because. 

4. The sign + (plus) denotes that the quantity before 

which it stands is added, and the sign - (minus) that 

the quantity before which it stands is subtracted. 

Thus 5 + 3 = 8, 5-3 = 2; and if a = 3 and 6 = 4, 
then + 6 = 3 + 4 = 7, o + 6 + 2 = 3 + 4 + 2 = 9, 
10-a«10-3 = 7, 10-0-6 = 10 -3-4 = 7-4 = 3. 

The sign ^^ is used to denote that the less of two 

quantities is taken from the greater, when it is not 

known which is the greater. 

Thus a ^ b denotes the difference between a and h, 

B 



2 DEFINITIONS. 

5. All quantities before which + stands are called 
positwoy and all before which - stands are called nega- 
live quantities. 

If neither + nor - stand before a quantity, + is under- 
stood, and the quantity is positive ; thus a means + a. 

6. The sign x (into) denotes that the quantities be- 
tween which it stands are to be multiplied together; 
but very often a full-point is used instead of x, or, still 
more commonly, one quantity is placed close after the 
other without any sign between them. 

Thus axhf a,h, and ah mean all the same thing, viz. a multi- 
plied by ft; and, therefore, if a = 3 and 6 = 4, we shall have ah = 12, 
6a = 15, 6ab = 60 ; and if also c = 6, d=0, then 

4a6 + 3ac + 4(;?-26 + 2o6c-3aftcrf=48-f 46 + 0-8 + 120-0 

= 213-8 = 205. 

7. The number, whether positive or negative, pre- 
fixed to any algebraical quantity is called its coefficient; 
thus 3 is the coefficient of 3a, - 7 of - 7ew:, &c. 

If no number is expressed, the coefficient is under- 
stood, being 1, since a means once a. 

Ex. 1. 

If a = 6, 6 = 5, c = 4, df = 3, e = 2, /= 1, and ^ = 0, find the 
numerical values of the following expressions : 

1. a + 26+3c + 4ci+36 + 2/+5r. 2. 2a + 6 - 3c + 4rf - 5/+ 6jir. 

3. 36-4a-6c + 7<l + 2c-4^ 4. -3a + 26 + 3c-2c+/. 

5. a6 + 56c-4<fe + 6^. 6. 4a^ - 36/+ 4ce - orf. 

7. -3a6-2ac + 46c-a6c. 8. 5a6- 8ac+15c«fe-14a^. 

9. 33a6-19crf+22a6^-13crf^. 10. ahcd-1hcde\Zcdef-^defg. 



8. The sign + (5y) denotes that the quantity which 
stands lefiyre it is to be divided by that which foUotos 
it ; but, most frequently, to express division, the quan- 
tity to be divided is placed over the other with a line 
between them, in the form of a fraction. 
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Thus a-rh and - denote, either of them, a divided by h ; and 

if = 2, 5 = 3, then 

5a 10 5 3a + 26 6 4- 6 12 
2A" 6 ""3' 26-a "6-2" 4 " ' 

9. When any quantity is multiplied by itself any 
number of times, the product is called a power of the 
quantity, and is briefly expressed by writing down the 
quantity, with a small figure above it to the right 
denoting the number of times it is repeated. 

Thus, a^ stands for axaxaxayca^ Sa*iP(^d for Saaaabbbccd, 

The small figure in any case is called the index of 
the corresponding power. 

Thus, a (which means a}) is the j^r«^ power of a, 

A* the second ... or square of a, 

a" the third ... or ctibe of a, 

a* ike fourth power of a, &c. &c., 

and the small figures, ', ', ^ &c. are the indices of the second, 
third, fourth, &c. powers of a respectively. 

Hence, if a = 2, a* = 2 x 2 x 2 x 2 = 16, 
if a = 3, a" = 3x3x3 = 27, 
if a = l, a"=l, a'=l, (** = 1, &c. 

Ex. a. 

If a = l, 5 = 3, c = 5, and cf = 0, find the values of 

25 3c 6a 2a + 6 3a + 25 25 + 3c 2a5-c 

a 6 c c 5 7a a 

3 ^ + 25c + 3c<? 2a5c - iad + 3ac 3a5c + 6ac + 6a5 - 35c 

2a + 35 - 3a5-2arf ■*" 6c - 25 ' 

4. a* + 25» + 3c» + 4c?". 6. 3a"5 + 25"c - 2a*c + 35^. 

6. a'-3rt»c + 3ac«-c». 7. a* - 4a'5 + 6a«5« - 4a5» + 5*. 

Q >! j:j o «j: . 2a5*c . 12a»-y 2c» a+5«+c» 

8. 4a5c*-3a*5c + rr r . 9. - ,r-r- + k« - — ^,, . 

2a + 5 + c 3a* a + 5* 55' 

10 ^^-±1 1 + qV 4a + y+yc* a' + 2a5 + 5' 

• a« + y " a« + c" ■*" 5* + c» 5«-25c + c« * 

b2 



4 DEFINITIONS. 

10. The sqtmre root of a quantity is that quantity 
whose square power is equal to the given quantity. 

Thus the square root of 9 is 3, since 3' = 9 ; the square root 
of a* is a, of 64 is 8. 

So also the cube, fourth^ &c. root of a quantity is 
that quantity whose cube, fourth, &c. power is equal 
to the given one. 

The symbol used to denote a root is V (a corruption 
of r, the first letter of the word radix\ which, with the 
proper index on the left side of it, is set before the 
quantity whose root is expressed. 

Thus, Va" = a, v'64 = 4, ^3125 = 5, ^1 = 1, Vl = 1, &c. 

The index, however, is generally omitted in denoting 
the sqitare root; thus Va: is written instead of Vz, 

Find the values of E^* ®' 

1. V4 + 2V25 + 3V49-V64. 2. 3 V16-4V36 + 2 V9-V81- 

3. ^8 + 2^/l25-4^/l + v/64. 4. Vl + 3Vl6-2v'32 + 3\/l. 
If a = 25, 6 = 9, c = 4, d = 1, find the values of 

5. Va+2V6 + 3Vc + 4V<^. 6. Via + V96 + VltJc - V255. 

7. 3Va + 2V46-4V9c + Vl65. 8. ^5^ + 2 V'36-'^'2c + 4 Vrf. 

9. Va« - 2 A/ft* + 3 Vc* - 4 Vd. 10. Vftc + 3 V^-4 V6W+ Vc^cP. 

11. Algebraical quantities are said to be like or 

unlike^ according as they contain the same or different 

combinations of letters. 

Thus a and 6a, - 60*6 and 1a% 3a*bc and - a*bCf are pairs of 
like quantities ; a' and a", 3a5 and - 7a, 3a'5 and 3a&*, of unlike 
quantities. 

12. Brackets, (), { }, [], are employed to shew that 
all the quantities within them are to be treated as 
though forming but one quantity. It is of great im- 
portance to notice carefully the eiffect of using them. 

Thus a-{b-c) is not the same as a-b-c; for, in this last, 
both b and c are subtracted, whereas in the former it is the quan- 
tity, b-c, which is subtracted. 
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Hence, if a = 4, 6 = 3, c = 1, we have 

a-6-c = 4-3-l=0, a- (6 -tf) =4-2 = 2; 

2a - 36 + 2c = 8 - 9 + 2 = 1, 2a - (36 + 2c) = 8 - 11 = - 3; 

2a + 6-c = 8 + 3-l = 10, 2(a + 6)-cfcl4-l =13, 2(a + 6-c) = 12. 

Sometimes^ instead of brackets, a line is used, called 

a vinculum, and drawn above the quantities that are 

connected; thus a-b-c is the same as a-(b-c). 

The line, which separates the numr and den' of a 
fraction, is also a species of yinculum, corresponding, 
in fact, in Division to the bracket in Multiplication, 

Thus J— implies that the whole quantity a'\-b-c is to be 

divided by 4, and might have been written } (a + 6 - c). 

Ex. 4. 

If a = 0, 6 = 2, c = 4, rf = 6, find the values of 

1. 3a + (26-c)"4-{c»-(2a + 36)} + {3c-(2a + 36)}«. 

2. 36 + (2c - dy + {36 - (2c - d)}' - {36 - (2c - d)"}. 

3. 2Vj-6 + 3V3rf+2c-l+4Va-|-6 + 2c + rf. 

4. 3V2i?^ + 2V6* + c» + 7-\/2(6 + c)«-(6 + rf)». 

5. {a + (6 + cy-d}{(a + 6)* + (rf-cy}{(a + 6 + c)«-d}. 

If a=l, 6=2, c=3, c2=4, shew that the numerical values are equal 

6. Of (6 + c + c?)(6 + c-rf)(6 + (?-c)(c + (i-6) 

and of 46«c» - {<?* - (6« + c»)}*. 

7. Of {rf-(c-6 + a)}{(rf + c)-(6 + a)}, 

and of <^«-(c» + 6») +a» + 2(6c-flef). 

8. Of {(6 + c)-(d-a)}» + {(c + c?)-(6-a)}« + {(6 + rf)-(c-a)}« + 

(6 + c + c/-a)«, andof 4(a" + 6« + c« + rf*). 

9. Of {(a + rf)-(c-6)}{(a + c + d)-6}{c-(rf-a-6)}(6 + c + rf-a), 

and of 4 {ad + bcf - {(a« + d«) - (6» + c«)}«. 
10. Of rf«-(2rf-c)c + {2(c^-c) + 6}6-{2(c?-c + 6)-a}a, 
andof {(rf-a)-(c-6)}*. 

13. Those parts of an expression, which are con- 
nected by the signs + or -, that is, which are connected 
by Addition or Subtraction, are called its terms, and 
the expression itself is said to be simple or compound, 
according as it contains one or more terms. 
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Thus a', 2abf and - W, are each nmpte quantities, and 
a' + 2ab - 35" is a compound quantity, whose terms are a*, + 2ab, 
and - 3fi". 

Those parts of an explression which are connected by 

MuUtplication are called its factors. 

Thus the factors of a* are a and a, those of 2ab are 2, a, and 5, 
those of -^ 35* are - 3, b, and b, or, as we should rather say, - 3 
and d", it not being usual (except where specially required for any 
purpose) to break up a power into its elementary factors. Of 
course we might include 1 as a factor in each case; thus, since 
a' = 1 X a", the factors of a* are 1 and a*, and so of the rest : 
and this will be sometimes required, as will be seen hereafter, 
but for the present need not be attended to. 

It is very necessary that the student should learn at 
once to distinguish well between terms ani factors. 

Thus 2a + 6 - c is a compound quantity of three terms, 2a, b, 
and -c; 2 (a + &) - e is one of two terms only, 2 (a + 5) and - c, 
of which the former, 2 (a + b), consists of two /ao^«, 2 and a + 6, 
the factor, a + &, being itself a compound quantity of two terms ; 
and so also 2 (a + 5 - c) is a simple quantity, or single term, of 
two /ac^«, 2 and a + 5-0, of which the latter is itself a compound 
quantity of three terms. 

Let it be observed then that terms are the quantities 
which make up an expression by way of Addition or 
Subtraction, factors, by way of Multiplication. 

It may be also noticed^ that it is immaterial in what 
order either the terms or the factors of a quantity are 
arranged. It is usual, however^ to arrange quantities, 
as much as possible^ in the order of the alphabet. 

Thus a - 26 + 3c is the same quantity as - 26 + a + 3c, or 
3o - 25 + a, &c., and abc is the same as boo or bca ; but we should 
prefer to write a - 26 + 3c, and a6c, unless there were some reason, 
in any case, for arranging otherwise. 

A quantity of one term is called a monomial, of two 
terms, a binomial, of three, a trinomial, &c., and, gene- 
rally, of more than two terms^ a mtdtinomial. 
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CHAPTER II. 



ADDITION, SUBTRACnOiJ, MULTIPLICATION, DHTISION. 

14. To add like algebraical quantities, add separately 
the. positive and negative coefficients ; take the differ- 
ence of these two sums, prefix the sign of the greater, 
and annex the comtnon letters. 

Ex.1. 



3a 


Ex.2. 


-125c 


Ex. 3. 2c» 


Ex.4. 3a« + 26« 


-da 




4hc 


-6c« 


4a«-36« 


-2a 




dbc 


-7c» 


-8a« + 45» 


5a 




-Sbc 


10c» 


6a* - 66« 


6a 




5hc 


4c^ 


7a" + 36" 



7a -85c 4c* lla« • 

In the last example the star is used to indicate that the terms 
involving ft" destroy one another. 

If the quantities are unlike, we must add any that 

are like by the preceding ride, and write down the 

others with their proper signs. 

Ex. 5. 2a+36-4c Ex. 6. a?-2y+3s Ex. 7. 2a+ c+d 

-3a+46- c -2a;4-3y-4z - 6+ a+c 

4a+76+7c 3aj-5y-5a -^ c- d 

a- 6-4c x-\- y -3a- e-f 

-5a+25-6c 2y+2g -2c +2d-2e 

-a+166-8c Sx- y-4z - h+2d-2e-f 

Find the sum of ^^' ^• 

1. 7a-36 + 4c-2<l+7, -8a + 46-6c + 2£?-ll, 13a+35-5c+4rf-4, 
2a-54-c + ll, a + 2rf-3. 

2. 2a:-3y + 4a-4, a;4-2y-32, -3a? + 2y-62 + 7, 4ar-y + 2z-3, 
9a?-10y+ll«-12, ar + y + a. 

3. 2a*+aft + 3y, 3a*-4a5 + 2fi", 3a« + 3a5-5«, 12a«- 14a5-76«, 
3a*-12a5 + 17fi». 

4. a^ - 4Jy + 3cz, 13aaj - 96y + 7cz, - 6ax + 76y - 14cz, 2ax 
- Jy + ca, - llaor + 135y - 4cz. 

6. 20a^ + 20a»y-3.ry•+14y^ -17«*+ 14a:«y-12ay-3y», Ur" 
+ 17a!»y + lffary«-5y». - 12a!« - 13aj"y - 14a!y« - 6y», 12a:«y + 3y'. 
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6. 2x«-3a?y-4y', ar2 + 2y"-z», «*-2ya + 5a^, ^-6xz~^3x', 
ara - 22* + 5y«, 4y" - 3ya + 2a^. 

7. ar»-3a«*+3a*a;-o', 4a:»-5aa:* + efl"a:-16a», Sr* + 4aaj« + 2a*ar 
+ 6a', - Har' + 19flkr« - 15o«a; + 8o', - 13a«* - 27a«a: + 18a'. 

8. a'-2fl5^-ac*+o*6 + 2a"cH-2oJc, -a"6 + 6»-26c»+2afi» + 2o6c 
+ 6*c, - 2a*c -b^c-^-i^-i- 2abc + oc* + 2&c*. 

9. Sar* + 22^ + z" + 8yz*, y* + 3«»y + 2xy* + «■ - 23a:*z, «* + 2xt/z 
+ ^y + 12a!*a - 9y*z + 6y2*, 2ar»- 3^*+ 4ayz - ftrj/", 4y»- z"+ 6a:*2 
-15a:yz + 3y*z-14yz*, 6«*z - 16a?y« + 4ary* - 7a:*y + 6y*z. 

10. a;* + Say* - ars? + aj'y + ar*z, 3a^y* + 3af*zP + 3ayz - Says? - 6a:*yz, 
-ar'y + y*- ya? - 3a?y* + 3a?yz, - Saiy* - 3ayz*- Sy'z + 3j^z" - 6ay*z, 
-ar*z + 3yz + z*t3a:"yz-3a:*z*, 3ary*z + a;z* - Sy'z" + yz* + 6aryz". 

15. To subtract algebraical quantities^ change their 
signs and proceed as in Addition. 

Thus, if we take b from a, the result will be a-b; 
but, if we take b-c from a, the result will be greater 
by c than the former, since the quantity now to be 
subtracted is less by c than in the former case ; hence 
the result required will be a - ft + c, which is therefore 
the value of a-(b- c), so that the quantities ft, - c, 
when subtracted, become - ft, + c, respectively. 

Or we may reason otherwise, as follows : 

(i) Since o = a - ft + ft, if we subtract + ft from a, the 
result is a - ft, the same as if we add - ft to it ; 

(ii) Since a = a + ft - ft, if we subtract - ft from a, the 
result is a + ft, the same as if we add +ft to it. 

Thus if a person possesses a pounds and owes h pounds, his 
money in hand may be represented by + a pounds, and his debt 
by -ft pounds, so that he may be said to possess +a and -h 
pounds, or, in one sum, a-h pounds. Now if we svbtract or 
annul his debt, that is, if we take away his negative property, 
- ft pounds, he will possess the whole positive property, + a pounds, 
the same as if we give him + h pounds, to pay his debt with. 

There will often, however, be no need formally to apply the above 
rule of changing signs, since the difference may be obtained at once, 
by taking that of the coeiRcients and annexing the common letters. 
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Thus, in Ex. 1, we may say, at once, Sx from 5x leaves 2ar, 
y from 7y leaves 6y, -izft'om -8z leaves -4z; though of course, 
if we chose to apply the Rule (change the sign of the quantUy to he 
subtracted and proceed as in Addition) it would equally be true 
that - Sx added to + 5a:, - y to + 7y, + 4a to - 8z, would produce 
respectively, + 2a?, + 6y, - 4z, as before. 

Ex. 1. Ex. 2. Ex. 3. 

From 6a; + 7y--8z 5a^-2a:y + 3y* -3a" + 4o6-56* 

take 3ar-t- y-4z - 4a:' - 2ay + 7y* -7a* + 3y -2c» 

Ans. 2a: + 6y-4z 9a:* -4y* 4a« + 4a6 - 86» + 2c* 

Ex. 6. 

1. From 2a - 26 + c take a f 6 - 2c. 

2. From 2a:" - 3a:y + y* take 4a:* + 4a:y - 2y*. 

3. From 5ax - Ihy + cz take ax + 2hy - cz, 

4. From 7a:* - 2a: + 4 take 2a:* + 3a: - 1. 

5. From 8a* - 2a + 66* - 5a6 + 5c* - 3 Jc + 2 
take a* + a + 26* + 2a6 + 3c* + 36c + 2. 

6. From 2a:* - 4a:*y - 3y* + 6 - 2a:* - 3ay - 14y* 
take 3ar» + 2a:*y - y» - 3a:y* + a:* - lOy*. 

7. From ^a? + 6a:y - 4y* - 12a:z - 7yz - 5z* 
take 2a:* - 3y* + 4a:z - 6:? -{- 6yz ~ 7a;y. 

8. From 3a;*+2a:y-y* take - a:*- 3a:y + 3y*, and 3a:* + 4a:y - oy*. 
0. From a*-2a*6 + 3a*6*-4a6*+56* take 2a6*-3a*6*f 4a''6-5a*, 

ajid 3a* - 2a*6 + 6a*6* - 2a6* + 36*. 
10. From a* - 4a»6* - 8a*6* - 17a6* - 126» take a» - 2a*6 - 3^*6*, 
2a*6 - 4a*6* - 6a*6*, 3a*6* - 6a*6* - 9a6*, and 4a*6* - 8a6* - 1 26*. 



16. Since the sign + or -, preceding a bracket, will 

imply (12) that the whole included quantity is to be 

added or subtracted, if we wish to remove the bracket, 

we must actually perform the operation indicated by 

means of it, i,e. we must add or subtract the quantity 

in question. Of course, in the case of + preceding it, 

this amounts to no more than merely setting down 

the included terms with their proper signs, because, 

when a quantity is added, the signs of its terms are 

not altered; but in the case of - preceding a bracket, 

b5 
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we shall have to change the signs of all the included 
terms^ since they are all to be subtracted. 

Thus + (a + 6 - c) = a + 6 - c, (a*-2db-V)^ a« - 2a5 - ft^; 

but - (a + 6 - c) = - a - 6 + c, - (a» - 2aft - ft") = - a* + 2aft + 6*: 

so also, in the case of a double bracket, we have 
3a - {(a - 3c) - (26 - c)} «= 
3« - (a - 3c) + (25 - c) = 
3a - a -f 3c + 25 - c = 2a + 25 + 2c. 

The same remark applies also to the case of a fraction 
with a num' of more than one term, whenever the line 
separating its num' and den% and which (12) is a species 
of vinculum, is removed by any process. 

Thus - ^Lt^Zf [or -i(a+6+c)] = - ? - | + £ [or -ia-Jft+ic] ; 

and - i (a - 6), when multiplied by 2, becomes - (a - 6), or - a + ft. 

Ex. 7. 

Reduce to their simplest forms : 

1. (a -a;) - (2a: - a) - (2 - 2a) + (3 - 2aj) - (1 - x). 

2. (a' - 2a»c + 3ac*) - (a'c - 2a» + 2ac») i-(€^-(u^- a'c). 

3. (2a:« - 2y« - «•) - (V + 2a:* - 2") - (385" - 2y« - «»). 

4. (ar'+ a«« + a«x) - (y»- V+ ^V) + (z' + cz' + c^) - (a'-y' + z') 

+ (aa^ + fty" + c^) - ((^x - ft*y + c^a). 
6. a« - (ft» - c») - (ft" - (c» - a«)} + {c» - (ft» - a«)}. 

6. {2a« - (3aft - ft")} - {a* - (4aft + ft")} + {2ft» - (a" - aft)}. 

7. {a:" + y" - (3a:"y + 30^)} - {(ar» - 3a:»y) - (3ay - y")}. 

8. {2«-(3y-«)}-{y + (2a:-a)} + {3«-(a:-2y)}-{2a:-(y-«)}. 

9. 1 - {1 - (1 - 4a:)} + {2a: - (3 - 5x)} - {2 - (- 4 + 6x)}. 

10. {2a - (3ft + c - 2d)} - {(2a - 3ft) + (c - 2d)} + {2a - (3ft + c) - 2«^} 
- {(2a - 3ft + c) - 2d}. 

-17. It is often necessary not only to break up, or 
resolve, quantities contained in brackets, but also to 
form such quantities, that is, to take up in a bracket 
any given terms of an expression. Now, in doing this, 
it should be noticed that, whatever term we choose 
to set as first term within the bracket, the sign of that 
term will have to be placed beforh the bracket, and this 
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sign will of course affect all the terms we may place 
within the bracket. If, then, this sign should be (+), 
the other terms may be set down at once within the 
bracket with their proper signs ; but if it should be (-), 
we shall have to change the signs of all these other 
terms, and then set them within the bracket: for the 
sign (-), which precedes the bracket, will influence all 
these signs, and have really the effect of correcting^ as 
it were, the changes we have made, and will, in fact, 
cause the original signs to reappear, whenever we 
choose to resolve the bracket again. 

Thus -^^ a-h -c^ collected in a bracket with + a asjlrst term, 
"will be + (a - 6 - c) ; but, with - 6 as first term, - (6 - a + c), and 
with - c as first term, - (c - a + 5) ; and now, if we resolve again 
these last two brackets, the sign (-), preceding each of them, will 
correct the changes we have made, and the quantities will be 
reproduced, as at first, -& + a-<?, - c-\- a -b. 

So also we might use an inner bracket, and write the quantity 
+ {(a-6)-c}, or+{a-(6+c)}, or -{(6-a)+c}, or -{6-(a-c)}, &c. 

Ex. 8. 
Express, by brackets, taking the terms (i) tioo, (ii) three, together, 

1. 2a-6-3c + 4rf-2« + 3/. 2. -5-3c + 4£f-2e + 3/+a. 

3. -3c + 4d-2« + 3/+2a-6. 4. +4d-2« + 3/+2a-6-3c. 

5. -2« + 3/+2a-6-3c + 4rf. 6. 3/+2a-6-3c + 4rf-2«. 

7 — 12. Express the second answer in each of the above by using 
also an inner bracket, including in it the latter two of the three 
terms within each of the outer brackets. 



18. We have spoken hitherto only of numerical 
coefficients; but, in fact, when a quantity is composed 
of two or more factors, any one of them is a coefficient 
of the rest taken together, that is, (as the word coefficient 
implies) makes up with them, as a factor, the quantity 
in question. 

Thus in Zabcx, 3 is, as before, the coefficient of obex \ but 3a is 
also the coefficient of hex, 3a5 of ex, ax of 3&c, &c. 
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Such coefficients are called litercJ coefficients^ as in- 
volving algebraical letters; and, when any terms of 
a quantity contain some common factor, a bracket is 
often employed to collect the other factors, considered 
as its literal coefficients, into one quantity, which is 
set before or after the common factor. 

Thus we have seen already that 3a? + 2a; - x = 4a?, that is, 
= (3 + 2 - 1) a? ; and in like manner, oa? + 5a? - a? = (a i- 6 - 1) a?, 
2a-4oa; + 6ay = 2fl(l-2a: + 3y), (a + 2J)«»-(26-c)a:»-(2c-a)a?* 
= {(a + 26)-(26-c)-(2c-a)}«» = (2a-c)««. 

Add (a-2p)x^ -2a:«+(2c-3r)ar 

-(jp-a)a?-(h-iq)a^- {c - l)x From oar* -ba^ +a; 
-«* 4-36a:"-(c-2r)a? take -pj^ -qa^ -{-rx 

II ■!■ ■ I I ■ II I -■ Ml 

An8.{Sa^-l)a?-{{b-2)x^ -rx Ans, {(Hp)a^-{h-q)a:^'^{l'-r}x 

The above Answers may, of course, be expressed differently, by 
changing the order of the terms within the brackets; thus, the 
second might have been written (a + p) a?* + (g^ - 6) «■ - (r - 1) a;. 

On the other hand, when a bracket comes in this 
way before or after a single term as factor, it may be 
resolved, after multiplying each term of 'the quantity 
within it by the common factor. 

Thus a {b - x) - {a - y)b = (ab - ax) - (aft - by) = 
ab-ax-(d>'\-by = by-ax = - {ax - by). 

Ex. 9. 

1. Collect coeff' in aa? - ba^ - ex - bx^ ^ C2^ - dx ■{■ ca^ - da^ - ex, 

2. Add together ax -by, a; + y, and (a - 1) a; - (J + 1) y. 

3. Add together (o + c) a;* - 3 (a - 6) ay + (6 - c) y*, and 

(6 - c) a:* + 2 (a + 6) ary 4- (a - 6) y*. 

4. Add together (a + b) x ■{■ {b •¥ c) y and {a-b)x - (b - e) y, 

and subtract the latter from the former. 

5. Add together (i) the first two, (ii) the last two, and (iii) all 

four together, of 2 (a + 6) ar + 3 (6 + c) y, - 3 (« - 6) a? + 
2(a-c)y, -(26-hc)a: + (a-26)y, and (a - 26) a; - (i + 2c) y. 
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6. In (6) (i) subtract the second quantity from the first, and 

(ii) the fourth from the third, and (iii) add the two results 
together. 

7. In (5) (i) subtract the third from the first, and (ii) the fourth 

from the second, and (iii) add the two results together. 

8. In (5) (i) subtract the fourth from the first, and (ii) the third 

from the second, and (iii) add the two results together. 



19. To multiply two simple algebraical quantities 
together, multiply together respectively the numerical 
coefficients and letters ; and then, if the multiplier and 
multiplicand have the same sign, prefix to this product 
the sign +, if different signs, the sign -. 

Thus, 7a X 46 = 28a*, - 2a x 3<? = - 6ac, 56 x - 2c = - 106c, 
- 3a X - 56 = 15a6. 

This rule for determining the sign of the product, 
viz. that like signs produce + and unlike - , may be thus 
deduced. 

Let it be required to multiply a-b hj c- d. 

Here (a - b) (c - d) ^ {a - b) x^ (writing a? for c - cf ), 

=^ ax -bx 

^ a(c - d) - b(c - d) 
= (ac - ad) - (be - bd) 
^ ac - ad - be -^ bd: 

in which result we see that the product of + a by + c 
is ac (i. e. + ac), that of + a by - rf is - ad, that of - i 
by + c is - be, and that of - 6 by - rf is + bd. 

If several simple quantities are to be multiplied together, 
instead of multiplying them together successively by the above 
rule, (thus 2a x - 36 x - 4c = - 6a6 x - 4c = 24a6c), it will be shorter 
to multiply them at once together, and then prefix to this product 
the sign + or -, according as the number of negative factors is 
even or odd. 
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SO. The powers of a quantity are multiplied together 
hy adding the indices. 

Thus (^ xa* = a^ ==(^1 for a' = a. a. a, €^ = a.a; 
.*. c^ X a* = a, a. a, a. a = a*; and so in other cases. 

Hence 
^ 3a«6 X 4a"J" x - 2aV = 24aW, 2a5c x Sa'ft'c" x - a^c = - 6a*&*c\ 

21. If the multiplier or multiplicand consist of several 
terms^ each term of the latter must be multiplied by 
each term of the former, and the sum of all the pro- 
ducts taken for the complete product of the two quan- 
tities. 

This process is generally conducted as in the following Examples. 



Ex. 1. 


3aj" - 2xy 


+ 4y« Ex.2. -2a"y + 


Say - 75* 




2a*x 


-4a6 






6a V - 4£i^a:"y 


+ 8a V 8aW - 


20a«6* + 28ay 


Ex.3. 


+ 6 


Ex. 4. a + & Ex. 


5. a-b 




a + 6 


a-6 


a-b 




a*'\-ab 


c^ ^^ah 


(^-ab 




«• + 2aft + ft» 


-ah-V 


-ab + I^ 




a* * -U" 


a* - 2ab f 6* 


Ex.6. 


aj+a 


Ex. 7. «* + (a + 6)a; + a6 






x^b 


X +c 






a^^ax 


a^^-{a-\^b)a^-\-abi 


r 




+ 6a: + a6 


+ c a^-\-(ac-\-bc)x-\-ahc 



^fw. «*+(a + 6)ir + aft a^+(a+64c)«'+(a5+ac4 6c)ar+a6c 

Ex. 8. «*- aar* + 5a; - c 
x^-k- mx + n 



a^- ax* + Jar* - car" 
+ m af* - am x* ■\- bm a^ - cm x 

+ w a:* - an a;* + 5w a; - en 



Ans, a^ ' {a - m)x* i^ (b -am^^n) x^-{c - bm^an)ji^'-{cm-bn) x-cn 
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Bx. lO. 

1. Multiply «wy by hxy; nva^ by -tia^; ■- aez by -2axyi 

abc by 6c; - abe by - ac; «*y by - xy*. 

2. Multiply «* - ajy + y" by a?, and aF - ax -¥ a^ by - oa:; 

ic* - aa? + 6 by - afto;; ic" - 3«"y + 3a?y* - y* by ary. 

3. Multiply 2a + 5 by a -^ 36, and 2a - 6 by c - 3d. 

4. Multiply ar + 2y by 2ar + 3y, and 3a6 + 46* by 2a6 - 36". 
6. Multiply «* + 3«-2by« + 3, and «• - 4a; + 3 by « - 2. 

6. Multiply a" + 2a - 1 by a' - a 4- 1, and by a* - 3a - 1. 

7. Multiply 21a^ + 9a^p + Bxy' + y» by 3ar - y. 

8. Multiply a* - 2a»6 + 4a«6" - 8a6» + 166* by a + 26. 

9. Multiply «* + 2aar + 3a* by aj" - 2aar + a\ 

10. Multiply ^a* - 3a6 + 6" - 6a - 26 + 4 by 3a + 6 + 2. 

11. Multiply «* + y" + s? + a?y-«« + yz by «-y + «. 

12. Multiply a* + 2a* + 2a + 1 by a* - 2a* + 2a - 1. 

13. Multiply a* + 46^ + 9c* + 2a6 + 3ac - 66c by a - 26 - 3c 

14. Multiply a* - 2a*6 + 3a*6» - 2a6* + 6* by a* + 2a6 + 6*. 

16. Multiply a^ - ax -vh by «-c, and by «* + oa: - c. 

16. Multiply 1 - aa: + 6a:* - ca:* by 1 + « - a:*. 

17. Multiply a-^mx-na? by a-'2mx-\-fU!^, and by a + 2«a; - ma:*. 

18. Find the continued product of aa; - 6y, ax-\- cy, and ax - dy, 

19. Find the continued product of 2a;-fn, 2a;+n, a:+2m, and x-2n. 

20. Find the continued product of a:*+aa;-6*, a:*+6a?-a*, and a;-(a+6). 



22. The student should notice some results in Mult» 

so as to be able to apply them when similar cases occur^ 

and write down at once the corresponding products. 

Thus, (21 Ex. 3, 5) the product of a + 6 by a + 6, or the square 
of a + 6, is a* + 2a6 + 6*, and the square of a - 6 is a* - 2a6 + 6* : 
by remembering these results, we may write down at once the 
square of any other binomial ; thus, 

(a:+y)*=«*+2ay+y*, (aj-2)*=a:*-4« + 4, (2a! + y)*=4a:* + 4a!y+y*, 
(2aa; - 36y)* = 4a*a* - 12a6ay + 96*y*. 

Again, (Ex. 4) the product of a + 6 by a - 6 is a* - 6* : 
hence we have {X'^y)x(x-y) ^a^-y', (a: + 2) (a; - 2) = a:* - 4, 
(2aa; + 36y) (2aa: - 36y) = 4a*a;* - 96*y». 
So also, (Ex. 6) the product of a: + a by a: + 6 is «*+ (a + 6) a; + a6, 
where the coefil of a; is the sum of the two latter terms of the 
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factors, x^-a, x-\-bf and the last term, +a&, is their product: in 
like manner, we shall have 

(a; + 5) (a: + 2) = a:* + (5 -H 2) « + 10 = «» + 7a; + 10, 
(a; - 5) (a; + 2) = «• + (2 - 6) a; - 10 = «• - 3a; - 10, 
{x + 2) (a; - 2) {x + 3) (a; - 3) = (a:« - 4) («» - 9) 

= a;* - (9 4- 4) a;« + 36 = a;* - 13a:* + 36, 
(a; + 2) (a; - 3) (a; - 4) (a; + 6) = (a:* - a; - 6) (a:* + X - 20) 
= (by common Mult») a;* - 27a;* + 14a; +120 

23. Let then these three results, OTformtdcB, be noted : 

(i) {a±bf = a'± 2ab + b^; 
or, the square of any binomial = the sum of the squares 
of its two terms together with twice their product : 

(ii) (a + J)(a-J) = a»-y; 
or, the product of the sum and difference of any two 
quantities = the difference of their sqtuires : 

(iii) (x + a)(x + b) ^ x^ + (a + b) X -¥ ab. 

24. By a little ingenuity, however, the above formulae may be 
still more extensively applied to lighten the labour of Mult" : thus 

Ex. 1. (a-6 + c)"={(a-6) + c}« = by(i) (a-6)«4-2 (a-6) c + c« 
= a" - 2ab + 6* + 2ac - 2bc + c*; or we might have written it 
{a - (6 - c)Y, or {(a + c) - h}*, &c. and then have expanded either 
of these by (i), obtaining, of course, the same result as before : 
but we shall give a biSer me^od hereafter for squaring a tri- 
nomial; it will be sufficient to have noticed this. 

Ex. 2. (a« -ax + a*){c^'ax-x') = by (ii) (a" - axf - a;* 

= a* - 2a'a: + aV - x\ 

Ex.3. {a*^ax-a^) (a* - ax - a*) = {{t^ - a^) ^ ax} \{a*-x')-ax} 
= (a» -a^y^c^a^^a*- 2aV + a;* - aV = a* - 3aV + a;*. 

Note that the formula here employed, (a + 6) x (a - 6) = a" - b\ 
may be always applied, whenever it is seen that the two quantities 
to be multiplied consist of terms, which differ only (some of them) 
in sign, by taking for a those terms which are found with their 
iigns unaltered in each of the given quantities, and the others 
for b: thus, in Ex. 3, a' and -a;* appear in both the given 
quantities, whereas in one we have + ax, in the other - ax ; hence 
the product required is (a" - a^f - oV, as above. 
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Ex.4. (a* + a«+«*)(a"-flar + «»)=(a^ + «*)F-aV = a* + aV+a:*. 
Ex. 6. (a*+<i«-a^)(a*-««+a!*)s=a*-(flaj-«')P=a*-rf'a:*+2a«*-«*. 
Ex. 6 (a*-a«+a!*) (<ia? + «"-a*)=«*-(a*-aa;)P=a^-a*+2a'a;-aV. 
Ex. 7. (rt + 6 + c + e?) (a + 6 - c - rf) = (a + 5)" - (c f i)" 

Ex. 8. (a + 26 - 3c - rf) (a - 26 + 3c - J) = (a - rf)" - (26 - 3c)« 
= a" - 2ai? + rf" - 46« + 126c - 9c». 

Ex. u. 

1. Write down the squares of a - a*, 1 + 2it*, 2a* + 3, Sx- 4y. 

2. Write down the squares of 3+ 2a;, 2x- 3y, a*- 3ar, ba^-cxy. 

3. Write down the product of (2a + 1) x (2a - 1), (3a« + 6) 

X (3aa; - 6), (x - 1) {x + 1) {a* + 1). 

4. Write down the product of (x + 3) (x + 1), («■ + 4) («• - 1), 

(a6 - 3) (a6 + 2), (2aa; - 36) (2aa: - 6). 

5. Find the continued product of x + a, x-a, a; + 2a, and « - 2a. 

6. Find the continued product of mx + 2ny, mx ~ 2ny, mx - 3ny, 

and mx + 3ny. 

7. Simplify 3(a-2x)"+2(a-2ar)(a4-2a:)+(3ir-a)(3a;+a)-(2a-ar)". 

8. Multiply a:»+2ay + 2y" by x"-2«y + 2y", and 2a" - 3a6 + 6« 

by 2a« + 3a6 + 6". 

9. Multiply a + 6 + c by a + 6-c, by a-6 + c, and by a - 6 - c. 

10. Multiply a-6 + c by a-6-c, by 6 + c-a, and by c - 6 - a. 

11. Multiply 2a + 6 - 3c by 2a - 6 + 3c, and by 6 + 3c - 2a. 

12. Multiply 2a - 6 - 3c by 2a + 6 + 3c, and by o - 3c - 2a 

13. Multiply a + 6 + c + rfby a -b + o- d, by a -b -c+ d 

and by b ^ c- d- a, 

14. Multiply o- 26 + 3c -I- (? by a + 26-3c + (/, by 26-a + 3c + rf, 

and by a + 26 + 3c - (f. 



25. To divide one simple algebraical quantity by 
another^ divide respectively the coefficient and letters 
of the dividend by those of the divisor ; and then, if the 
two quantities have the same sign, prefix to the quotient 
thus obtained the sign +, if different, the sign -. 

Thus 14a64-2a=--— =76, -12a^l0c=-— -=-— , -a^-2c=+--. 

2a 10c dc 2c 
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The rule for the sign of the quotient is the same 
as that given in (19)^ viz. that like signs produce 4 and 
unlike - ; and is clearly derived from it^ for if + a 
multiplied hj -h produces - ab^ of course - ah divided 
by + a produces -hi and so in the other cases. 

26. One power of a quantity is divided by another 
by subtracting the index of the latter from that of the 
former. 

Thus -r = a*-' = a*! for -== — ^ = aF: so -^^— '=a!Vsr 
<r tr tr xyz 

27. If the dividend contain several terms, while the 
divisor still consists of only one, each term of the former 
must be separately divided by the latter. 

Ex.1. ^y-3^y' + 9y' _^a^y 3a:«y'^ V^g* .^3y 
Zxy Zxy Sxy Zxy 3 x 

„ „ a"c*-2aic» + 3a<j' €?<? 2db<* Zcu? a 1 3c 

Kt 2 ^ — 4- — — — ^ = — — 4- — — — 

' ' '^cM 4aftc» 4a5c* 4aic» 46 2 46" 

28. But if the divisor be also a compound quantity, 
we must proceed as in common Arithmetic : viz. 

(i) Place the quantities, as in Division of Arithmetic, 
arranging the terms of each of them, so that the dif- 
ferent powers of some one letter, common to both of 
them, may follow in order of the magnitude of their 
indices, (it matters not whether in ascending or descend- 
ing order, only the same order in each of them); 

(ii) Divide the first term of the dividend by that of 
the divisor, and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first term of the 
quotient, and subtract the product from the dividend ; 

(iv) Bring down fresh terms (as may be required) 
from the dividend, and repeat the whole operation. 
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Ex. 1. Ex. 2. 

1 -a:) l-2a: + ar"(l -ar 3a:-4y) 6«»-17a:"y + lV(2a:»-3a:y-4y* 
1- a; ea:*- Sx'y 



- x^a? 

- x^a^ 


- 9a:«y+16y» 

- 9a:»y+12«y* 

-12ary«+16y' 
-12ary«+l^' 


Ex.3, a-x) c^-a^ {(^^axJto^ 
€?-a^x 


Ex.4. o + a;)a" + aj'(o»-<iar+aj» 
a^^€^x 


a*x-a^ 
c^x-ao^ 


^€?x-aa? 


aa?-si? 




2a? 
Ex. 6. a+ar)a* + a^(a-a;+ — 
' . ^ a^x 
<r-\-ax 


2a* 

Ex. 6. a-x) c^JrO? (a+«+ 

, a-x 
cr-ax 


-ax + a? 
-ax- a^ 


ax-\- «• 
ax- of 



In each of the last two examples we have a remainder 2a:*, 
which we place in the quotient, as in Arithmetic, over the divisor, 
in the form of a fraction, thus indicating that 2a:' remains still to 
be divided by a-\^Xj a-x respectively. 

In this and other cases, as m common Arithmetic, this fraction 
could not be avoided, since a* + a:* is not exactly divisible by a + a; ; 
but the student should be cautioned, that, unless attention is paid 
to the arrangement according to powers, alluded to above (26 i), 
and that, not only with the dividend and divisor at starting, but 
also throughout the sum, care being taken in aU the remainders to 
preserve the order of the indices of the principal letter, or letter of 
reference, as it is called, there will always be a fractional term of 
this kind, instead of a clear and complete quotient. 

Ex. 12. 

1. Divide rtfi»<r» by aftc, -IBSary by-33ay*, - 70flAa:'y by 2aa:*y. 

2. Divide 6a:*y - 4a:*z + 6ay« by 2a:, M¥ - 35a«6V + 20aAc* by 

-5flft, and €^ai?y-Za^hsi?y-\^^dt?x^^l?x^ by o&ry. 
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3. Divide 2mV - 3m«* + 4m'n - n* by - 3mn^ and 

- 3a*6 + fio'ft" - 6a"&' - oft* + 46* by -2a«y. 

4. Divide «* + 6ar + 5 by a: + l, and m'~6m*+llm-6 bym-2. 

5. Divide 6a*-16a6 + 86* by 2a -46, and 6«» + 13a?y + 6y* by 

2a: + 3y. 6. Divide 6a«6" - aft* - 126* by 3a6 + 46«. 

7. Divide a*+46*by a"+2o6f 26", and 4a?y+ 1 by 2a:"y*-2iry+ 1. 

8. Divide a:"-2ar'y + 2a;y-4ar'y»+8ic*y*+16ay-32y« by a:«-2y«. 

9. Divide 1 + 6a:*+ ba^ by 1 +2a: + a;*, and a*-6a+ 6 by a*- 2a+ 1. 

10. Divide a;*-4ay+3y* by «*-2a:y+y", and m*+47n4-3 by m*+2m+l. 

11. Divide a*-4fl»6«-8o«6»-17a6*-126* by a«-2a6-36». 

12. Divide ic«-2ar»+l by «'-2a?+l, and a«+2a''6»+6»by a*+2a6+6«. 

29. In some of the following Examples, the div and div<i are not 
properly arranged according to powers: the student must attend 
to this hefore and in the course of division. In £x. \, for instance, 
where a is taken as the letter of reference, and its powers arranged 
in descending order, there is found in the first rem' the terms 
- a*6, - a'c. These terms must be set firstj but since both involve 
a*, there is nothing as far as a is concerned to shew which is to be 
set^«^ of the two. In such cases we take another letter, as 6, to 
be, as it were, next in authority to a, and so, (arranging in de- 
scending powers of 6,) we prefer - a"6 to - a'c. 

Ex. 1. Divide o' + 6' + c* - 3a6c by a + 6 + c. 

a + 6 + c) a' - 3a6c + 6' + c* (a* - a6 - ac + 6* - 6c + c* 
o' + a*6 + fl*c 



-a«6 


-a^c 


-3a6c 






-a*6 


-al^ 


- abc 


2abc 






- a*c + ab* - 






-a^c 


- abc - 


a<? 








+ ab*- 


abc + flc* + 6'' 








+ a6« + 


6^ +6*c 








— 


abc + ac^ - l^c 








- 


abc -l^c - b<f 








+ ac* + 6c» -f 


c* 








+ ac* + 6c* + 


c" 



The above is the most easy method in such a case; but the 
following, in which the coeff* of the different powers of a are col- 
lected in brackets, is the most neat and compendious. 
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Ex.2.a + (6 + c)J a»-3aftc + (ft'+c») La*-(6 + c)a + (6"-ic + c') 

a* + (6 + c)_o* 

- (6 + c) a" - 36ca 

- (& + c) o» - (6* + 26c + c«) g 

+ (&• - ftc + c*) a + (6» + c») 
+ (6' - fee + c>) o + (y 4 g') 

Ex. la. 

1. Divide a* - (a +|?) «■ + (gf + ajt>) aj - ay by x - a. 

2. Divide waa* + {nib - no) 7? - {mc + n6) a + nc by rm-n. 

3. Divide y* - my* + ny* - wy* + my - 1 by y - 1. 

4. Divide a« - 6* - c« + rf« - 2a<? + 2Jc by a - 6 + c - </. 

5. Divide a* + oi + 2ac - 26« + 76c - 3c* by a - 6 + 3c. 

6. Divide a'-6'tc'+3a6c by a-b-\^c, and a^-lP-<^-3abc by o-6-c. 

7. Divide l+a:*-8y'+6a!y by l+a;-2y, and l-a:'+8y'+6ary by l-x+2y. 

8. Divide a:* - 8y» - 27«' - 18aryz by ar - 2y - 3z. 

9. Divide ar* + y* + z* + 2a:»y» - 2z» - 1 by a:« + y" - z« - 1. 

10. Divide a by 1 + a?, and 1 + 2a; by I - 3a:, each to 4 terms 

in the quotient. 

11. Divide 1 by 1 - 2a; + «*, and 1 - oa? by 1 + 6a:, each to 4 terms. 

12. Find the rem', when a?-ps^ -trqx-r is divided by x- a, 

80. We have seen above (28 Ex. 3 and 4) that a^-z^ 
is exactly divisible by a-Xy and a^-k-a? by a + a:, and 
that^ in the quotient in each case^ the powers of a 
decrease continually, while those of x increase. The 
following general facts should be well noticed, as they 
will enable us to write down at once the quotient, when 
similar cases occur, as they often do, in practice. It 
will be seen that the index n is here used to denote 
generally any index, as the case may be : the quantity 
o" is called the n^ power of a, and read a to the «**. 
If the index be odd, a** + a^ (like a + x) is div. by a + a:, 

a" - x^ (like a- x) . . . , hj a-x; 
if the index be even, a" + a:" (like a^+a?) .... by neither, 

a* - «" (like a'-a;') . . .by both. 
The student thU best remember these, by thinking, in each case, 
of the simplest form of the same kind. 
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Thus, for a* + x^ (index even^ sign +) let him think of c^ ^o^\ 
this, he knows, is diy. hy neither; then a* + x* is diy. by neither: 
again, for €^ - ^ (index odd^ sign -) let him think of a-x\ 
this is, of course, divisible by a-d;; then a^-«* is so diyisible: 
for a'- «•, let him think of a" - aj*; this is diiosible by hatk a + a: 
and a- x\ then a* - a^ is divisible by both. 

Now, in every case, the quotient will consist (as may 
be seen by actual division) of terms, in which the powers 
of a decrease, and of z increase continually : but when 
the div' is a - a;, these terms are all +; when it is a + Xy 
they are alternately + and -. 

Thus = a* + 0** 4- ax* -f «*, = a* - a"x + or* - a:*, 

a-x a + a? 

. = a* - €^x + aV + or* + «• 

a ■\- X 

The above results may now be applied to many 
similar cases. 

Ex. 1. y^"^ =4a«a:»+2fla;-t 1. Ex. 2. ^"^~J^=«»-3ay+9y«- 
2ar-l ar + 3y ^ ^ 

Ex. 14. 

Write down the quotients 

1. Of c^-a^ by a-\-x, o*-a:* by a-a?, and «•-«• by a + «. 

2. Of 9«*- 1 by 3ar- 1, 25a^ - 1 by 6a: + 1, and 4«"-9 by 2aj + 3. 

3. Of 9m V - 25 by 3m« + 5, and 16m* - n* by 4m* + n*. 

4. Of l+Sar'by l + 2ar, 27ar'-l by 3j:-1, and 1- 16a;* by 1 + 2*. 
6. Of a^- Sly* by :r-3y, a*+32J* by a+ 26, and a;»-y" by a^+y". 

6. Of Jo* + ft* by Ja + 6, and a;*y* - «* by a^ + ss. 

7. Of (a + 6y- c* by a+ 6 - c, and a*- (6 - c)" by a - 6 + c. 

8. Of (a: + y)' + 2* by a; + y + z, and «* - (y - «)' by « - y + «. 



31. The above results and those of (28) may also 

be applied to resolve algebraical quantities into their 

elementary factors, a process which is often required. 

Ex.1. 4a:"-y« = (2a? + y)(2a;-y): a;* + 8 = (ar + 2) («• - 4aj + 4). 
Ex. 2. (2a-ft/-(a-26)"=(2a-6+a-25) (2a-ft-a+2ft)=3(a-6) (a+6). 
Ex. 3. a^-a»=(«»+a*) (s^-<^)^{x^a) (a^-ax+a^ (x-a) (a;»+aar+«»). 
Ex.4. (a»-«»)« = {(a-ar)(a»+aa; + a:«)}» = (a-a:)"x(fl« + a« + «»)«. 



k 
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Ex. 15. 

Resolve into elementary factors 

1. 1 - 4a:», a» - 9««, 9m" - 4n«, 25aV - 4«», 16a:y - 25x»y\ 

2. a* + y", a:» - y", 1 + ai'y', «* - 1, a^xf - a^y, 2a'b*c - 8a6V. 

3. 25«* - aV, «• - 9a*6», 8r» - 27, er* - 86^, a»a^ + 21a*y\ 

4. a* + 32, oV + 21a^, 8x' + y", a*6" - c«, a»6c + 2a*bc* + aic*. 
6. 81«* - 1, «• - 64, «* - 26ar' + 6«aj«, a*- 2aV + oV. 

6. (3a; - 2)" - (« - 3)», (a + b)* - 46", (4a: + 3y)« - (3ar + 4y)«. 

7. («» + y"y - 4a:«y», <*^{a-b)\ (2a + ft)" - (2a - 6)». 

8. «* + j/" + 3a:y (a? + y), m^ - n^ - m {m* -»■) + » (m - n)*, 

0* - oft + 2 (y - oA) + 3 (a« - 6") - 4 (a - ft)". 

9. 5(a;"-y") + 3(« + y)", 3 (a;" - y") - 6 (x - y)", 

(a? + y)" + 2(a:» + «y)- 3(a!» -y"). 
10. 2(a" + a"6 + a6") - (a" - ft"), a" - ft" ^ 3afi (a - ft), 
a* - ft* + (a" - ft"/ - 2«* + 2a"ft". 

82, So too we may often apply (23 iii) to resolve 
a trinomial into factors. 

Ex. 1. a:»+7a:+12=(a;+3) (a;+4). Ex. 2. a:"-9a;+14=(ar-2) (ar-7). 
Ex. 3. «»-5ar-14=(ar-7)(a?+2). Ex.4. 6a»+a?-12=(3a?-4)(2a;+3> 

The student may notice that, if the last term of the given 
trinomial be positive^ (Ex. 1, 2), then the last terms of the two 
factors will have the same sign as the middle term of the trinomial ; 
but if negative, (Ex. 3, 4), they will have one the sign +, the other -. 

In Ex. 4, it is clear that the first terms of the two factors 

might be 6a; and Xj or 3a; and 2a;, since the product of either 

of these pairs is 6a;"; and so the last two terms might be 12 and 1, 

6 and 2, or 4 and 3: it is easily seen on trial which are to be 

taken, that is, which serve also to produce the middle term of 

the trinomiaL 

Ex. 16. 

Kesolve into elementary factors 

1. a;»+6a;+5, a:"49a;+20, a;"-5a:+6, a5»-8a:+16, a5»+8a;+7, «"-10a;+9. 

2. a;»+a;-6, a:»-a;-6, a;»-2a;-3, ar"+aj-15, a;" + 7aj-8, a;*-8a;-9.. 

3. 4a;»+8a;+3, 4a;"f 13a?+3, 4a;"+lla;-3, 4a;"-4a;-3, 3a;"+4a;-4, 6a;"+5a;-4. 

4. 12a^-6z-2, 12a;"-14a; + 2, 12a;"-ar-l, a;"+a;- 12, 3a:" -2a; -5. 

5. a"«"-3a"a; + 2a*, a'-a"a: + 6aa;", 3a"ft + a"ft"-2aft», 12a*+a"a;"-a;*. 

6. 2a;"y+5a;"y"+2ay, 9a;"y"-3ay'-6y*, 6a*a;"+a"a;-a", 66";e»-7ftar»-3a;*. 
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CHAPTEE III. 



SIMPLE EQUATIONS. 

33. When two algebraical quantities are connected 
by the sign =, the whole expression is called^ according 
to circumstances^ an identity or an equation* 

An identity is merely the statement of the equivalence 

of two different forms of the same quantity, and is true 

for any values of any of the letters involved in it. 

Thus it is always true, whatever be the values of x and y, that 
{x + y) (« - y) = «• - y", or that (x±yy^a?± 2xy + y* : and so also 
it is always true that i(« + y) + i(a;-y) = ia: + ^ + J«- Jy = ar, 
and, in like manner, that i (a? + y) - i (a? - y) = ^a? + Jy - Ja? + ^ = y: 
each of these expressions is therefore an identity. 

And in this way we may see one of the principal 
advantages of Algebra^ viz. that it enables us to prove 
once for all^ and express by means of letters as general 
statements, results which by mere Arithmetic we could 
only shew to be true upon actual trial in each instance. 

Of this we have seen examples in the three formulae of (23); 
and so also the two last above given express the general facts, 
that the greater {x) of any two quantities is equal to the sum, 
and the lesser (y) is equal to the difference, of their semi-sum 
and semi-difference. 

34. An eqtiationy however, is the statement of the 
equality of two different algebraical quantities ; in which 
case the equality does not exist for any, but only for 
some particular values of one or more of the letters 
contained in it. 

Thus the equation, a: - 3 = 4, wiU be found true only when we 
give X the value 7, and «■ = 3a; - 2 only when we give x the value 
1 or 2. 
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We are about to explain the method of finding these 
values which satisfy the simpler kinds of equations. 

86. The last letters of the alphabet Xy y, z, &c. are 
usually employed to denote those quantities, to which 
particular values are to be given in order to satisfy the 
equation, and are said to be the unknaton quantities. 

An equation is said to be satisfied by any value of 

the unknown quantity which makes the values of the 

two sides of the equation the same. 

This includes the case when all terms of an equation lie on one 
side and on the other, as in d:* - 3d; + 2 = 0, which is satisfied by 
1 or 2, either of which, being put for x, makes the first side = 0. 

Those values of the unknown quantities, by which 

the equation is satisfied, are called its roots. 

Thus 1 and 2 are the roots of the equation a:"- 3d? + 2 = 0, 7 is 
the root of a? - 3 = 4, 1,2, and 3 are the roots of ic* - 6 = 6«'- 1 la:, &c. 

36. An equation of one unknown quantity is said to 

be of as many dimensions as is denoted by the index of 

the highest power of the unknown involved in it. 

Thus ar - 3 = 4 is an equation of one dimension, or a simple 
equation; a:* = 3a;-2 is of two dimensions, or a quadratic equation; 
a^-6 = 6a^ is of three dimensions, or a ctdnc equation; a;* - 4a; = 13 
is of four dimensions, or a biquadratic equation ; &c. &c. 

It may be noticed, in passing, that it can be proved 
that every equation of one unknown quantity has as 
^y ,:L i i. h« fce»o„, «,d I „ore. 

37. Every term of each side of an equation may be 
multiplied or divided by the same quantity y without de- 
stroying the eqtcality expressed by it. 

Thus, if 3a; + {a; = 34, multiplying every term by 4, we have 
12x + 5x= 136, or 17ar =136; 
therefore also, dividing each term by 17, x = ^^ = 8. 
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Again, if 12« + 6x = 144, dividing every term by 6, 

2x'¥x=^2^ or 3a; = 24; 
hence also, dividing each term by 3, rp = 8. 

We find, therefore, that 8 is the root of each of these two equations. 

38. Hence an equation may be cleared of fractions , 

by multiplying every term by any common multiple of 

all the den". If the l.g.m. be employed, the equation 

will be expressed in most simple terms. 

Thus, if J« + Ja? + ia; = 13, multiplying every term by 12, which 
is the L. c. M. of 2, 3, 4, we have 

J^« + ¥^« + V« = 1^6, or 6a; + 4* + 3a; = 156 ; 
hence 13a; = 156, and a; = ^=12. 

39. A quantify may he transferred from one side of 
an equation to the other by changing its sign, unihaut 
destroying the equality expressed by it 

Thus i£ z-a=y-\-by adding a to each side of the equa- 
tion (which, of course, will not destroy the equality) we 
have :z; = y + i + a, and, subtracting b from each side, 
we have x-b^y-^-a; where we see that the - a has 
been transferred to the other side with its sign changed 
to +, and so also the + 6, with its sign changed to ~. 

Hence if the signs of aU the terms of both sides of 
an equation be changed, the equality expressed by it 
will not be destroyed. 

Simple EquaHons of one unknoum Quantity. 

40. To solve a simple equation of one unknown. 

(1) Clear it, when necessary, effractions (38); 

(2) Collect all the terms involving the unknown 
quantity on one side of the equation, and the known 
quantities on the other, transposing them, when ne- 
cessary, with change of sign (39); 
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(3) Add together the terms of each side^ and divide 
the sum of the known quantities by the sum of the 
coefficients of the unknown quantity ; and thus the root 
required will be found. 

Ex. 1. 4a? + 2 = 3a: + 4. 
There being no fractions here, we have only to collect the terms ; 
.'. 4a; - 3a; = 4 - 2, or a; = 2, the root of the equation. 

Ex.2. 4aj + 5 = 10a?-16. 
Here 10«-4a; = 6 + 16; .*. 6a: = 21, and a: = ^ = 3J = 3J. 

Ex.3. 6(« + l)-2 = 3(x-6). 
Here, removing the brackets, 5a; + 5-23=3a;-15; 
/. collecting terms, 6a; -3a; = -15-5+2, or 2a; = - 18, and /. «= -9. 

Ex. 4. 5x + 2a; - a = 3a; + 2o. 

u 4- 2c 
Here fta; + 2a; - 3a; = (5 - 1) a; = a + 2c; ,\x- w — =- • 

Ex. 17. 

1. 4a;-2 = 3a; + 3. 2. 3a? + 7 = 9a;-5. 3. 4a; + 9 = 8ar-3. 

4. 3 + 2a; = 7-5ar. 5. a; = 7 + 15a;. 6. mx^-a-nx-vd, 

7. 3(a;-2) + 4 = 4{3-a:). 8. 5 - 3(4 - :r) + 4(3 - 2:c) = 0. 

9. 13a;-21(ar-3)=10-21(3-ar). 10. 5(a+a?)-2a; = 3(a-5a?). 

11. 3(ar-3)-2(a;-2)+a;-l =a; + 3 + 2(ar+2) + 3(a?4-l). 

12. 2a?-l-2(3ar-2) + 3(4a;-3)-4(5a;-4) = 0. 

13. (2-a?)(a-3)=-4-2aa;. 14. (m + w)(m-a;) = m(n-ar). 



Ex. 6. Ja; - 1« + fa; = 11 + Jar. 

Here we first clear the equation of fractions, by multiplying every 
tarmby 24, the L.C.M. of the den", and (observing that in the first frac- 
tion ^=12, in the second, ^=8, and so in the others) thus we get 
12x - 8x2a; + 6x3a: = 264 + 3ar, or 12af - 16a? + 18a; = 264 + 3a? 
collecting terms, 

12a; - 16a? + 18a; -3a; = 264; /. lla; = 264» and a; = W = 24. 
Ex.6. i(a; + l) + i(« + 2)=16-i(a? + 3). 

Multiplying by 12, we have 
6(a? + l)+4(a? + 2)=192-3(aP + 3), or 6a?+6 + 4a?+8 = 192-3a?-9; 
ooUectingi 

6a? + 4a; + 3a; = 192-9-6-8; /. 13a; = 169, and a? = W = 13. 

c2 
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Ex.7. 

i(3aj«4-ar)-i(2«»+«)+i(«»+«)- 2A=«»+ A +««•+«)- A («•+««)• 

Expressmg the mixed number 2/^ as an improper fraction ff , 
we then multiply by 60, the L. c. M. of the den" | and, obaerving the 
remark at the end of (16), we thus obtain 

90a:»+3ac-40jc"-20a:+l&r*+15a;-129=60«»+8+10a^+10a;-6«»-25ar; 

collecting, we find that the terms inyolying^s* destroy one another 
(otherwise the equation would be a quadratic), and we have the result 

30d;-20a;+15d;-102;+25x = 129+8; /. 40a;e:137, and ;r = 3}J. 

Ex. 18. 

1. \xJf\x=x-1. 2. \x-\z=ix-\. 3. iaj-i«+J«=2-iaf+Aa:. 

4. f« + i(« - 2) = 2a; - 7. 6. fr + i(a; - 1) = a; - 4. 

6. i(9 - 2aj) = f - A (7« - 18). 7. x + i(14-a;) = J(21 -«). 

8. 2a?-i=:f (3-2a:)+iar. 9. f (2a: + 7)- A (9«-8) = i(a:-ll). 
10. J(ar-a)-i(2a;-36)-i(a-«) = 0. 
ll.i(3a?-l)-i(a:-l)n:i(a..3)-J(a?-6) + 5t. 
12. Ja;-lf = 8f + 2(fa:-l)- J(ar + 8). 



In some of the following examples the common multiple of 
all the den** is too large to be conveniently employed. In such 
a case, we may see whether two or three of the den'* have a simple 
common multiple, and get rid of their fractions first, observing to 
collect terms, and simplify as much as possible, after each step. 

Ex. 8. A (2« + 3) - i (a: - 12) + J (3a: + 1) = 6J + a (4a? + 3). 

Here the L. c. M. of all the den" would be 132 : but as 12 will 
include three of them, multiplying by it, (having first changed 
6J to V)» we get 

H(2aj + 3)-4(a?-12) + 3(3a? + l) = 64 + 4a: + 3; 

.-. H (2« + 3) - 4a? + 48 + 9a: + 3 = 64 + 4ic + 3; 

hence, collecting terms and simplifying, we have 

i^(2a: + 3)-4a? + 9a:-4a: = 64 + 3-48-3, or if (2x + 3) + a:=:16; 

.-. 12(2a: + 3) + 11a: = 176, or 24a? + 11a; =» 176 - 36; 

.*. Z6x B 140, and a: « W B 4. 
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Ex. 19. 

1. A(2ar-3)-i(3a:-2) = i(4a:-3)-3A. 

2. f(«-9) + i(a?-5)=.f(a:-7) + l|. 

3. A(ar-l)-A(&r-.2)= Ji,(«-12)- Ji(a? + 12). 

4. i(7a? + 20)-.A(ar + 4)= Ji,(3a: + l).,\{29-ar). 

5. f(a-2ar)-f(2a-a?) + i(a;-a) = if(a + «). 

6. x^(9«-10)-A(2iP-7) = iar-A(5 + «). 

8. f{«-(ft-«)}-f{ar-(5-a)}-${6-(a + «)} = |{a: + a-6}. 

9. ^(4ar-21)4-7i + |(«-4) = ar + 3f-i(9-.7«)+ ,V 

10. i(a: -a)- ,\{m - (a - «)}= A (m + «)- .^^ (15a + 16m). 

11. A(2a; + 7)-A(2aJ-7)=.-lf- i(3« + 4). 

12. i {a:-(2a - 3c)}- A {7«- 5 (ar- 2c)} = /, {8 (a + 10c) -(2c-«)}. 



Problems producing Simple JSqtAotions. 

41. "We shall now see the practical application of 
the above in the solution of many entertaining Arith- 
metical questions. In treating these^ however^ after 
haying observed the methods used in the following 
examples^ the student must be left very much to his 
own ingenuity, as no general rule can be stated for their 
solution. The only advice that can be given is to read 
over careftilly and consider well the meaning of the 
question proposed; then it .will always appear that some 
quantity, at present unknown, is required to be found 
from the data furnished by it : put x to represent this 
quantity, and now set down in algebraical language the 
statements made in the question, using x whenever this 
imknown quantity is wanted in it. "We shall thus (in the 
problems we are now considering) arrive at a simple equa- 
tion, by means of which the value of x may be found. 

Ex. 1. What number is that to which if 8 be added, one fourth 
of the sum is equal to 29 ? 

Let X represent the number required; 
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adding 8 to it, we have x-^-B, one fourth of this is } (« + 8), and 

this is equal to 29; 
we have, therefore, the equation ^ (^ + 8) = 29, whence x » 108. 

Ex. 2. What number is that, the double of which exceeds its 
half by 6 P 
Let X = the number ; 

then the double of d? is 2^, the half of dP is ^jp ; 
hence 2x-ix-6, whence, a; = 4. 

Ex. 3. A cask, which held 270 gallons, was filled with a mixture 
of brandy, wine, and water. There were 30 gallons of wine in it 
more than of brandy, and 30 of water more than there were of 
wine and brandy together. How many were there of each P 

Let X = no. of gals, of brandy i 

/. a? + 30 = wine, 

and 2a; + 30 = wine and brandy together; 

.'. 2a; + 30 + 30 or 2a; + 60 = gals, of water; 
but the whole nimiber of gallons was 270; 

/. a? 4- (a: + 30) + (2a; + 60) = 270, 
whence x = 45, the no. of gals, of brandy, 

a; + 30 = 75, wine, 

2a; + 60 = 150, water. 

Ex. 4. A sum of £50 is to be divided among A, B, and C, bo 
that A may have 13 guineas more than B^ andC£5 more than A : 
determine their shares. 
Let X = ^s share in shUUngs: 

.-. a; 4- 273 = A% and {x + 273) +100 or a? + 373 = Cs; 
.-. , 8ince'£50 = 1000«, (a; + 273) ^x^{x^ 373) = 3a; + 646 = 1000 ; 

.•.3a? = 354, and a; «= 118, a; + 273 = 391, a? + 373 = 491, 
and the shares are 391«, 118s, 491«, or £19 11«, £5 18«, £24 \U, 
respectively. 

Ex. 5. A, B, C divide among themselves 620 cartridges, A 
taking 4 to ^s 3, and 6 to C7's 5 : how many did each take P 
Let X = A'b share; then far = Bb, |a; = C's: 
.-. a; + fc + ia; = 620, whence a; = 240, fa; = 180, fa; = 200. 
We might have avoided fractions by assuming 12a? for A'a share, 
when we should have had 9a; = ^s, and 10^ = C*a ; 

.-. 12a; + 9a; + 10a; = 620, whence a; = 20; 
and the shares are 240, 180, 200, as before. 



SIMPLE EQUATIONS. 31 

Ex. 90. 

1. What number is that which exceeds its sixth part by 10 ? 

2. What number is that, to which if 7 be added, twice the sum 
will be equal to 32 P 

3. Find a number such that its half, third, and fourth parts 
shall be together greater than its fifth part by 106. 

4. A bookseller sold 10 books at a certain price, and afterwards 
15 more at the same rate, and at the latter time received S5s more 
than at the former : what was the price per book ? 

5. What two n^" are those, whose sum is 48 and difference 22? 

6. At an election where 979 votes were given, the successful 
candidate had a majority of 47 ; what were the numbers for each ? 

7. A spent 28 6d ia oranges, and says, that 3 of them cost as 
much under 1«, as 9 of them cost over la : how many did he buy ? 

8. The sum of the ages of two brothers is 49, and one of them 
is 13 years older than the other : find their ages. 

9. Find a number such that if increased by 10, it will become 
five times as great as the third part of the original number. 

10. Divide 150 into two parts, so that one of them shall be two- 
thirds of the other. 

11. A post is a fourth of its length in the mud, a third of its 
length in the water, and 10 feet above the water: what is its length ? 

12. There is a number such that, if 8 be added to its double, 
the sum will be five times its half. Find it. 

13. Divide 87 into three parts, such that the first may exceed 
the second by 7, and the third by 17. 

14. Find a number such that, if 10 be taken from its double, 
and 20 from the double of the remainder, there may be 40 left. 

15. A market-woman being asked how many eggs she had, 
replied. If I had as many more, half as many more, and one egg 
and a half, I should have 104 eggs : how many had she ? 

16. A and JB began to play with equal sums ; A won 308, and 
then 7 times A^s money was equal to 13 times ^s : what had each 
at first? 

17. ^ is twice as old as S; twenty-two years ago he was three 
times as old. Required A*s present age. 

18. A and JB play together for a stake of 5« ; if ^ win, he will 
have thrice as much as JB ; but if he lose, he will have only twice 
as much. What has each at first ? 
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19. Divide £M among three penons, so that the first may ha^e 
three times as much as the second, and the tliird, one-third as 
much as the first and second together. 

20. A workman is engaged for 28 days at 2« 6i/ a day, but 
instead of receiving anything, is to pay 1« a day, on afl days upon 
which he is idle : he receives altogether £2 12s Sd; for how many 
idle days did he pay P 

21. A person buys 4 horses, for the second of which he gives 
£12 more than for the first, for the third £6 more than for the 
second, and for the fourth £2 more than for the third. The sum 
paid for aU was £230. How much did each cost? 

22. A person bought 20 yards of cloth for 10 guineas, for part 
of which he gave llsQd a yard, and for the rest 7« 6</ a yard. 
How many yards of each did he buy ? 

23. Two coaches start at the same time from York and London, 
a distance of 200 miles, travelling one at 9^ miles an hour, the 
other at 9^ : where will they meet, and in what time from starting? 

24. A cistern is filled in 20 mia. by 3 pipes, one of which con- 
veys 10 gallons more, and another 5 gallons less than the third 
per minute. The cistern holds 820 gallons. How much fiows 
through each pipe in a minute? 

25. A starts upon a walk at the rate of 4 miles an hour, and 
after 15' B starts at the rate of 4|- miles an hour; when and where 
will he overtake A ? 

26. A garrison of 1000 men was victualled for 30 days ; after 
10 days it was reinforced, and then the provisions were exhausted 
in 5 days : find the number of men in the reinforcement. 

27. A and B have, together 8«, A and C have 10s, B and C 
have 12«. What have they each ? 

28. What was the total amount of a person's debts, who when 
he had paid a half, and then a third, and then a twelfth of them, 
had still 15 guineas to pay? 

29. A father's age is 40 and his son's 8 : in how many years will 
the father's age be triple of the son's ? 

30. How much tea at 4« 6d must be mixed with 50 lbs. at 6s, 
that the mixture may be sold at 5« 6<^? 
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CHAPTER IV. 



INVCMLUnON AND BVOLUTION. 

42. Involution is the name given to the operation 
by which we find the powers of quantities. We have 
already (22) had occasion to notice the square of a 
binomial: but all cases of Involution are merely ex- 
amples of Mult'^ where the factors are all the same. 

It should be noticed^ that any power of a power of a 

quantity is obtained by multipljring together the indices 

of the two powers. 

Thus the cube of a:*, that is (a^)"=«*; for it = a^ x a^ x a^ 
= «•"•*• (20) = aj»: and, similarly, («»)« = «» = («»)■, that- is, the 
square of the cube is the same as the cube of the square of any 
quantity, &c. 
So also (<0* = a" = (a% {2a?y^ - 4«y, (- 2ay««»y = - 8a!»y V, 

^) "^' {(a- W = (a-6y, {(^ + y)-r = (^ + y)", &c. 

Hence, we may shorten the operation of finding the 
4th power of a quantity by squaring its square ; and, 
similarly, to find the 6th, 8th, &c. powers, we may 
square the 3rd, 4th, &c. 

So also to find the cube, or 3rd power, we may take 

the product of the 1st and 2nd, that is, of the quantity 

itself and its square ; to find the 5th, we may take that 

of the square and cube ; to find the 7th, of the cube 

and 4th; and so on. 

Thus we shall have 
(a + 6)» = (a + 5) (a« + 2a* + y) = o» + 3fl^ + 3ay + y, by Mult», 
(a - jy = (a - 6) (a« - 2aft + 6") = a» - 3fl«6 + 3aJ» - ft», 
(a ±6)* = («• ± 2db^V) (a"± 2aft + y) = a* ± 4rf'5 + 6a"ft"± 4flfi» + b\ 
(a ± 6/ = (a« ± 2a6 + 6") (a* ± 3fl«6 + 3a5« + ft») 

= a* ± 5a*6 + lOoV ± 10a«y + 5a6* ± b\ 

c5 
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The above results should be remembered and applied 
in the following Examples. The expansions of higher 
powers are generally best obtained by the Binomial 
Theorem, which will be given hereafter. 
Ex. 1. (a4-6 + c)* = {a + (6 + c)}»=a*+3fl«(J + c) + 3a(6 + c)« + (6 + c)» 
= o' + 3a"6 + 3a»c + 3aJ^ + ea6c + 3ac* + ft* + 3yc4-3&c»+c*. 

Ex.2. (a-6-c)» = {a-(6 + c)}' = a'-3««(6 + c) + 3a(6 + cy-(ft+cJ» 

= a«- 3a"6 - 3a«c + 80^ + eabc + 3ao"- 5»- 3i*c - 3Jc»- c». 
Or thus : 

(a-6-c)» = {(a-6)-c}'=(a-6)»-3(a-6)»c + 3(a-6)c'-c», 
which, of course, when expanded, would give the same result 
as before. 

Ex. 3. (2x - 3)* = (2x)* - 4.3.(2a?)» + 6.3«.(2a:)« - 4.3». (^r) + 3* 
= 16ar* - 9ar» + 2iejr» - 216* + 81. 

Ex. ai. 

1. Find the values of (2aft^«, (-3flWc*y, f-^Yi (-^"T- 

Write down the expansions of 

2. (a? + 2y. 3. (« - 2)*. 4. (« + 3)*. 6. (1 + 2a;)». 
6. (2m- ly. 7. (ar + l)\ 8. (2j:-a)*. 9. (3« + 2ay. 

10. (4fl-36)». 11. (ax-y'f. 12. (ar + x^*. 

13. (2flm-m7. 14. (a-6 + c)*. 15. (1 -« + «»)». 

16. (a + &r + cx»)». 17. (l + « + «»)*. 18. (l+a?-a»y. 

19. (1-2x^0^. 20, (a-.26 + c)*. 21. (l + ar-3««y. 



43. The following result is worthy of notice^ as it 
exhibits the form of the square of any MultinomiaL 

(a + & + c + d + &c.y = a* + 2a(5 + c + rf + &c.) + (6 + c + rf + &c.) 

= <i^ -I- 2a5 + 2ae + 2aJ + &c. 

+ y +2ft(c + d + &c.) + (c + rf + &c)r 
B oP + 2<i5 + 2ac + 204^ + &c 

+ V + 25e + 25<^ + &c (i) 

+ c* + 2crf + &c. 
+ d* +&C 
= «■ + (2a + ft)ft + {2(a + ft) + c}c + {2 (a + J + <:) + d}rf+ &c 
= 0* + (2a + 6)6 + (20* + e)e + (2a" + J)rf+ &c, (ii) 

if we write tf' for a + 6, a" for a + 6 + c, &c 
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We see from (i) that the square of any multinomial 
may be formed by netting down the square of each term 
and then the product of the double of each term by the 
sum of all the terms that follow it. 

Another form of this result is given in (ii), to which 
reference will be made hereafter. 

* 

Ex.1, (l+2« + ar")" = l + 2(2a; + 3a!»)+4a:* + 4a:(3a:*) + 9a^ 

= l + 4a: + 10a:* + 12a^ + 9a^. 

Ex, 2. (a+6x+caj*+cfa*+€a^+&c.y = a\2ah x+2ac a^^2ad a?^2ae ar*+&c. 

+ 6*a:«+25c ar»+2Wa?*+&c. 

+ c*ar*+&c. 

= a*+ 2ah x^{2ac + h*) aj*+ 2 {ad^hc) «*+ {2 (ae+ W)+c»} a^+&c. 

Ex, 3. (l-2a?y=(l-ar + 12a:»"8a:»)" 

= l-12a; + 24a«-16«» 

+ ma? - 144ar» + 9&r* 

+ 144a^-192a:' + 64aj* 
= 1 - 12a; + 60«*- 160«» + 240a:*- 192a:* + 64«". 

Ex. 22. 

Find the expanaions of 

1. (l+a: + a:»y. 2. (1 - a: + 2a!»)». 3. (3-2a: + a:7. 

4. (a«-2«i + 357. 6. (2a: - 3y + 4z)«. 6. (Saa: + 2Jy + ca)". 

7. (1 - 2aa: - aVy. 8. (2a«-a-2)". 9. (1 - a: + a:* - a:»)«. 

10. (l+a:)'. 11. (a:'-2a:»+3a:+4)". 12. (l+2a:-3a:*+4«>)»- 

13. (a» - 2«*5 + 2«i» - ¥)\ 14. (a - a:)V 

15. (l-2a:+3a:"-2ar»+a:7. 16. (a*-2a»a: + a««»-2aa:»+a:*)*. 

* 

4A. Let the student notice the following remarks : 
(i) Since any even number of like signs, whether 
both + or both -, will give + in mult", it follows that 
any even power of a quantity is the same, whether that 
quantity be taken positively or negatively ; thus, (+ of 
and (- ay are each = + o', and (1 -x+ni^y is the same 
as {- (1 - a; + «')}*, or (- I + a: - «')*; 
(ii) No even power of any quantity can be negative/ 
(iii) Any odd power will have the same sign as the 
quantity itsell 
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46. Evolution is the name given to the operation 
by which we find the roois of quantities. 

Since the cube power of a' = a', therefore the cube 

root of «• is a'; so Va* = a', Vl6aW = 2a'J, &c.; and 
so we may often extract a required root of a simple 
quantity, by .dividing its index by that of the root 

If, however, the index of the quantity cannot be 
exactly divided by that of the root (as e.g. in the 5th 
root of a% where the 2 cannot be divided by 5), then we 
cannot find the root of it ; but can only indicate that the 
root is to he extracted, by writing down the quantity, 
and the sign V before it, with the index of the root in 
question; as V«S Va*. Such quantities are called surds y 
or irrational quantities. 

46. It follows from (44), that 

(i) Any even root of a positive quantity will have 
a double sign ±; 

(ii) There can be no even root of a negative quantity; 

(iii) Any odd root of a quantity will have the same 

sign as the quantity itself. 

^ /16a» .4a s -^-^ « . */625aV* ^^'f s. 

^^ V W =*36' V.8ry = ^2a^, ^-^.±^&c 

Hence, when we have a surd expressing an odd root of a nega* 
tive quantity, we may write the quantity positive under the sign of 

evolution, and set the negative sign outside; thus V-a5'=-V«', 

Vo* - V- J* = a* + Vft*. But this cannot be done with an even root 
of a negative quantity, such as V- ^> which must be left as it is, 
and is called an impossible or imaginary quantity; the, difference 
between surd and impossible quantities being that the former have 
real values, though we cannot exactly find them, while there cannot 
be a quantity, positive or negative, an even power of which would 
produce a negative quantity. 

Imaginary quantities, however, are employed in some of the 
higher applications of Algebra ; but for the present we shall leave 
the consideration both of these and of surd quantities. 
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Ex. 93. 

1. Find the square roots of 4ii'6V, 49*ysB», IWkWe^. 

4 Find Vi?*y V'SloW* »/32a*ft» •/64^ 
' V626^' V"266?*"' \'~c^' yj'm^* 

46. To find the square root of a compound quantity. 

We know that the square of a + & is a' + 2ab + ft' ; 
let us see then how from a^ + 2aft + V, we might 
deduce its square root a + ft. 

a' + 2aft + 5^(a + & Let us write down then the quantity 

a* a' + 2aft + &^. Now a, the first term of the 

2a + 5) 2db + d" '<^^> i^&y he found immediately by taking 

2ab + 5^ ^® square root of its first term : set a then 

on the right, and then subtract a*; we 
have now remaining 2ab + ^, and if we divide 2ah by 2a, we get 
+ b, the other term in the root : kstly, if we add this 5 to the 2a, 
multiply the 2a + ft, thus formed, by ft, and subtract the product, 
there is no remainder. 

Now we may follow this plan in any other case^ and if 
we find no remainder^ the root will be exactly obtained. 

Ex 1 Ex 2 

9a^ + 6ay + / (3a: + y 16a* - 66aft '+ 49ft» (4a - 7ft 

9^ 16fl^ 

ear + y) 6ay + y* 8a - 7ft) - 56aft + 49^ 

6xy-^l^ - 66aft + 49J" 

Ex. 3. 4a« - 4aft - 5" (2a - ft 

4a* 

4a - ft) - 4flft - ft* 
- 4a6 + J» 



-2ft» 
Here we find a remainder -26*; we conclude, therefore, that 
2a - 5 is not the exact root of 4a* - 4aft - &*, which is a surd, and 

can only be written V4a*-4aft-ft". 
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Ex. 94. 

Find the square roots of 

1. 4a:* + 4ay+y«, 25a* - 30flft + 96«, 25a?* 4- 30a!»y + 9a^y». 

2. 49a«6"-14a»6 + a*, 16a^y"+40ay«a + 25y*z«, 25aVc*+10a«5c*+c«. 



47. If the root consist of more than two terms, 
a similar process will enable us to find it, as in the 
following Example; where it will be seen that the 
divisor at any step is obtained by doubling the quan- 
tity already found in the root, or (which amounts to the 
same thing and is more convenient in practice) by 
doubling the last term of the preceding divisor, and then 
annexing the new term of the root. 

Ex, iar»-24a:« + 25a?*-20ar'+10a:»-4a?+l (4a^-3a:» + 2a:-l 
16a:* 

ar* - 3a:») - 24a* + 25a^ 
-24a:*+ 9a;* 

Sa* - 6ai« + 2a:) 16a;* - 20a;» + 10a:« 

16a;*~12ar'+ 4a;' 

8a^-6a;» + 4a:-l)- 8a;' + 6a;«-4a? + l 

- •8a;' -I- 6a;* -4a; -1-1 

48. The reason of the above method may be thus 
exhibited by considering the square of a + 5 + c. 

a* -I- 2aJ -f fi* -f 2ac + 2 Jc -f c* (a + 6 + c 

2a + 5) 2a5 + ^ 
2 a&-fy 

2af -f- e = 2a-f- 26 + c) 2ac -f 2ftc 4- c* 

2g<? 4- 2fe 4 g* 

Here we find, as before, the first two terms in the root, a + &, 
subtracting first o^, and then 2ab-\-b% that is, in all, a* + 2ab-\-V 
or (a -f- by. Now denote a -i- 6 by a', so that (a -i- 6 -i- c)' = (a' -♦■ cf 
B a" + 2a' c -i- c*; then we see that, at this stage of our progress, we 
have found a' in the root, and have subtracted a?, and therefore 
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OUT remainder will be no other than 2de + c^. [We see, in fact, 
that 2ac + 25e + 0^ = 2 (a 4- 5)0 + 0^= 20^0 + 0*.] Just in the same 
way then as when, having found a and subtracted a', we took 2a 
for our trial-divisor in order to find h, dividing by it the first term 
of the first remainder 2ah + V, so now we take 2a' for our trial- 
divisor, in order to find o, dividing by it the first term of the 
second remainder 2a'c + c*. We may get 2a' or 2a + 25, by merely 
doubling the last term of the preceding divisor; and now subtract- 
ing 2a'e + c*, we shall have subtracted in all a" + 2a'c + c*, that is, 
the square of a + & + c. 

In like manner, if the root were a + & + e + (/, we may find 
a + b-i-c as before, and put it =a": then {a + b + c ■{■ df ~{af' ■\- df 
= 0** + 2a"d+ d\ and, as we shall have already subtracted (a + 6 + c)* 
or a"*, the third remainder will be 2a''d-\-d*; and, therefore, taking 
2a" as trial-divisor (obtained as before by doubling the last term of 
the preceding divisor 2a + 26 + c), we may get d, &c. 

It will be seen that the successive subtrahends in the above 
operation are a*, (2a + 5) 6, (2a' + c) c, (2a" + d) d, &c., and of 
course, the sum of them all, that is, the whole quantity subtracted, 
is (43 ii) (a + & + c 4- (^ + &c.)". 

49. As the 4th power of a quantity is the square 
of its square (42), so the 4th root of a quantity is the 
square root of its square root^ and may therefore be 
found by the preceding rule. 

Thus, if it be required to find the 4th root of a* + 4a'x + 6a*2* 
+ 400:* + flf*, the square root will be found to be a* + 2aa? + «*, and 
the square root of this to be a + x, which is therefore the 4th root 
of the given quantity. 

50. It should be noticed as in (45) that all eoen roots 
have double signs. 

Thus the square root of a* + 2a& + V may be -^ (a + 5), that is, 

- a - 5, as well as a -f 5 : and, in fact, the first term in the root, 
which we found by taking the square root of a*, might have 
been - a as well as a, and by using this we should have obtained 
also -5. 

So in 46, Ex. 1, the root may also be -Zx-y\ in 47, 

- ^s^ + 3d:* - 2« + 1 ; and in all these cases we should get the 
two roots by giving a double sign to the first term in the root 
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Find the square root ^^ •*• 

1. Of l+4«+10a:«+12aj»+9aJ*. 2. Of 9«*+12aj»+22««+12«+9. 

3. Of 9a« + 12a6 + 4y + 6ac + 4&c + c». 

4. Of aj* - ar»y + 24«y - 32ay + 1%*. 
6. Of 4a* - 12a» + 25a^ - 24a + 16. 

6. Of 16a:* - 16a6j:* + 165»«» + 4a«6* - Soft" + 4&*. 

7. Of a;* - 4a* + 10a;* - 20ar» + 25a;* - 24a; + 16. 

8. Of 9a*-.6a6 + 30ac + 6a<^ + &«-10Jc-2W + 25c» + 10crf-l-eJ«. 

9. Of a;« - 4a;*y + 8a?*y« - lOaY + 8a;»y* - 4ay + y». 

10. Of l-6a; + 15a;«-20a;»+16a;*-6a;* + a;*. 

11. Of 4 - 12a + 5a^ + 14a» - 11a* - 4a« + 4a*. 

12. Of ^ + 2pg'a; + (2pr + j«)a;» + 2(p» + sr)a;" + (2^» + r»)** 

+ 2r«ar + «'a;». 
Extract the 4th root 

13. Of l-4a: + 6a;«-4a;' + a?*, and of a* - 8a» + 24a« - 32a + 16. 

14. Of 16a* - 96a»6 + 216aV - 216a5» + 816*. 

Extract the 8th root 
lo. Of a*-16a;'+112a;*-448a;*+1120a:*-1792ar»+1792a;«-1024a:+256. 
16. Of a* - Sa'b 4- 28aW - 66a*y + 70a*6* - 66a»6* f 28a"6* - 8a*' + bK 



51. The method of finding the square root of a 
numerical quantity is derived from the foregoing. 

Since 1 = 1', 100=10', 10000=100', &c., it follows 
that the square root of any number between 1 and 100 
lies between 1 and 10, that is, the square root of any 
number having one or two figures is a number of one 
figure ; so also the square root of any number between 
100 and 10000, that is, having three or four figures, 
lies between 10 and 100, that is, is a number of itoo 
figures, &c. Hence, if we set a dot over every other 
figure of any given square number, beginning with 
the units-figure, the number of dots will exactly indi- 
cate the number of figures in its square root. 

Ex, 186^24 (400 + 30 + 2 

160000 a* 

(2a + 6) .... 800 + 30 = 830) 26624 

^ 24900 .... (2a + 6)6 

(2a' + c) ....800 + 60 + 2 = 862) 1724 

^ ^ l!?i ••• (2a'+c)fl 
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Here the number of dots is three, and therefore the number 
of figures in the root will be three. Now the greatest square- 
number, contained in 18, the fiist period (as it is called), is 16, and 
the number evidently lies between 160000 and 250000, that is, 
between the squares of 400 and 500. We take therefore 400 for 
the first term in the root, and proceeding just as before, we obtain 
the whole root, 400 + 30 + 2 = 432. The letters annexed will indi- 
cate how the different steps of the above correspond with those 
of the algebraical process in (48), from which it is derived. 

•Rtt . i^ The cyphers are usually omitted in practice, 

1^6^24 (432 <^d it will be seen that we need only, at any 
16 step, take down the next period, instead of the 

83)266 whole remainder. 

249 
- In Ex. 2, notice (i) that the second re- 

1724 mainder 49 is greater than the divisor 47; 

this may sometimes happen, but no difficulty 

^\ : can arise from it, as it would be found that if 

4 ^ instead of 7 we took 8 for the second figure, 

47)^78 ^® subtrahend would be 384, which is too 

329 large : And (ii), that the last figure 7 of the 

549)4941 first divisor, being doubled in order to make 

l-ii the second divisor, and thus becoming 14, 

Ex. 3. causes 1 to be added to the preceding figure, 4, 

ld2dl264 (3208 which now becomes 5. In fact the first di- 

- visor is 400+70, which, when its second term 

^224 ^ doubled, becomes 400 + 140 or 540. 

6408)61264 ^ -^^* ^* ^^ ^^^^ ^^ instance of a cypher 

61264 occurring in the root 

52. If the root have any number of decimal places, 
it is plain (by the rule for the mult» of decimals) that 
the square will have ttoice as many, and therefore the 
number of decimal places in every square decimal will 
be necessarily even^ and the number of decimal places 
in the root will be half that number. Hence, if the 
given square number be a decimal, and therefore one of 
an even number of places, if we set, as before, the dot 
upon the units-figure, and then over every other figure 
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on both sides of it> the number of dots to the left 
will still indicate the number of integral figures in the 
root^ and the number of dots to the right the number 
of decimal places. 

Thus 10.291264 would be dotted l6.2dl264, the dot being first 
placed on the units-figure j and the root wiU have one integral 
and three decimal places, that is, would be (Ex. 3 above) 3.208. 

If, however, the given number be a decimal of an 
odd number of places, or if there be a rem' in any case, 
then there is no exact square root, but we may ap- 
proximate to it as far as we please by dotting as before, 
(rememberinff to set the dot first upon the units-figure^) 
and then annexing cyphers (which by the nature of 
decimals will not alter the value of the number itself) 
and taking them down as they are wanted, until we 
have got as many decimal places in the root as we 
desire. 

Ex. Find the square roots of 2 and 259.351, to three decimal 
places. 

Ex. 1. i (1.414 &c. Ex. 2. ^5d.3^ld (16.104 &c. 

1_ 1^ 

24)100 26)159 

96 156 

281)400 321)335 

281 321 

2824)11900 32204)141000 

11296 128816 



Ex. 

Find the square roots 

1. Of 177241, 120409, 4816.36, 543169, 1094116, 18671041. 

2. Of 4334724, 437.6464, 1022121, 408.8484, 16803.9369. 

3. Of 14356521, 5742.6084, 229,704336, 74684164, 4888521. 

4. Of 17.338896, 69355584, 6595651.24, 129208689, 975312900. 

5. Of 16.353936, 65415744, 25553025, 43996689, 229977225. 

6. Extract to five figures the square roots of 2.5, 2000, .3, .03, 

111, .00111, .004, .005. 
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53. To find tiie cube root of a compound quantify. 

Let lis consider the quantity a' + So^J + SaJ' + b\ 
which we know to be the cube o{ a + by and see how 
we may get the root from it. 

a' + 3a^6 + 8aV + y (a + 6 We may get a, as before, by merely 

^ taking the cube root of the first term a" » 

So*) 3fl"5 + 3aJ* + y then, subtracting a*, we have a remainder 

3a*6 + 3aJ* + y 3a*6 + 3aft" + 6': by dividing the first 

tenn of this remainder by 3a*, we shall 
get 5, the other term in the root, and then, if we subtract the 
quantity 3aV> + Sah* + i?, there will be no remainder. 

Pursuing the same course in any other case, if there 
be no remainder, we conclude that we have obtained 
the exact cube root. 

Here the quantity corresponding 

8ar' + 12icV + 6ay + y'(2a:+y to the trial-dimsor 3a» is 3 (2ar)" 

§^ = 12«*, that to SaFb is 12a^y, that to 

12««) 12irV + 6ay +y» 3a6* is 6x^, and that to ^ is y»j so 

12icV + ^^ + y* *^** ^® whole subtrahend is 

By attending however to the following hint, the subtrahend may 
be more easily constructed. 

o' + Sfl'ft + SaJ' + J' (a + ft 
a» 



3a + 6 3a* 

3a» + 3a6 + 6« 



3a*ft + 3ay + ft^ 
3a«5 + 3a5* + ft* 



Set down first 3a, some little way to the left of the first re- 
mainder, and then, multiplying this by a, obtain 3a* as before ; by 
means of this trial-divisor find b, and annex it to the 3a, so making 
3a + 6 ; multiply this by ft, and set the product (3a + ft) ft or 3aft + ft* 
under the 3a*, and add them up, making 3a* + 3aft + ft*; then, mul- 
tiplying this by ft, we have 3a*ft + 3aft* + ft*, the quantity required. 

The value of the above method, in saving labour, will be more 
folly seen when the root has more than two terms, or, if numerical, 
more than two figures. 
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Qx-^p 12d^ 






i6^ + y* 



12a* + ftey4-y* 



12a!V + 6ay' + y' 



Ex. 97. 

Find the cube roots 

1. Of «» + 6a»y + 12a:y* + V. 2. Of a« - 9fl« + 27fl - 27. 

3. Of a:» + 12«« + 48* + 64. 4. Of 8a»- 36a««L+ 54aft»- 276*. 

5. Of 0* + 24a"5 + 1920^ + 612^. 6. Of 8a!»-84a:V+294a^-343y'. 

7. Of m» - 12m«nar + 48m»y - 64nV. 

8. Of a»a^ - 16a«6«» + 76ay«* - 126ya:». 



54. If the root consist of more than two terms, as a + & + c, we 
may (just as in the case of the square root) first find a + & as aboye, 
and put this =a': then, at this point of the operation, we shall have 
subtracted first a' and then 3a'5 + 3a&* + &*, that is, altogether 
(a + bf or a"; and therefore, since the whole quantity (a-^bi^cf 
=(a' + cy=a''+3a''c + 3a'c" + c', the remainder will be no other than 
Sa'*c + 30^6* + c'. [In fact, as was done in the case of the square root, 
it may be easily shewn to be identical with this.] If, therefore, 
we take now as trial-divisor 3a^, just as before we took 3aS we 
shall get c the third term in the root, and subtracting the quantity 
3a'*c + 3a'(!' + o', we shall have no more remainder. 

Now the process of finding 30" is much simplified by observing 
that it =:3(a + 5)'°3a'-|-6a6 + 35^; but, if we add 5^, the square <^ 

the last term in the root, to the two lines „ , « r . m # ^^ ^^"^ 

' 3a^ + 3ao + 6" 

will be exactly 3a' + 6a5 + 3^, the quantity reqiiired. By this 
means then we get 30", and then have only to set to the left of it 
3a' or 3a + 36, (which may be found by tripling the last term of 
the preceding divisor 3a + 6) and proceed just as we did before 
when we had set down 3a and 3a' — ^that is, first finding c, and 
then forming, as before, 3a^c + 3a'c' -l- c^, which we subtract, 
making, vnth a' already subtracted, (a' + c)^ or {a-vb-\' cf sub- 
tracted altogether. And so on, if the root were a + 6 + c + <^} &c 

The student should study carefully the first of the two following 
Examples, as it is the type to which all others are referred. 
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Ex. 28. 

Extract the cube roots 

1. Of a* -I- 6a» + 16a* + 20a» + 15a» + 6a + 1. 

2. Of «• - 12a:* + 64«* - 112ar» + lOSa:' - 48a; + 8. 

3. Of a« - 3a*6 + MV - 7a»6» + 6a*6* - 3a6* + 6». 

4. Of «• - 12a«' + eOaV - 160aV + 240aV - 192a»a; + 64a*. 
6. Of %si? + 4ar*y + 60««y* - 80ar'y» - 90jY + 108ay - 27y*. 

6. Of «• - 3a* + 6*^ - 10a* + 12ar' - 12** + 10a* - 6a* + 3a; - 1. 

7. Of a»-J» + <*-3(a«6-a'c-ay-ac"-yc + J<*)-6fl6c. 

8. Of l-6a; + 21a*-66a*+llla;*-174a*+219a*-204a;'+144a*-64a;». 



55. Since 1 = 1', 1000 = 10', 1000000= 100', &c., it 
follows that the cube root of any number between 
1 and 1000, that is, having on^, ttvo, or three figures, 
is a number of one figure; so also the cube root of 
any number between 1000 and 1000000, that is, haying 
fouVy Jive J or six figures, is a number of two figures, &c. 
Hence, if we set a dot over every third figure of any 
given cube number, beginning with the units-figure, 
the number of dots will exactly indicate the number 
of figures in its cube root. 

If the root have any number of decimal places, the 
cube will have thrice as many ; and therefore the num- 
ber of decimal places in every cube decimal will be 
necessarily a multiple of three^ and the number of 
decimal places in the root will be a third of that num- 
ber. Hence, if the given cube number be a decimal, 
and consequently have its number of decimal places a 
multiple of three, by setting as before the dot upon 
the uniU'figure, and then over every third figure on 
hoth sides of it, the number of dots to the left will still 
indicate the number of integral figures in the root, and 
the number to the right the number of decimal places. 

If the given number be not a perfect cube, we may 
dot as before, (always setting the dot first upon the units- 
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figure)^ and annex cyphers as in the case of the square 
root, so as to approximate to the cube root required, 
to as many decimal places as we please. 

It will be seen, by the following example, how the numerical 
process corresponds to the algebralcaL The cyphers are omitted, 
except that in the numbers corresponding to So*, Sa", &c., it is 
necessary to express two at the end : thus a is really 4000, and 
therefore So" is 12000000 ; but as in the first remainder we only 
need the figures of the first and second periods, corresponding to 
43 in the root, we may treat the a as 40, and thus 3a^ will be 
4800, and da will be 120, so that 3a + 5 wUl become 123. 



123 



1292 



12961 



Ex. 


86677568161 (4321 
64 


4800 
369 

5169 


16677 
15607 


554700 
2584 

557284 


1170568 
1114568 


55987200 
12961 

56000161 


56000161 
56000161 



Ex. 29. 

Find the cube roots of 

1. 9261, 12167, 15625, 32768, 103.823, 110592, 262144, 884.736. 

2. 1481544, 1601.613, 1953125, 1269712, 2.803221, 7077888. 

3. 12.812904, 8741816, 56.623104, 33076.161, 22425768. 

4. 102503.232, 820025856, 264.609288, 1076890625, 2.116874304. 

5. Extract to 4 figures the cube roots of 2.5, .2, .01, 4. 
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GREATEST COMMON MEABT7RE : LEAST COMMON MULTIPLE. 

56. When one quantity divides another without 
remainder^ it is said to measure it^ and is called a 
me(Mure of it. 

Thus, 3, a, b, 3a, ab, a*, &c. are all measures of 30*5. 

A common measure of two quantities is one which 
divides each of them without remainder. 

Thus, a, b, 3a, 36, ab, Sab, are all common measures of Sc^h and 
15abe; and their greatest common measure, that is, the largest 
common factor they contain, is Sab, 

57. It is commonly easy to detect by inspection, i.e. 
by looking at the two quantities, their largest common 
measure, if it is a simple factor, that is, if it consists 
of Only one term; because then it will be found as 
a factor in every term of each of them. 

Thus, Sxy will divide every term of 3«"y - 6x^ and also of 
Sxy - 9a^y* ; it is therefore a common measure of them : and since, 
when these are divided by Sxy, the quotients a*-2y' and l-Sxy have 
no common factor, Sxy is their greatest common measure (G. c. M.). 

So 2a*b is the greatest divisor of Ml^ ~ Sa*b, and t^e of 
2aV - 6a*be ; and a", which is the G. c. M. of 2a*6 and a"c, is 
plainly therefore the G. c. M. of 6a*J* - Sa*b and 2aV - di^be. 

Find the G. c. M. of ^- *•' 

1. 3*" and 12a*g; ^a*I^ and -6aft»; - 12a^g'z^ and 8y*2». 

2. 3a«*- 2a»a? and a*«" - 3a6ar; 30*+ 2a"6 - Sa^ and 2a"6 + 2aJ«; 

6a^g - 12«y + Sx^ and 4ar* + 4aicy + 4a'aj. 



68. In like* manner we may sometimes find by 
inspection the g. c. m. of two quantities, when not a 
simple factor, if it happens to be easy to separate them 
into their component factors. 
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Ex. 1. The 0. c. M. of 6a*j:' (a» - «») and 4a»j: (a + a?)* is 
2c^x (a + x). 

Ex. 2. The G. c. M. of «" (aV - Sor* + 2a?*) and a* (a* - 4a*a:«), 
that is, of o'a;* (a* - S<tx + 2a^) or aV (a - 2ic) (a - x) and 
a"a:* (a« - 4a»), is a V (a - 2x), 

Ex. 31. 

Find by inspection the G. c. M. of 
1, 4ar'{a + xf and 10 {a*x - x^f. 2. x" (a« - a^' and (a*x + aa^/. 
3. (o"6 - 0*7 and aJ (a« - J')'. 4. 6 (a:»- 1) and 8 (a:* - 3ar + 2), 

5. (V+ar)" and a^(a:"-a?-2). 6. 4(x'4a") and 6(«»-2(2a:-3a"). 

7. a» («• + 12a? + 11) and a«x» - llo'x - 12a». 

8. 9(aV-4) and 12 (aV + 4ax + 4). 



59. Bat if the greatest common measure of two 
quantities be a compound quantity^ it cannot generally 
be thus easily found by inspection^ but may always be 
obtained by a method we are now about to explain, 
the proof of which will be given hereafter. 

Def. An algebraical quantity is said to be of so 
many dimensions, as is indicated by the highest index 
of its letter of reference. 

Thus a^ - 7a: + 10 is of two dimensions, «* -i- 1 of three. 

If it also involve other letters, it is said to be of 
so many dimensions in each of them, according to the 
highest indices of each. 

Thus x*y+ Sa^t^^-a^i^ is of four dimensions in x, and three in y 

If the dimensions of each term are the same, the 
quantity is said to be hofnogeneotis, and of so many 
dimensions as is indicated by the sum of the indices 
in each term. 

Thus the last quantity is homoffeneous, and of Jive dimensions^ 

The word dimensions has been adopted from the language of 
Geometry; — such quantities as a, 5, &c. being compared to lines 
(which have only one dimension, viz. length), and called linear 

D 
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quantities ; such quantities as a*, ab, &c. to areas (which have two 
dimensions, length and breadth); and such as (^, M, abc, &c. to 
solids (which have three dimensions, length, breadth, and thick- 
ness): beyond this we have no corresponding quantities in 
Geometry ; but the term dimensions, having been once employed 
in Algebra, has been retained in all other cases. 

60. Let there be given then two algebraical quan- 
tities, of which it is required to find the g. c. m. 
Arrange them according to powers of some common 
letter, and divide the one of higher dimensions by the 
other ; or if the highest index happen to be the same 
in each, take either of them for dividend. Take now, 
as in Arithmetic, the remainder after this division for 
divisor, and the preceding divisor for dividend, and 
so on until there is no remainder : then the last divisor 
will be the g. c. m. of the two given quantities. 

Ex. Find the G. CM. of «* - 7a? + 10 and ^ - 26«» + 20« + 25. 

a^-1x+10)4a^- 25«* + 20aj + 26 (4ar + 3 
4 a^ - 283;* + 40a; 

3a:» - 20a: + 25 
3a:* - 21a; -f 30 

X" 6) «• - 7a: + 10 (a; - 2 
d^ -bx 

-2a;+ 10 

Ans.x-^b. -^+10 

We may as well observe, that the expression Qreatesk c. m., 
which has been adopted from Arithmetic, must be understood 
in Algebra as applying not to the numerificd magnitude, positive 
or negative, of the quantity, but to its dimensions only, on which 
account it is sometimes called the Highest c. m. Thus it would be 
quite immaterial, whether in the above example, we consider the 
o. c. M. to be x-d or b-x: and either of these, in &ct, might 
be made nuineric€iUy greater than the other, by giving difierent 
values to x. 
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Find the o. c. M. 

1. Of3«*+ a? -2 and ;ia!"+ 4a: -4- 

2. Of 6a^ + 1x-S and 12«» + 16a? - 3. 

3. Of 9a:* - 25 and 9«» + 3x - 20. 

4. Of 8a:" + 14a: - 16 and Ss^ + 30«» + 13a: - 30. 
6. Of 4a:«+3a:-l0 and 4a;» + 7a:« - 3x - 15. 

6. Of 2a:* + ar»- 20a:»- 1x + 24-and 2a:*+ 3aJ»- 13x*- 7a: + 16. 



61. If the given quantities have both or either of 
them^ in any case^ simple factors^ as in {67), these must 
be struck out^ and the Rule applied to the resulting 
quantities. Then the o. c. m. of these being found as 
above^ will be the same as that of the given ones; 
except it should happen that we have to strike factors 
out of both of them, and that these factors themsdves 
have a common factor. In this case the g. c. m. founds 
as above, of the residting quantities, must be multiplied 
by this common factor, in order to produce that of 
the given ones. 

So also, whenever we convert a remainder, according 
to the Bule, into a divisor, we may strike out of it 
any simple factor it may contain. Here, however, 
there is no restriction, as in the former case; because 
no part of such a simple fitctor ean be common also 
to the new dividend, which, being the same as the 
former divisor, will be already clear of simple factors. 
It is only with the^r^^ pair, or given quantities, that 
we shall have to attend to this. 

And if, moreover, the first term of any such re- 
mainder is negative, we may, for the sake of neatness, 
before taking it as a new divisor, change the signs of 
all its terms, which is equivalent to dividing it by - 1. 

This can only afi'ect the signs of the g. c. m. 

d2 
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Ex. Find the o. c. M. of 

2ir* - 8ar* + 12«" - ^r* + 2a? and 3«* - 6«* + 3«. 

Here, striking out of the first the factor 2x (which is common to 
all its terms) and of the second the factor ZXf we reduce the quan- 
tities to ic* - 4a:* + 6j:* - 4a: + 1 and a?* - 2** -»- 1 ; but as 2a; and 3a: 
have themselves a common factor, x, it is plain that the original 
quantities have a common factor x, which these latter quantities 
have not ; hence the o. c. M. of these, when found, must be multi- 
plied by X to produce that of the given quantities. 

a:*-2a:»+l) a:* - 4a:» + 6 a:* - 4a: + 1 (1 a:»-2a:f 1) a:* - 2a:" + 1 (a:«+2ar+l 
a?*-2a:'+l «*-2^+V 

- 4a:L-4^^+8iC^-4a: 2ar»-3a:«+l 

ar»-2a: + l 2 a:*-4a:*+2a; 

a:'-2a:+l 
a:'-2ar+l 

In this Example, the first remainder is reduced by dividing it by 
-4a:; and, the G. c. M. of these two quantities being a:*-2a:+l, 
that of the two given quantities will be a: (a:*- 2a: + 1) or a:*- 2a:* + a:. 

Ex. 33. 

Find the G. c. M. 

1. Of a»+a:* and a* + 2aa: + a:*. 2. Of a:* + a: - 2 and a:*- 3x + 2. 

3. Of 2a:* + 6a:" + 6a; + 2 and 6ar^ + 6a:"-6a:-6, 

4. Of 23^-103/* +12y and 3y* - 15/ + 24y* - 24. 

5. Of a:* - 6aa:* + 12a«a; - 8a* and a:* - 4flV. 

6. Of 2ar»+10a:*+14a: + 6 and ar»4-a:* + 7a:+39. 

7. Of 3a:* + 3a:* -15a; + 9 and 3a:* + 3a:* - 21a:* - 9a:. 

8. Of ar* + a:*y + ay + y* and x^ + x'^y + xi^- y\ 

9. Of 2a* + a*6 - 4a*6» - 3a6* and 4a* + a*6 - 2a*6» + oft*. 

10. Of 3a*fl5a'J-3a*6»-15a*6* and 10a*-30a*6-10a*6* + 30a6». 

11. Of a:*-2ar'y+2ay-y* and a:* - 2ar»y + 2a:*y* - 2a:y* + y*. 

12. Of a;* + 6ar'+lla;* + 4a;-4 and a:* + 2a:* -5a:*- 12a: -4. 



62. If now, having first attended to the directions 
of (61), we find, at any step of our process, that the 
first term of the dividend is not exctcUy divisible by the 
first of the divisor, then, in order to avoid fractions in 
the quotient, we may multiply the whole dividend by 
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such a simple factor^ as will make its first term so 
divisible. 

Ex. Find the G.CM. of 6a^y + 4x^ - 2y' and 8ic* + 4xV - 4ay*. 

Stripping them of their simple factors, 2y and 4sc, (and noting 
that these contain the common fSeictor, 2,) we have 3x* + 2d^ - yt 
and 2a^ + ^ - y^i and proceed with these quantities as follows : 

3x« + 2jy - y" 
2 



2a* + xy- f) 6a* 4 4xy - 2y* (3 
6x» 4 3gy - 3y* 

« + y) 2a^ + xy - y» (2a: - y 
ga:* + 2ary 

- ary-j^ 

- ^ y-/ 

l^he G. c. M. then will be 2 (a; + y), it being plain that the 
G.CM. of 2(3ic*+2ay-y") and 2a^^xy-f^ will be the same as 
that of 3a:*+2a?y-.y* and 2a^ + ay-y', because the 2 introduced 
into the first is no factor of the second quantity. 

Ex. 84. 

Find the G. c. M. 

1. Of 6«» + 13ar + 6 and 8a:" + 6ar - 9. 

2. Of 15a:* - a? - 6 and 9a:* - 3a: - 2. 

3. Of 6a:* - ar - 2 and 21a:* - 26a:* + 8df. 

4. Of 6a:* - 6a:* + 2« - 2 and 12x* - 15a? + 3. 

5. Of 3aj* - 22a: - 16 and 5a:* + a:* - 54a:* + 18a:. 

6. Of 3ic* - 3a:*y + ay* - y* and 4ar' - a:*y - 3a:y*. 

7. Of a:* - 8ar + 3 and a!» + 3a:* + a? + 3. 

8. Of 5a:* + 2a:* - 15a: - 6 and - 7a:* + 4a:* + 21a: - 12. 

9. Of 20a:* + a:* - 1 and 25a:* + 5ar» - a: - 1* 

10. Of 6ar*-a:V-3aV + 3a:y*-y*and9a:*-3a:*y-2a:*y* + 3ay-y*. 

11. Of 12a:*-12a:*y*+12aY-3ay* and 12a:»+8a;*y-18ar»y*~6a:*y"+4ay*. 

12. Of «• - 2ar' + a:* - 8a: + 8 and 4a:* - 12a:* + 9a; - 1. 



68. In order to prove the Rule above given, it will 
be necessary to shew first the truth of the following 
statement. 



54 OREATEST COMHOK HBASUBE. 

If a quantitif c be a common measure of a and b, 
it win also measure the sum or difference of any nud- 
tiples of a and h, as ma ± nb. 

For let c be contained j9 times in a, and g times mb; 
then a=jpc, J-yc, and ma±n4 = i»pc±«yc = (i»p±«j)c. 
hence c is contained mp±nq times in ma±nb, and there- 
fore c measures ma ± nb. 

Thus, since 6 will divide 12 and 18 without remainder, it will 
also divide any number such as 7 x 12 + 6 x 18, 11 x 12 - 3 x 18^ 
12 (or 1 X 12) + 7 X 18, 5 x 12 - 18, &c. i.e. any number found by 
adding or subtracting any multiples of 12 and 18. 

64. To prove the Huk for finding the Oreatest Common 
Measure of two quantities. 

Firsts let the two given quantities^ denoted by aandi^ 
have neither of them any simple factor. 

Let a be that which is not of lower dimensions than 
the other ; and suppose a divided by i, with quotient p 
and remainder c, b by c^ with quotient q and remainder 
dy &c. 

h) a {p 646) 672 (1 

^ 64b 

7") h {q 126) 646 (* 

qc 604^ 

J) e (r 42) 126 (3 

r^ 126 

Then, by (63)^ all the common measures of a and b 
are also measures of a-pb or Cy and are therefore 
common measures of b and c ; and^ conversely^ all the 
common measures of b and c are also measures of 
pb-v c or ay and axe therefore common measures of 
a and b : hence it is plain that b and c have precisely 
the same common measures as a and b. 
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In like manaer, it may be shewn that c and d have 
the same common measures as b and c, and therefore 
the same as a and b. 

And so we might proceed if there were more re- 
mainders^ the quantities a, b, c, dy &c. getting lower 
and lower^ yet still being such that a and b^ b and c, 
c and dy &c. have the same conunon measures, 

But^ if d divides c without remainder, then d is itself 
the greatest quantity that divides both c and dy that is, 
c^is the greatest of the common measures of c and d^ and 
therefore is the Greatest Common Measure of a and b. 

Thus, in the numerical example, the common divisors of 546 
and 672 are precisely the same as those of 126 and 546, and these 
again are the same as those of 42 and 126 : but 42 is the o. c. M. 
of 42 and 126, and is therefore the O. G. M. of 126 and 546, and 
also of 546 and 672. 

65. Next^ let a and b have simple factors, and let 
a » uLa'y b » fib'y where a denotes the product of all the 
simple factors in a, and /3 of those in by and a'y b' are 
the resulting quantities, when these simple factors are 
struck out: then a'y Vy having neither of them any 
simple factor, will have no factor in conunon with a or /3. 
Now a or aa' is made up only of the factors in a 
and a'y and b or jSA' only of those in /3 and b'. Hence, if 
a be prime to j3, (that is, if a have no factor in common 
with (S)y the only factors which a can have in common 
with b must be those which a may have in common 
with b'y that is, the g. c. m. of a and b will be the same 
as that of a and b'. But, if a and /3 have any common 
factor, then this will also b^ common to a and by besides 
what may be common to a' and b'y that is, the g. c. m. 
of a and b will be obtained by multiplying the g. c. m. 
of a and b' by the common factor of a and /3. 
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Hence this case also is reduted to finding the g. c. m. 
of two quantities a and ft', uihich ham no BimflefcLctors, 
And, of course^ the above reasoning holds if either 
a or i8 be tinity, that is, if one only of the given quan- 
tities have a simple factor to be struck out. 

66. Having shewn that we may strike any simple fac- 
tors out of the original quantities, we shall now shew that 
we may strike them also out of any of the remainders. 

Let then a', b\ represent quantities having no simple 
factors, (either the original quantities a, ft, if they have 
no simple factor, or else a, ft, reduced, as above); 
and let us apply the Eule to a', ft', dividing a by ft', 
and obtain the first remainder c\ then we know that 
the G. c. M. of a and ft' is the same as that of ft' and c. 
Suppose now that c «= yc', where 7 is a simple factor, 
and c a compound quantity, having no simple factor. 
Then is made up of the factors in 7 and c'\ and ft 
(having no simple factor) can have no factor in common 
with 7, and therefore can have none in common with c 
but such as it may have in common with c' i that is, 
the G. c. M. of b' and c is the same as that of ft' and c\ 
And, of course, the same reasoning holds with the other 
remainders. 

67. Lastly, if, at any step (supposing simple factors 
struck out), the first term of the dividend should not be 
exactly divisible by the first of the divisor, as, for in- 
stance, in the case of a' and ft', we may multiply the 
dividend a' by any simple factor a', which will make it 
so divisible: for, since the divisor ft' has no simple 
factor, it can have no factor in common with a, nor 
therefore any in common with the dividend a a, but 
what it may have in common with a', that is, the g. c. m. 
of a' and ft' will be the same as that of a a' and ft'. 
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68. When one quantity contains another, as a divisor 
without remainder, it is said to be a multiple of it; 
and a common multiple of two or more quantities is 
one that contains each of them without remainder. 

Thus, ^y is a common multiple of 2a^, dxy, 6a^, &c., and any 
quantity is a multiple of any of its measures. 

Of course, the least common multiple (l. c. m.) of 
two or more quantities is the least quantity that can be 
formed, so as thus to contain each of them. 

69. To find the Least Common Multiple of two quantities > 

Let a and b represent the two quantities, d their 
G. c. ii.; and let a ^pd, b = qd, so that p and q will have 
no common factor. Then the least quantity which 
contains p and q will be pq, and therefore the least 
quantity which contains pd and qd will be pqd, which 
is consequently the l. c. m. required of a and &. 

Since pqd=^ ^ ,^ - = —-7- , it appears that the L.C.M. 

of a and b may be found by dividing their product by 
their G. c. m.; or, which is more simple in practice, 
by dividing either of them by their g. c. m., and mul- 
tiplying the quotient by the other. 

The L.C.M., however, of two or more quantities is generally 
formed by inspection, and, with a little practice, there is no diffi- 
culty in this, as we have only to set down the factors which 
compose them, omitting any that may occur more than once, and 
the product of these will be the L. c. M. required. 

Ex. 1. Find the L. c. M. of 2dx, 6a5^, ^acx. 
Here the factors are 2hx, Say, c; and the L.c. m. is Qabcxy. 

Ex. 2. Find the L. c. M. of 2a' (a + a?), 4aa; (a - x), 6«* (a + «). 

Here the L. CM. of the simple factors is 6a V, that of the compound 
factors is a* - a:*; therefore the L.aM. required is 12aV(a' - 3^)» 

d5 
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Ex. 8fl. 

Find the L. c. M. 

1. Of 4a'6c and 6aVei of Od^y and 12d^; of axy and aixy-f^i 

of ab-\- ad and ab-ad, 

2. Of 8a*, 10a»J, and 12aW; of a», 6a% lOa'^, 10a«y, fi«**, 

and b* ; of 9a^, 6a:r, 8a', 360^, So^e*, fiOa'ar, and 24a'. 

3. Of 2(a + 6) and 3(a«-y); of 4(a'-a) and 6(a* + a); of 

6(*' + ay), SCay-y*), and 10 («»-/). 

4. Of 4(a'-aft'), 12(a5»+6'), 8(<^-a«ft)j and of e{a*y^x^, 



70. Every common multiple of a and h is a multiple 
of their L. c. m. 

For let M be any common multiple of a and b^ and 
m their l, c. m.; and let M contain m (if possible) r times 
with remainder 8^ which will of course be less than 
the divisor m; hence we should have 

M^rm + 8, and, therefore, 8 - M- rm: 

but since a and b measure both M and m, they would 
also (63) measure M-rm^ or 8\ i.e. «, which is less 
than m^ would be a common multiple of a and &, 
contrary to our supposition that m was their least 
common multiple. Hence M will contain m with no 
remainder, and will therefore be a multiple of m. 
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CHAPTER VI. 



FRACTIONS. 

Algebraical Fractions are for the most part precisely 
similar both in their nature and treatment to common 
Arithmetical Fractions. We shall have therefore to 
repeat much of what has been said in Arithmetic ; but 
the Rules which were there sheum to be true only in 
the particular examples given^ will here^ by the use of 
letters, which stand for any quantities, be proved to 
be true in off cases. 

71. A Fraction is a quantity which represents a part 
or parts of an unit or whole. 

It consists of two members, the numeriUor and de- 
nominator y the former placed over the latter with a line 
between them. Now we have already agreed (8) that 
such an expression shall denote that the upper quantity 
is divided by the lower ; and, in accordance with this, it 
will be seen presently that a fraction does also express 
the quotient of the num' divided by the den'. 

The den' shews into how many equal parts the unit is 
divided, and the num' the number taken of such parts. 

Thus T- means that the unit is divided into h equal parts, a of 
o 

which are taken. 

Every integral quantity may be considered as a frac- 
tion whose den' is 1 ; thus a is - • 

1 

72. To mtdttply a fraction by an integer, we may 
either multiply the num' or divide the den' by it ; and, 
conversely, to divide a fraction by any integer, we may 
either divide the num' or multiply the den' by it 
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Thus - X a? = -r- ; for in each of the fractions , , -j- , 



the unit is divided into b equal parts^ and x times 
as many of them are taken in the latter as in the 
former ; hence the latter fraction is z times the former- 

that IB -- = -X x: and, by similar reasoning, x "^ ^ ~ a ' 

Again ^ -r a; = -r- ; for in each of the fractions - , ;— 
ox Ox 

the same number of parts is taken, but each of the parts 
in the latter is ^th of each in the former, since the unit 

X 

in the latter case is divided into x times as many pai1;s 
as in the former ; hence the latter fraction is - th of the 

X 

former, that is, -- «= - -^ a; : and, similarly, —- x a; = - . 

ox ox 

73. If any quantity be both multiplied and divided 

by the same quantity, its value will, of course, remain 

unaltered. Hence if the num' and den' of a fraction 

be both multiplied or divided by the same quantity, 

its value will remain unaltered. 

r^^ a ax €^ o J, a^h a ac g 

Thus - = -— = -- = &c. and -tr- = - = -j = &c. 
h ox ah a*oc c <r 

74. Since a« - (71), and, therefore, a divided by 6 

«= --f i = - (72), it follows, as stated in (71), that a 
1 

fraction represents the quotient of the num' by the denr. 
In fact, we may get -th of a units, (or tf -i-6,) by taking -th 



part of each of the a units, and this is the same as a such parts of 
one unit, which (71) is expressed by r- 

Hence it is that, in Arithmetic, i of £3 is the same as f of £1 &c. 
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75 To leduce an integer to a fraction with a given 
denominator, multiply it by the given denominator, and 
the product will be the numerator of the required fraction* 

Thas a, expressed as a fraction with den' x, is — ; or, with 

J , , , ab - <ic 

den' - Cj is —z . 

- e 

The truth of this is evident from (73). 

76. The signs of all the terms in both the num' and 
den' of a fraction may be changed without altering its 

value : thus =— is identical with — = . 

^ax - ar X - Sax 

This follows also from (73), as the process is equiva- 
lent to that of multiplying both num' and den' by - 1. 

77. To reduce a fraction to its lowest terms, divide 
the numerator and denominator by their 6. c. m. 



Ex. 1. 



a*xy + aay" " axy (a + y) " a + y * 



fjT -or {a\ x){a-x) a-x 

Ex 3 ^ + ^^ + ^ =, (a? 4- 3) (g + 1) _ x^^ 
' ' jj«+6x + 6 (a; + 3)(:c + 2) x + 2' 

^p. a^^a^^Sx'd _ (x-l){a* + 2x^5) a^ + 2x + 6 

' ir"-4a; + 3 (x-l){x-S) '^ x-S * 

Of course, the student should consider for a moment whether he 
cannot obtain the 6. c. M. as in (58) by mere inspection. 

Ex. de. 

Beduce to their lowest terms 

/Kcy+ary* c x-\-a^ l lm'-f-22ma? l^-lxt/ 5a^b-l6a*Ii^ 
' axy ' c^cArC^x * 33(m«-4a:«)' 10aa:-5ay' 20aP+10^* 



2. 



6r'-18ay' 4mV Sa^l^t* 9a*t/'-15xy* 

^y-l2xy^* 2m«»T2mn«' a'bc+ali'c^abr^* 12a*y'-21xf^' 

abc -i- 9bc - o(^ oc + fty -I- ay + ftc aca^-\-{ad-bc)x-bd 
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a^'l a^~d* fl^-y ^'Vz 4^ 'Cif^Mg'hz 

10^-9ii-9a^' 6a«+lla«f3«»" «»-6«»-^7«-3 

,, «» + 3««-4 -. ^-3« + 2 

a'-l ar + 4jr-5 



sd 



*-^aa*-i^i'a*' 4a»a!» - 2a"a^ - 3a«» + 1 



78. It the num' be of lower dimensions than the 
den% the fraction may be considered in the light of 
a proper traction in Arithmetic ; if greater^ in that of an 
improper fraction^ which may be reduced to a mixed 
JracttoUy by dividing the num' by the den', as far as the 
division Is possible, and annexing to the quotient the 
remainder and divisor in the form of a fraction. 

Conversely, a mixed fraction may be reduced to an 
improper fraction, by a process sinular to that em- 
ployed in Arithmetic. 

Ex.1. ?^±2^ = 3x-10.^. 

Ex.2. «* + a; + l + _?_=^^. 

X- I x-l 

Ex. 87. 

1. Beduce to mixed fractions 

Ss^j^xj-6 a^-ax^a^ 2a^^6 1M-I1ax+I0a* 16(3g*4-l) 
a?+4 ' ' a + x ' x-S * 6a-x ' 4a:-l * 

2. Reduce to improper fractions 

x-2 a^2x ^ ar + a 
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Shew that 

3. i + -Lt?Zf'_(i±^.^LlAz^), and 
2ao 2ab 

1 g'4-y-e^ (g ~ & 4 - c) (ft - g 4 c) 

2gi "" 2^ • 

X ^ /g' + y-c'Y (a + ft + c)(g + 6-c)(g4c-6)(6 + c-g) 

^ ^"^— 26— ; 4ft^ 

79. To reduce fractions to a common den% multiply 
the num' of each fraction by all the den'* except its 
own, for the new num' corresponding to that fraction, 
and all the den" together for the common den^ 

The truth ot this rule is evident; since, the numerator 
and denominator oi each fraction being boih multiplied 
by the same quantities, viz. the denominators of the othei 
fractions, its value will not be altered, though all the frac- 
tions will now appear with the same denominator. 

Ex. Beduce ? , - , - to a common denommatorr 
oca 

For the num'" axcx d = oca 

hy.hxd-Vd and the required fractions are 
cxhxc = h<? aca h*d Jc* 

For the den^ bxcxd=bcdi bed' bed* bed 

80. If, however, the onginal den"" of the fi actions 
have, any of them, common factors, this process will 
not give them with their least common den% which, as 
in Arithmetic, will be found by forming the l. c. m. of 
the given den**: and the num' corresponding to any one 
of the given fractions will be obtained, by multiplying 
its numerator by that lactor, which is obtained by dividing 
the L. c. M. by its denominator. 

Ex. Reduce ^^r- i ^ , > :; — to a common denominator. 
2bx 6abxy 3acx 

Here the L. c. M. of the denominators heing 6abexy, the fractions 

^^ 3g«cy c* 2yy 

6abexy' Sabexy* M)exy' 
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Ex. 38. 

Reduce to common denommators, 

1 ^ y ^ j^ ^ ^ ?^ 3^ ^ ^^ 
• i' b' V 2^' aid' 4Jc^ 1?' 4a«6' 5flS' W 

2 ** y* o + « o - a; 4ar* xy 
'irVi^' a«-fi«* a~i' 5Ti' 3(a + 6)' 6(ii«-5^)' 

8. ^ ^ ^ 



4a» (« + «)' 4a'(a-a?)' 2a»(a*-«*)* 



81. To add or subtract fractions^ reduce them to 
common den", and add or subtract the num" for a new 
num', retaining the common den'* 

Ex.1. ;+y + '-=^+'7+^. 

a c abc 

Ex.2. Add-J-tiL^ + -iziL^. 

^^ (l + g)(l-a? + g«) + (l-a;)(l + a: + g») ^ 2 

(1 + « + «•) (1 -« + «•) "*!+«» + «*' 

Ex. 3. From , ^'^^_, take , ^"^_,> 

. (1 + g) (1 - a; + a^ - (1 - or) (1 + g -f g») 2a:» 

Ex.4. Findthevalueof 2 + ^±^-?^f. 

a*- ft' a + 6 

. 2(a» - 6») + (a* + y) - (g - 6) (g - 6) _ 2g' ^2db-2V 

^*^ ?:ry ?3^ 

Ex. 39. 

Find the yalue of 
- g (g - ft) g (g-i-ft) 3g-4ft 2g ~ ft - c 16g - 4c 
2ft"2(g + ft)' 2ft"^3(g-ft)' """2~ 3 "^ 12^' 

g* g.ft g ft g-ft. gft 

2. ■ ' — g. 



a_J 'g + ft g-ftg-ft g + ft g + ft g*-ft* 

g g (grf-ftc)a ? g' + ft* g-ft 2a* - 2ay + y* a? 

* c c (c + da) 'g*-ft* g + ft' ^ - xy x-y' 

. 1 1 g g-ftc-gft-c 

* 2 (g - a) 2 (g + a) g* + «• ' gft gc ftc ' 



FRACTIONS. 65 

1 11 « l_ 1- ?fL 

^' 2(«-l)~2(x + l)~i*- ^iir+b^2a-b 4a'-V- 

^ a {tf-V)x , a(a'-ff)a* -, 1 1 . ^-1 

^•"6 ir~+ V(i + ax)* "•*• (a* + l/ ■" as* + r 

3 3 1 \-x 

4 (!-«)• ■'"8(1 -a:) ^8(1+ a;) 4(1 +V)' 



82. To multiply one fraction by another, multiply 
the numerators together for a new numerator, and the 
denominators for a new denominator* 

(L C 

Suppose that we have to multiply t ^7 ^ • 

let %^Xy ->=*y; ,\a^hx, c^dy, and ac^bdxyt 



hence, (dividing each of these equals by bd)fj-j = xy; 



. a c J ac a>c c product of num" 

but *y = j X - , and ^ = j^ - product of den" ' 

whence the truth of the rule is manifest. 

Similarly we may proceed for any number of fractions . 

a + 6 a^ 3 S{a + h){a-b )_ 3J^-y) 
^- ^T5'' c - d "" 2 " 2(c + rf) (c - rf) " 2(c* - (i«')' 

83. To divide one fraction by another, invert the 
divisor and proceed as in Multiplication. 

Suppose that we have to divide -» t)y ;^' 



a c 



let Y = ^> ^ = y * .*. a = Ja:, c = dy; 
a 

hence ad = bdx, be = bdy, and j- = tt- " - 
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1 . £ a c ^ ad a d 

but--«-ry-^-r3, and --«-x-, 
y ha he c 

whence the truth of the rule is manifest. 

p. 2a 4- 35 . e-d (2a + 35) (2a - 86) M-W 
c + rf • 2a - 35 "^ (c + <i) (c - rf) * c» - rf« ' 

In mult^ and div^ of fractions, it is always advisable, before 
multiplying out the factors of the new num' and den*^, to see if 
some of them do not exist in both the num' and den', in which 
case they may be struck out, and the result will be more simple. 

^ ^ a ex a c cm 

'En. 2 —X ^^^ = ^—^^y^ ^5ax + 6ay 
' 3cy a^-xy 3c (« - y) " 3c (« - y) 

^ 4a« a* - «■ 5c + 5x _ 4« (a + af) 4ax + 4a^ 

3by c^-iB* a* - a* ^ 3y (c - af) 3y (c - x) * 

Tj^ . g' + ay. a?*-y* _ g* + gy ^ (ag'y)' _ x 
^'^' x^y ' (x-yy' x-y aj*-y* a» ^ y^' 

The student should leave the denominatora effractions with their 
factors unmiMpUed, as in Ex. 2 and 3 ; unless they happen to 
combine very simply, as (a + «) (a + x)* into (a + xf, or (a + «) (a - «) 
into 0^-2*. The convenience of this will be found in practice. 

Ex. 4a 

Find the value of 
2^; 3a5 3ac ax a*-«* a I, hx\ /, a \ 

(^+2a6 <i>-2y ai'+ay (g-yy / . ^\ 



dfo^^db:^ ax 
oa: + 1 a"-5* " 



aj4 _ 54 ai» + 5a? a^ -Va^ ^ aj" - 2ha? + l^a^ 

^* ?^"25!rT5* ^ T^^ ^«» + 5»* a:«-5a: + 5' 



a»-3a'5 +3ay-y ^ 2a 5 - 25^ a«4-a5 
?-5^ 3 ^ a-5 
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84. A complex fraction, ue. one in which the numr, or 
den', or both, are fractions, may be simplified as follows. 

_ . 2 2 2~a? 1 2-x 

4z 4x 2 4z Sx 

1 

Hence observe that, when a complex fraction is put into the fonn 

of a T—n — 9 the simple expression for it will be found by taking 

the product of the upper and lower quantities, or extremes, for the 
num', and that of the two middle ones, or meane, for the den'; 
and that any factor may be struck out from either of the extremes, 
if it be struck out also from one or other of the means. 

JuX. 2. rtXm 3. 

2£ ??I^ 

2x 1 ex S-jx "4" 60 -ar 



1 ar-1 3a?-r g+H' Si+J - 4(3x4-4)' 

^"3 3 3 

Ex.4. 

x-\-2 a? + 2 _ ( a? + 2)(2g-g'^3) ^ 6-H7a;-g* 

^ 1 "° . g ' (l-a;)(2a:-a^+3)+a: ° 3-3ir»+«* 

^""*'^; 3 ^"'^^2i::?r3 

2-ar+- 

Simplify ^^ 41. 

1 ^"a^ a? 3-a; 3a? 4- 2^ 2}-i« a?-3j^ 

• 6 ' 6-fa?' « + 2J' 3J ' fx-lj' 2f-Jar' 
ar-f(3ar-2 ftc-f (3 + 5a?) 2 i-i(ar-2 ) U - f (g + 2) 

3 ' 2J ' i>+l)-4j' x*o(*+l) ' 

1 1 a? <i* + y _ 2y a + a; «-« 

I 4- « 1 + g 1 - « 2a* a* + A* a-a; oT a: 



3. • 



1 - 



' 777 2?^' 



a + ar a- x 



l+g 1-ar l+a? 2i" a* + 6* a-a? a + a: 



a; — 

1 -f-a?y 1 



^' , aT(a:-v)' , 1 ' ^ x 

l+-r ^ af-l+^ 1- 

I ■\- xy * ^ t a: 

^ 1+2 l+ar + - 3 

4-a? 1-ar + a;" 
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85. The following results should be noticed^ 

If r = 3 , then 
6 a 

4 a ^ c h d ,.. abbe a b .... 

a a c b c c a e a 

^ + 1 = 5+1, or -j^= ^ (m). j-l.= 5-l. OP — =_ Oy)t 

a + 6 6 c±d d a±b c±d , . 

hence — ^ x - = — t— x - , or = (v), 

bade a e 

,o + 6 b c + d c? a + 6c + <?..v 

and --. X = = —=- X ^ , or r = -^ (vi): 

6 a-6 d e-d a-b e-d 

and any of these last may be inverted by (i), or aUemated by (ii) ; 

, a e a a±b a+fto-ftp 

thus i= ^t - = "-r^> ~ J- J' °^^ 

a±b c±d e e± d c+rf c-d 

So that, If any two fractions are equcd, we may combine 
by Addition or Subtractiony in any way, the num^ and denr 
of the one J provided that we do the same with the other. 

86. The above results may be yet further generalized. 

•^ 'P a c ,. m a m c ma me 

For, if 7 = -;, then — x - = - x - , or -r^ = — >i 
b d n b n d nb nd 

and, therefore, by what has been above shewn, 

ma+nb meHid , ma±nb meind , ma±nb me±nd 

— r_ = — = — whence = , and = ; 

ma me a c pa pe 

ma±nb me±nd ma±ne _mb±nd ma±ne mb±nd 

80 also — i- = 1 — » f-- 9 — -~ _j > 

pb pd pa pb pe pa 

ma-\-nb ^me + nd ma 4 nb _ ma- nb „ 
ma-tdtme-r*d* me-^nd me - nd' 

ma±nb me±nd , pa±qb _ pe±qd 
Again, since — = — - — .and ^ ^— , 

. ma±nb _ mc±n d ^^ 
pa ± qb pe ±qd 
Hence we see that the statement of (86) is true of any muUtples 
whatever of the numerators and denominators of the fractions. 

a c ^ a* (^ d" (? n a^ if 

87. Further, if ^=5, then ^ = 5-., p = j.»&c. -g^ = ^ • 

Hence the previous results hold with a", 6", c», rf", instead of a, b, c, rf. 



FRACTIONS. 69 

ooTi-^ c ^xT_ ^ a-^c + e ma + nc+pe 

88. If - = - « -, then - = ; r.« r j-^^/.. 

h d f b h^d^f fnb^nd->rpf 

For let - = a; = -a -; then a = hx, cdXf e=fx; 
' * y 

1 •» j» ,T t MK a a •{■ e + e 

,\ a + c + « = 6ar + <te+/a? = (6 + e?+/)a:; .\ g or ^ « ■ ■ ; 

again, ma = m6d?, nc = n<2r, ^ =12/^ ; 

/. tna -k- nc -k- pe B (mb -^-nd-^- pf) x, and ar or t = -. 5 — ^. 

*^ o mo^-nd-^ pf 

« , a» c* «*• a" a" + c» + «* ma* + n«» + »«* 

So Alan — B = — • — = = ■* 

N.B. The above method of proof will evidently serve, whatever 
be the number of equal fractions. 



89. We know by Division that the fraction 

1 s^ 

= ! + « + «* + «• + &c. + a"-^ + 



«" 1 

so that ^ will be the difference between •; and the first 

1- X \ - X 

n terms of the series : and this difference, if a; be < 1, becomes less 

and less by increasing fi, that is, by taking more terms of the 

series ; whereas, if a; be > 1, it becomes greater and greater. Hence, 

1 
when x<\y the fraction r expresses approximately, and with 

more and more of accuracy, according as we take more terms, the 

value of the series 1 + a + :e* + &c.; whereas, when x > 1, it does 

not at all express the value of the series, unless we take account 

a* 



also of the remainder 



ITS- 



Thus, if ««}, we have - — r- or 2 = 1 + J + i + i + &c., the sum 

of which series approaches more and more nearly to 2 as its 
Limit, without ever actually reaching it But if a; = 2, we have 

- — - or -1 = 1 + 2 + 4 + 8 + &c., the sum of which series departs 

more and more from - 1 : the error, however, will be corrected, 
if we introduce the remainder at any step; thus 

1 + 2 + 4 + J-g = 7 - 8 = - 1. 



70 FRACnOKS. 



In all neh cases we may consJder tiie aga = as ezpreasiiigy 
not the aetoal equality of the two quantities, but merely diat 
the fraction can be made to afwrnm* the fonn of die seiiesy and 
tlierefore may be naed as an abiidgmad tar it. 

90. U x^l in the abore, dien — ^ = 1^1+ &&, tiiat is, 

. = an infinite number of miits, which is, of ooone, an infinitely 

great quantity, and is denoted by oo , (read u^miy), 
Tbe itiiqmifig of this result may be tbns explained, H x-\ 

very nmrfyp so that 1 - x is ffery nmiff, then — will be, of 

course, very great, and may be made as ffreat as toe please by 
stiE fiuTiher Aimmiahmg \ - Xj that is, by taking x stQl more 

neariy « 1. When, therefore, we write 7:="^* ^® b^ i^ot to 

suppose the denominator actually sero,(in which case the division 
by which we obtained the series would be absurd^ but only a 
▼erjr small quantity; and by using the sign oo, we mean that 

tbere is no limit to tibe magnitude which the fraction z may 

be made to attain, by sufficiently diminishing the denominator. 

In the same sense, we may say that -^-^t where a represents 
any finite quantity whatever. 



■» ■ . > 
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CHAPTER VIL 



SDiPUS EQUATIONS CONTINUED. 

91. The following equations, involving algebraical 
fraction^, may now easily be solved, by help of the 
preceding chapter, after the methods in Ex. 18, 19, 

Ex. 42. 

1. a « . 2.- + = 0. 3.- + =- = c. 

a c X c e ah 

, ax-^-h a ex + d ^a((? + aj") ax 

c b e ax a 

is^^iLi ^ ax ex lyv«x 

8. H4«(l + *)-f(<»-«)} = i{3«(l -*)-¥(« + «)}• 
a 2z + 3 4x 1 ftr + 2 x + 1 



■»--f('-i)-i(»-f)*'«- 



92. Complex fractions in an equation should first be reduced by 
(84); and if, in any case, the denominators contain both nmple and 
compound fitctors, it is best to get rid of the simple factors first, 
and then of each compound factor in turn, observing to simplify 
as much as possible after each multiplication. 



«+l Sx + 2 " ar + 1* 

Here, first simplifying the complex fractions, we get 

76-* 80j; 4^ 21 23 

aV; 1) "^ 5(3ar + 2) " "^ iTT ' 

4V 1*,- 1 • V tK 375-5aj 240« + 63 ^, 345 

then, mulUplymg by 16, ^^^ -t- -^-^^ = 76 + ^^; 

.•.,mult by a? + l, 376-6arf ^ » 76a; + 76 + 345 ; 

oX -|~ ^ 

. ,.». 240a;»f303ar+63 -^ , «. «.* «„. «^ 
.'.,8unphfying, • ^ =76a;+6a;+76+345-375=80a;+46; 

.*. 240«* + 303* 4- 63 = 240a:» + 295ar f 90, and &r = 27, or ar = 3|- 
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Ex. 4a. 

'7 2 35« 14' ' 3 4a: "~T'^6' 

q ?*+^ 7a:-3_4ar + 6 . 2(4a: + 3) 3 ^ 

^- ir"^6iT2~"r"- ^- ^+3 -^FTi"®- 

f, ax hx ^af-31a?-3 

h(x\c) a(ar + o) a? + 2 2 2fl:-l 

^ ftg + q 3a?-6 g-^(a;-l) . 31 3-J(ar-2) 

4ar + 5 ir-fl* *^* 3 36 " 6 ~~ * 

^ 3-4ar 1 i i i 

9. iTT^ ; + ^.. . = H. 10. 



3(3-a;) 2(l-a:) 'ab-ax bc-hx ac-ax 

-, (2a; + 3)ar 1 , ^^ 2a? + a 3a:-a „. 

-. X a^x 2a -b ,^a; + 4 ,, 3a: + 8 

14. = . 15. ;: + 1 J = X s . 

a + x X 2x 3d: + 5 • 2a: + 3 

16. 3^ (lla:-13) + |(19a: + 3)-i(5ar-25J)=28f-,Ji(17a: + 4). 

10a?+17 12dP+2 _5ar-4 «+H _ 10 -« _ 4 - far 1 

18 r3ar-16"~9~- ^^' 3 3f 11 11* 

19. i(ar-lff)-A(2-6ar) = a;-,Ji,{5ar + H10-3a:)}. 

^ 6ar+13 3a? + 6 2ar ^, a;-7 2ar-15 1 



15 5ar-25 5* a: + 7 2ar-6 2(a: + 7)' 



132^+1 8ar + 5 .^ 7ar + 1 35 a: + 4 

3a: +1 a;-l a:-l 9x + 2 



24..." -:.i« = 1-. is. " ' 



6a: + 17 3a:-10 l-2a:' * 12a: + ll e>a: + 5 4a: + 7' 

i(2a:-3)-i(3a:-l) 3 a;'-ia:-h2 
^^' ^' W^) "2- 3a:-2 " 

27. A (7a:+6J)+ A {11a: - i(a:-H)} =i(3a:+l) + ^ {43ar - i(3-8a:)}. 

13 -2a: 24 ^^ 3 

29. 4a:- J(a: - 2) - [2a: - (Ja: - A {16 - i(* +4)})] = f (a: + 2). 

30 Iz^ 7-2a:* ljf3« _ 2£-% _1^ 
• 15 "l4(a:-l)'^ 21 6 ^ 105* 
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9S. The following are additional Problems in Simple 
Equations^ presenting somewhat more of difficulty than 
those given under (41). 

Ex. 1. A fish was caught whose tail weighed 9 lbs.; his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail. What did the fish weigh ? 

It is sometimes conTenient to take x to represent, not the quan- 
tity actually demanded in the question, but some other unknown 
quantity on which this one depends. It is only experience, 
however, and practice which can suggest these cases; but this 
example is one of them. 

Let z = weight of body ; 

.*. 9 + 1^ « = weight of tail + i body = weight of head ; 
but the body weighs as much as head and tail; 

.*. « = (9 + J «) + 9, whence x = 36, weight of body ; 

.-. 9 + i « = 27, weight of head ; 
and the whole fish weighed 27 + 36 -f- 9 = 72 lbs. 

Ex. 2. A gamester at one sitting lost \ of his money, and then 
won 10« ; at a second he lost \ of the remainder, and then won Zs ; 
and now he has 3 guineas left. How much money had he at first ? 

Let X = number of shillings he had at first ; 

haying lost i of it, he had f of it, or f a; remaining; 

he then won 10«., and had, therefore, f x + 10 in hand ; 

losing i of this, he had f of it remaining, that is, f (|^ x + 10); 

and he then wins 3«., and so has f (f a; + 10) + 3 shillings, 

which, by the question, is equal to 3 guineas, or 63«; 

hence } (^ :e -t- 10) + 3 == 63, whence x = lOOa =» £5. 

Ex. 3. Find a number such that if f of it be subtracted from 20, 
and 1^1 of the remainder from l of the original number, 12 times 
the second remainder shall be half the original number. 

Let 2 = the number ; 
.•. 20 - f « = 1st remainder, and J a; - A (20 - |a:) = 2nd remainder ; 
.'. 12 {J « - A (20 - f «) } = } ar, by the question ; whence x = 24. 

Ex. 4. A certain number consists of two digits whose difference 
is 3; and, if the digits be inverted, the number so formed will be f 
of the former : find the original number. 
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Let X 8= leaser digit, and .'. d? + 3 = the greater: then, since the 
value of a n"* of two digits = ten-times the first digit + the second 
digit, (thus 67 = 10 X 6 + 7), the n** in question s 10 (:r + 3) + a; ; 
similarly, the n** formed by the same digits inverted = lOd; -h (« + 3) ; 
hence, by question, \0x + (a; + 3) = f {10 (x + 3) 4- «}, whence ^ = 3, 
d; + 3 a 6, and the n"" required is 63. 

Ex. 5. A can do a piece of work in 10 days; but after he has 
been upon it 4 days, B is sent to help him, and they finish it 
together in 2 days. In what time would B have done the whole ? 

Let d^^n*" of days B would haye taken, and TF denote the ^rork : 

WW 
,'. j^t — > are the portions of the work, which A, B would do in 

4_W 
one day; hence in 4 days, A does -— -, and in 2 days, A and B 

^ ^. , 2W 2W , ^W 2W 2W ^ . 

together do -— r- + : /. -r^r- + -rrr + = W; whence a; = 5. 

10 a? 10 10 :e 

It is plain that in the above, we might have omitted W al- 
together, or taken unity to represent the work, as follows; 

A, B do -rrr, - of thc work respectively In one day, and therefore, 
10 X 

4 2 2 
reasoning just as before, t^ + tt; +- = the whole work = 1. 

[In all such questions the student should notice that, if a person 

m 11 

does — ths of any work in 1 day, he will do -th of it in — th of a 
n ^ ^ n m 

day, and therefore the whole work in — days. 

Thus if he does f in one day, he will do | in -^ of a day, and 
therefore the whole in f = 2^ days.] 

Ex. 6. A cistern can be filled in half-an-hour by a pipe A, and 
emptied in 20^ by another pipe B: after A has been opened 20', 
B is also opened for 12^, when A is closed, and B remains open 
for & more, and now there are 13 gallons in the cistern: how 
much would it contain when full ? 

Let X = number of gallons that would fill the cistern : then, in 1', 
A brings in ^^ gals, and B carries out ^qX gals ; but A is opened 
altogether for 32', and B for 17'; .'. Hx - Hx « 13, whenoe 
»s 60 gals. 
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Ex. 7. Find the time between two and three o'clock, at which 
the hour and minute-hand of a watch are exactly opposite each 
other. 

Let X = number of minutes advanced by the Aotir-hand since two 
o'clock: then 12« = number of minutes advanced by the minute- 
hand, since it travels 60^ while the other travels 5'; but, by ques- 
tion, the minute-hand will have advanced (10 -i-^p) 4-30=2+40 min.; 
.*. 12x = 2 + 40, whence x = S-^^, and the time is 2h 43^i'. 

Ex. 8. There are two bars of metal, the first containing 14 oz. 
of silver and 6 of tin, the second containing 8 of silver and 12 of 
tin; how much must be taken from each to form a bar of 20 oz. 
containing equal weights of silver and tin P 

Let 2 = n** of oz. to be taken from first bar, 20-2 from second; 
now a of the first bar, and therefore of every oz. of it, is silver; 

and, similarly, ^q of every oz. of the second bar is silver ; 

and there are to be altogether 10 oz. of silver in the compound; 
.-. ij2 + /i,(20-2)=10, whence 2 = 6t, and20-2=13J. 

Ex.44. 

1. The stones which pave a square court would just cover 
a rectangular area, whose length is six yards longer, and breadth 
four yards shorter, than the side of the square : find the area of 
the court. 

2. Out of a cask of wine, of which a fifth part had leaked away, 
10 gallons were drawn, and then it was two-thirds full : how much 
did it hold? 

3. A person bought a chaise, horse, and harness for £60 ; the 
horse cost twice as much as the harness, and the chaise half as 
much again as the horse and harness : what did he give for each P 

4. The value of 60 coins, consisting of half-guineas and half- 
crowBS, is £16 5< : how many are there of each P 

5. A^ after spending £10 less than a third of his yearly income, 
found that he had £45 more than half of it remaining : what was 
his income P 

6. A boy, selling oranges, sells half his stock and one more 
to A, hidf of what remains and two more to B, and three that still 
remain to C: how many had he at first P 

e2 
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7. In a gamson of 2744 men, there are two caTalry soldieis to 
twenty-fiye infantry, and half as many artillery as cayalry : find the 
numbers of each. 

8. A person dies worth £13,000: some of this he leaves to 
a Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his two brothers, and two- 
thirds as much again as that of each of his five sisters : find the 
amount of the bequest to the Charity. 

9. A farm of 270 acres is divided among A, B, C: A has 
7 acres to 11 of JB, and C has half as much again as A and B 
together : find the shares. 

10. Divide 150 into two parts, such that if one be divided 
by 23 and the other by 27, the sum of the two quotients may be 6. 

11. A had 18« in his purse, and B, when he had paid A two- 
thirds of his money, found that he had now remaining two-fifths of 
the sum which A now had : what had B at first ? 

12. The first digit of a certain number exceeds the second by 4, 
and when the number is divided by the sum of the digits, the 
quotient is 7 : find it. 

13. The length of a floor exceeds the breadth by 4 ft; if each 
had been increased by a foot, the area of the room would have 
been increased by 27 sq. ft : find its original dimensions. 

14. A met two beggars, B and C, and, having a certain sum 
in his pocket, gave 2^ of it to B, and f of the remainder to C: 
A had now 20d left ; what had he at first ? 

15. In a mixture of copper, lead, and tin, the copper was 5 lb 
less than half the whole quantity, and the lead and tin each 5 lb 
more than a third of the remainder : find the respective quantities. 

16. A sum of money was left for the poor widows of a parish, 
and it was found that, if each received 4« 6d, there would be Is 
over ; whereas, if each received 5«, there would be lOs short : how 
many widows were there ? and what was the sum left ? 

17. A horse was sold at a loss for 40 guineas; but, if it had 
been sold for 50 guineas, the gain would have been three-fourths 
of the former loss : find its real value. 

IS. A can do a piece of work in 10 days, which B can do in 8 : 
after A has been at work upon it 3 days, B comes to help him; in 
what time will they finish it ? 

19. There is a number of two digits, whose difference is 2, and, 
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if it be diminished by half as much again as the sum of the digitsi 
the digits will be inverted : find it. 

20. A and B have the same income : A lays by a fifth of his > 
but JB, by spending annually £80 more than A, at the end of 

4 years finds himself £220 in debt What was their income ? 

21. A number of troops being formed into a solid square, it was 
found there were 60 over ; but, when formed into a column with 

5 men more in front than before and 3 less in depth, there was 
just one man wanting to complete it Find the number. 

22. A person has travelled altogether 3036 miles, of which he 
has gone seven miles by water to four on foot, and five by water to 
two on horseback : how many did he travel each way ? 

23. A and B can reap a field together in 7 days, which A alone 
could reap in 10 days : in what time could B alone reap it P 

24. A cistern can be filled in 15' by two pipes, A and Bt 
running together : after A has been running by itself for 5', B is 
also turned on, and the cistern is filled in 13' more : in what time 
would it be filled by each pipe separately ? 

25. What is the first hour after 6 o'clock, at which the two 
hands of a watch are (i) directly opposite, and (ii) at right angles, 
to each other ? 

26. A person played twenty games at chess for a wager of 3« to 
28, and upon the whole he gained 5«: how many games did he win ? 

27. I wish to enclose a piece of ground with palisades; and 
find that, if I set them a foot asunder, I shall have too few by 150, 
whereas, if I set them a yard asimder, I shall have too many by 70: 
what is the circuit of the piece of ground ? 

28. A and B began to pay their debts : ^'s money was at first 
f of ^s ; but after A had paid £1 less than f of his money, and B 
had paid £1 more than ^ of his, it was found that B had only half 
as much as A had left What sum had each at first ? 

29. A can build a wall in 8 days, which A and B can do 
together in 5 days : how long would B take to do it alone ? and 
how long after B has begun should A begin, so that, finishing it 
together, they may each have built half the wall P 

30. A person wishing to sell a watch by lottery, charges 6« each 
for the tickets, by which he gains £4; whereas, if he had made a 
third as many tickets again and charged 5ff each, he would have 
gained as many shillings as he had sold tickets : what was the 
value of the watch P 
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31. A mass of copper and Ian weighs 80 lb«, and for every 7 Ibt of 
copper there are 3 lbs of tin : how much copper must be added to 
the maiss, that for eyery 11 lbs of copper there may be 41bs of tin ? 

32. A does f of a piece of work in 10 days, when B comes to 
help him, and they take 3 days more to finish it: in what time 
would they have done the whole, each separately, or both together? 

33. A cistern can be filled by two pipes, A and J?, in 24' and SQ' 
respectively, and emptied by a third C in 20^ : in what time would 
it be filled, if all three were running together ? 

34. A and B were employed together for 60 days, each at 69 
a day, during which time A, by spending 6d a day less than J?, 
had saved three times as much as B, and 2^ days pay besides: 
what did each spend per day ? 

35. Divide £149 among A, B, Q D, so that A may have half 
as much again as B^ and a third as much again as B and C to- 
gether ; and D a fourth as much again as A and C together. 

36. There are two silver cups and one cover for both. The first 
weighs 12oz, and, with the cover, weighs twice as much as the other 
cup without it; but the second with the cover weighs a third aa 
much again as the first without it. Find the weight of the cover. 

37. A man could reap a field by himself in 20 hrs, but, with hia 
son's help for 6 hrs, he could do it in 16 hrs : how long would the 
son be in reaping the field by himself? 

38. A horsekeeper, not having room in his stables for 8 of his 
horses, built so as to increase his accommodation by one hal( and 
now has room for 8 more than his whole number : how many 
horses had he-? 

39. A grocer bought tea at 6« 6<^ per lb, and a third as many lbs 
again of cofiee at 2« 6<f per lb ; he sold the tea at 8s, and the coffee 
at 2« Zdf and so gained five guineas by the bargain : how many lbs 
of each did he buy ? 

40. Find a number of three digits, each greater by unity than 
that which follows it, so that its excess above one-fourth of the 
number formed by inverting the digits shall be 86 times the sum 
of the digits. 

41. A man and his wife could drink a cask of beer in 20 days 
the man drinking half as mueh again as his wife : but, if of a gallon 
having leaked away, they found that it only lasted them together 
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for 18 days, and the wife herself for two days longer: how much 
did it contain when full ? 

42. A and B have each a sum of money given them, which will 
support their fiunilies for 10 and 12 days respectively; but ^'s 
money would support ^s family for 15 days, and Jff^ money 
would support A^% family fbr 7 days, with 2« 6<l over « what were 
the sums? 

43. A person being asked how many ducks and geese he had in 
his yard said, If I had 8 more of each, I should have 8 ducks for 
7 geese, and if I had 8 less of each, I should hove 7 ducks for 
6 geese: how many had he of each? 

44. A man, woman, and child could reap a field in 30 hrs, the 
man doing half as much again as the woman, and the woman two- 
thirds as much again as the child : how many hoiurs would they 
each take to do it separately? 

45. If 19 lbs of gold weigh 18 lbs in water, and 10 lbs of silver 
weigh 9 lbs in water, find the quantity of gold and silver in a mass 
of gold and silver, weighing 106 lbs in air and 99 lbs in water. 

46. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed two-thirds of them, gaining thereby 
35«, when the rest were seized as light coin, except one with which 
the man decamped, having lost upon the whole half as much as he 
had gained before : how many coins were there at first ? 

47. A and B start to run a race : at the end of 5', when A has 
run 900 yards and has outstripped B by 75 yards, he falls ; but, 
though he loses ground by the accident, and for the rest of the 
course makes 20 yards a minute less than before, he comes in only 
half-arminute behind j9. How long did the race last? 

48. A and B can reap a field together in 12 hrs, A and C in 
16 hrs, and A by himself in 20 hrs: in what time could (i) ^ and 
C together, (ii) A, B, and C, together, reap it? 

49. Fifteen guineas should weigh 4oz: but a parcel of light 
gold, having been weighed and counted, was found to contain 
9 more guineas than was supposed from the weight, and it appeared 
that 21 of these coins weighed the same as 20 true guineas : how 
many were there altogether ? 

50. A, Bf C travel firom the same place at the rate of 4, 5, and 6 
miles an hour respectively, and B starts two hours after A : how 
long after B must C start, in order that they may both overtake 
A at the same moment? 
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SSmtdtaneatis SqtuUions of one Dimension. 

94. K one equation contain two unknown quantities, 

there are an infinite number of pairs of values of these 

by which it may be satisfied. 

Thus in x = 10-2y, if we give any value to y, we shall get a 
corresponding value for Xf by which pair of values the equation 
will of course be satisfied, if, for example, we take y = 1, we shall 
get a? = 10-2 = 8; if y = 2, dp = 6; if y = 3, ar = 4; &c. 

One equation then between two imknown quantities 

{admits of an infinite number of solutions; but if we 

have as many difiTerent equations, as there are quantities, 

the number of solutions will be limited. 

Thusi while each of the equations a; = 10 - 2y, 4^; + 4 = 3y, 
separately considered, is satisfied by an infinite number of pairs of 
values of x and y, there will only be found one pair common to 
both, viz. 2 = 2, y = 4, which are therefore the roots of the pair of 
equations, x=10-2y, and 4d;-i-4 = 3y. 

Equations of this kind, which are to be satisfied by 
the same pair or pairs of values of x and y, are called 
simtdianeous eqtsations. 

If there be three unknowns, there must be three equa- 
tions, and so on: and moreover, these equations must 
all be different from one another; i.e. must aU express 
different relations between the unknown quantities. 

Thus, if we had the equation ^ = 10 - 2y, it would be of no use 
to join with it the equation 2^; = 20 - 4y, (which is obtained by 
merely doubling it), or any other, derived, like this, immediately 
from the former; since this expresses no new relation between 
X and y, but repeats in another form the same as before. 

It may be observed, that if any two or more equations 
be given, any equations formed by adding or subtract- 
ing any multiples of these equations, will be also trucy 
though expressing, in reality, no new relations between 
the quantities. 

Thus if jB + 3^ + 42 s 9, and 3d; - 2y + 17s = 25 ; then, subtracting 
the second from three times the first, we have lly - As s 2. 
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95. There are generally given three methods for 
solying simultaneous equations of two unknowns ; but 
the object aimed at is the same in each, viz. to combine 
the two equations in such a manner as to expel, or, as 
the phrase is, eliminate from the result one quantity, 
and so get an equation of one unknown only. 

96. First method, — Multiply, when possible, one 

equation by some number, that may make the coeff. of 

:r or y in it the same as in the other ; then, adding or 

subtracting the two equations, according as these equal 

quantities have different or same signs, these terms will 

destroy each other, and the elimination will be effected. 

Ex.1. 4a; + y = 34^ (i) 

4y + « = 16J (ii) 

Here mult (ii) by 4, 16y + 4:r = 64, 

but yH^4a; = 34 ; (i) 

.'. subtracting, 15y =30, and .'. ^^2; 

and(ii) ar= 16 -4y = 16 -8 =8. 

Ex.2. 4a:- y= 71 (i) 

3iP + 4y = 29J (u) 

Here So; -i- 4y = 29, 

and, mult (i) by 4, 1 6a?-4y = 28 ; 

/. adding, 19ar =57, and /. a: = 3; 
and(i) y = 4aj- 7 = 12 - 7 = 5. 

Sometimes we cannot make the coefEcients equal by 
multiplying only one of the equations ; but shall have to 
multiply both by some numbers, which it will be easy 
to perceive in any case. 
Ex, 3. 2ar + 8y= 41 (i) 

3a?-2ya-7J (ii) 
Mult (i) by 3, 6a: + 9y= 12 
— (ii)by2, 6a;-4y = -14 

subtracting, 13ys 26, and/.ys2; 

and(i) 2ar=:4-3y = 4-6=-2; .•.«=-!. 

£5 
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97. Second m^hod, — Ezpreis one of the unknown 

quantities in terms of the other by means of one of the 

equationsi and put this value for it in the other equation. 

Ex. 4. 7« + i (2y + 4) - 161 or reducing, Z6w^2ym 761 (i) 
3y-t(« + 2)- 8/ 12y- «-84/ (ii) 

Here from (ii) d;-12y-a4, and fh>m (i) 85 (12y - 34) ^. 2y - 76, 

whence y - 8, and .*. x - 2. 

98. Third m^Moc?.-— Express the same quantity in terms 

of the other in both equations, and put these values equal. 

Ex. 6. 6a; - i (6y + 2) « 821 or reducing, 20« - 6y - 1801 (i) 
3y4.4(» + 2)- 0/ ey+ x^ 26j (ii) 

Here in (i), y - i (20« - 180), in (ii) y - H^^ - «)| 
.'. i (20a; - 130) '< i (26 - x), whence « - 7, y « 2. 

The first of these methods is generally to be preferred i but the 
second may be used with advantage, whenever either « or y has 
a coefficient unify in one of the equations. 

Ex. 43. 

2. X •{• y » a 1 
fl« + ^ - 6*J 

6. 2«- 9y- 111 
3a; - 12y - 16/ 

8. a» ■ by) 
» + y " c / 



1. 2a; + 0y R 11 



4aj+ y 



«in 

- 6/ 



4. a«+ y-Al 
x-¥hyaj 

7. 2a; + 3y - 8 - 01 
7* - y - 6 - OJ 



8. 2a? - y - 8 
2y + a; » 

6. 5a; + ay ■ 5 
ax^ hy^ a 

9. 6« + 4y 



} 



} 
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8* + 7y - 67/ 



10. a;(y + 7)-y(a; + l)1 11. fr + Jy-18l 12. ia; + iy-48 



2a; + 20 



-y(« + l)\ 11. K + ty-131 12. ia? + iy-48l 
-8y + l / ia? + ly- 6/ i« + *y-42/ 



18. 5 -y- 

a 



m 



X ^ y 
e d 



14. 2a;- 



3y+ 



yj 

6 
a;-2 



>41 



.9 



16.^2 

6 C 



1 



a 



16. 



oo; + 5y - 0*- 
ji b_ 

h^y a-\-x 



::} 



17.? 4-1 
a h 

a 



18.f + « 
a h 



i-f^ 



a 



0'' 



19. i (2a? + 3y) + Jap - 8 
i(7y-3a;)- y 



.;} 



20. i(2«-y)+l-H7+«) \ 
i(8-4«) + 3-i(0y-7)/ 
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31. «-f(y-2)e61 

1=8/ 



22. Wy+*(«-«y+i)=t(«-8)\ 



^-t(«+10)=3/ i(«-6y+8)-i(3«-l%f) 

23. A(*r + ^ + 3)-A(3«-y)-6 + i(y-8) 

A(9y + 6«-8)-i(» + y) 



6 + i(y-8)\ 

A(7« + 6)/ 



a».2«-*±?=7 + ^ 
4y— 3-=24J-^ 



26.x- 



20- 



e9-2a:. 



2y-* 
23-s 

af-18 3 



99. Simultaneous equations of three unknown quan- 
tities are solved by eliminating one of them by means 
of any pair of the equations, and then the same one by 
means of another pair : we shall thus have two equations 
inYolving the same two unknown quantities, which may 
now be solved by the preceding rules. 

Similarly for those of more than three unknowns. 

Ez.1. iP-2y + d2s2^ (i) 

) Again (i) 3a;-6j^+ 92»6 
) (iii) 8a?~ y+ 2g = 9 

-6y+ 7«=-3 (/8) 
but -6y + 26z= 16 (a) 



2z 
3z 



-2y + 3«a2% (i) 
-3y+ 8 = 1 Wii) 
- y + 2«»9J (iii 



From(i) 2fl;~4y+62s4 

(ii) 2a?~3y4- 8=1 

- y + 68 = 3 («) /. -188= -18, and 8=1: 

hence (a) y = 68 - 3 = 2, and (i) a? = 2 + 2y - 38 = 3. 



Ex.2. %*=i^ 
« y r 

g t g 
* f =1 



(i) 



(iii) 



From (ii) and (iii) = 

and (i) - + - =s - 
X y r 

... ^^ - ^ , ^ ^_( 9[^r)p-qr 
*' X q r p^ pqr ' 



2pqra 



2pqrb 



2pqre 



and X = ; ^? ; 80 y = , r > 8 = ;^ r , 

which latter values may be written down at once from the Sym-* 
tneiry of the equations, since it is obvious that the values of y and z 
will be of the same form as that of x, only interchanging (for if^ 
a with 6, and I? with q, and (for z) a with c^ andp with n 
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3aj + 4y + 5z = 26l 2y- « = lll 2* + % + ftB.= 7ol 

3a; + 6y + 6« = 3lJ 3ar + 4a = 57J «- y + 6« = 4lJ 

4, a:+y + «=6«^ 6. «+2jy=s7 ^ 6. a=^+z> 7. xy-x-vy ^ 
x^y^z-lK y'\-2z=2 > 6=« + 2l ds=2(a;+2)l 

«-3=y + «^ 3j?+2y=2-l-' c = a?+yJ ^=3(y+2y 

8. 2(ar-y)=38-2^ 9. ia;-4y=12-^ 10. y+i«=Ja:+5 \ 

artl=3(y+«) I iy+i«= 8+*^?^ J(a?-lH(y-2)=A»(«+3)l 
ar43z=4(l-yy i«+i«=10 J a;-i(2y-5)=lf-,\aJ 

Ex. 47. 

1. What fraction ig that, to the numerator of which if 7 be 
added, its value is f ; but if 7 be taken from the denominator its 
value is f? 

2. A bill of 25 guineas was paid with crowns and half guineas; 
and twice the number of half guineas exceeded three times that of 
the crowns by 17 : how many were there of each P 

3. A and B received £5 lis for their wages, A having been 
employed 15, and B 14 days ; and A received for working four days 
11« more than B did for three days : what were their daily wages ? 

4. A farmer parting with his stock sells to one person 9 harses 
and 7 cows for £300 ; and to another, at the same prices, 6 horses 
and 13 cows for the same sum : what was the price of each P 

5. A draper bought two pieces of cloth for £12 139, one being 
Ss and the other 9« per yard. He sold them each at an advanced 
price of 2« per jrard, and gained by the whole £3. What were the 
lengths of the pieces P 

6. There is a number of two digits, which, when divided by their 
sum, gives the quotient 4 ; but if the digits be inverted, and the 
number thus formed be increased by 12, and then divided by their 
sum, the quotient is 8. Find the number. 

7. A rectangular bowling-green having been measured, it was 
observed that, if it were 5 feet broader and 4 feet longer, it would 
contain 116 feet more; but, if it were 4 feet broader and 5 feet 
longer, it would contain 113 feet more. Find its present area. 

8. Find three numbers A, B, C, such that A with half of B, 
B with a third of C, and Cwith a fourth of ^, may each be 1000. 
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9. A txain left Oambiidge for London with a certain number of 
passengers, 40 more second-class than first-class; and 7 of the 
former would pay together 2« less than 4 of the latter. The fare 
of the whole was £55. But they took up, half-way, 35 more 
second-class and 5 first-class passengers, and the whole fare now 
received was i as much again as before. What was the first-class 
fare, and the whole number of passengers at first? 

10. A person rows from Cambridge to Ely, a distance of 20 miles, 
and back again, in 10 hours, the stream flowing uniformly in the 
same direction all the time; and he finds that he can row 2 miles 
against the stream in the same time that he rows 3 miles with it. 
Find the tune of his going and returning. 

11. The sum of the two digits of a certain number is six times 
their difference, and the number itself exceeds six times their sum 
by 3 : find it. 

12. A grocer bought tea at 10« per lb, and coffee at 2$ Qd per lb, 
to the amount altogether of £31 5« : he sold the tea at Ss, and the 
coffee at 4« 6d, and gained £5 by the bargain : how many lbs of 
each did he buy? 

13. A and B can do a piece of work together in 12 days, which 
B working for 15 days and C for 30 would together complete : in 
10 days they would finish it, working all three together ; in what 
time coiild they separately do it? 

14. A sum of £12 18s might be distributed to the poor of a 
parish by giving i a crown to each man and 1« to each woman and 
each child, or ^ a crown to each woman and 1« to each man and 
each child, or ^ a crown to each child and Is to each man and each 
woman : how many were there in all ? 

15. Divide the numbers 80 and 90 each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 30. 

16. Some smugglers found a cave, which would just exactly 
hold the cargo of their boat, viz. 13 bales of silk and 33 casks 
of rum. While unloading, a revenue cutter came in sight, and 
they were obliged to sail away, having landed only 9 casks and 
5 bales, and filled two-thirds of the cave. How many bales 
separately, or how many casks, would it hold? 

17. A person spends 2« 6J in apples and pears, buying the 
apples at four, and the pears at five a penny; and afterwards 
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aocommodates • neighbour with half his apples and a third of hit 
pears for 13dL How many of each did he buy P 

18. A party was composed of a certain number of men and 
women, and, when four of the women were gone, it was obsenred 
that there were left just half as many men again as women : they 
came back, however, with their husbands, and now there were 
only a third as many men again as women. What were the 
original numbers of each? 

19. A and B play at bowls, and A bets jS 3s to 2« on every 
game : after a certain number of games, it appears that A has 
won Zs ; but had he ventured to bet 5s to 2«, and lost one game 
more out of the same number, he would have lost 30s. How 
many games did they play? 

20. A person, being asked how many oranges he had bought, 
said < These cost me Is Gc^ a dozen ; but if I had got the five into 
the bargain which I asked for, they would have cost me 2^ 
a dozen less.' How many had he? 

21. Having 45s to give away among a certain number of per- 
sons, I find that if I give 3s to each man and Is to each woman, 
I shall have Is too little, but that, by giving 2s6J to each man and 
Is 6^ to each woman, I may distribute the sum exactly. How 
many were there* of men and women ? 

22. Find a number of three digits, the last two alike, such that 
the number formed by the digits inverted may exceed twice the 
ori^al number by 72, and twice the number formed by putting 
the nngle figure in the midst by 18. 

23. A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman ; but, a man and his 
wife having gone off without paying their share, lOc^ the rest had 
each to pay 2d more. What was the reckoning ? 

24. A, B, C, sit down to play : in the first game, A loses to 
each of B and C as much as each of them has, in the second 
B loses similarly to each of A and C, and in the third C loses 
similarly to each of A and B ; and now they have each 24s. What 
had they each at first? 
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INDICES, AKB SUKDS. 

100. It was stated in (46), that, when any root of a 
quantity cannot be exactly obtained, it is expressed by 

the use of the sign of Evolution, as V3, V2ac, Va* + c', 
and called an Irrational or Surd quantity. 

It was also stated in (46) that there cannot be any 
even root of a negative quantity; but that such roots may 
be expressed in the form of surds, as V - 3> V *- a% 
^~ (a' + i'), and are then called impassible or imaginary 
quantities. 

These we shall consider more at length in this chapter. 

It was seen in (20), that powers of the same quantity were 
multiplied by adding their indices; we shall now proye this rule 
to he generdOy true, which was there only shewn to be true in 
particular instances. 

101. To prove that a'^xa''^ a***, when m and n are 
any positive integers. 

Since by (9) a" » a x a x &c. (m factors) 

and €^ » a X a X &c. (n factors), 
it follows that 

(Txtt^axax &c. (m factors) xax ax &c. (n factors) 

= a X a X &c. (m + » fectors) = a***, by (9). 

102. Hence (a")* = o«» = (a")" ; 

for {cry = a*, a"*, a". &c. n factors =» a"'***^**"' * ^^* = a"*", 
and (a")r-= a".a".a*.&c. m factors « a"^*****^ wterm. , ^.w. 

/. since a** » a"", we have (a"*)" = a""* = (o**)^: 
that is, ^Ae n*** power of the m*** power of 2k ^ the m*** 
power of the v^ power of a, and either of them is found 
by multiplying the two indices. 

lOS. Hence also 7o"' = (^a)'": 
for let Vo"* « a;*", then a"* = (aT)" = («»)"• by (102); 
hence a = a;% and /. y^a « a:, and (^tf)"* = «"*; 
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but also^ by otir first assumption, ^oT « ^; 

hence we have 7«* = C/(^T'9 
that 18, the n*^ root of the w!^ power of ^^(he m*^ poiwer 
of the n*** root of 9^ 

104. These results refer as yet only to positive m- 

tegral indices, which (9) were first used to express 

briefly the repetition of the same factor in any product. 

But now, suppose we write down a quantity, with a 

p 

positive ^o^^ion for an index, such as a^, and agree that 
such a symbol shall be treated by the same law of Mul- 
tiplication as if the index were an integer ^ viz. cT^ij^-cT^x 
— what would such a symbol, so treated, denote ? 

Since it follows from this law, in the case of positive 
integers, that (a*)" = a""*, we should have here also 

{a^y ^ a* « a'; and hence it appears, that a' would 

denote such a quantity as, tohen raised to the o^ power, 

becomes equal to cf. But that quantity, whose q^ power 

p 

= a', is (10) the q*^ root of c^; and, therefore, a' = Vo^, 
or = (Va)''by(103). 

Hence, when a fractional index is employed with 
any quantity, the numerettor denotes a power, and the 
denominator a root to be taken of it 

Thus a* = 2°d root of 1»* power of a = Vo> « ** Vo, a* = Vo, &c. 

tfl = cube root of square of a ^ Va', 
or = square of ctibe root of a = (Va)^; 

so a* = Vo* or Cv^a)^; iiflssa*=^ai^ &c., or V« = Va* = ^/t^ = &o 

105. Again, if we write down a quantity with a 
negative index, as a"^ (where p may now be integral 
or fractional), and agree that this symbol shall be 
treated by the same law of Multi^ as if the index were 
positive, what would such a symbol, so treated, denote ? 



AND sxmDs. 89 

By this law we should have cT"* x a*' « a"*"*"** « a* ; 

but we have also a"^ -70" = — -- = — r— » o* : 

so that^ to multiply by a''^ is the same as to divide by cf; 
and, therefore, 1 x o"^ = 1 -;- o", or «"=-;. 

Hence, any quantity with a «^a../inde. denotes 
the reciprocai of the same with the same posUive index. 

Thus a-* = - , a-* = -=■> a'* = — «= -r- > or ~ V«"' = \/ ~ ; 

a* ^ 

Hence also any power in the numerator of a quantity 
may be removed into the denominator, and vice versd, 
by merely changing the sign of its index. 

c o''c or 

106. Lastly, if we write down a quantity with zero 
for an index, as a^ and agree that this symbol shall be 
treated as if the index were an actual number, — what 
then would it denote? 

Since, by this law, a^ xcr = a^^ = a"*, it follows that 

0° is only equivalent to 1, whatever be the value of a. 

In actual practice, such a quantity as a^ would only occur in 
certain cases, where we wish to keep in mind from what a certain 
number may have arisen: thus (a'+2a*+3a+&c.)-ra^a+2+3a-*+&c, 
where the 2 has lost all sign of its having been originally a coeff. of 
some power of a; if, however, we write the quotient a+2a°+3a"V&c., 
we preserve an indication of this, and have, as it were, a connecting 
link between the positive and negative powers of a. 

The quantity a^ is still called a to the power of^, and similarly 

in the case of a'*", a**; but the word power has here lost its original 
meaning, and denotes merely a quantity with an index, whatever 
that index may be, subject, in all cases, to the Law, a'^.a^^ a"*^. 
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Ex. 4m. 
ExporeBSy inHSbiJraeiiottai indices. 

Express, with negatioe indices, so as to remove all powers, 
(i) into the numerators, and (ii) into the denominators, 

Express, with the nffn of Evolution, 

M ^ ^ I ^ ^ A i i «* «^^ 2aV ft*c^ fiM 
6. a« + 2a« + 3a* + 4o» + a*; — + + + + . 

&« 2ci 36* 4at 5af 
Express, inihpositwe indices, and with the sign of Evolution, 

6. a'bc + ab'*c + a-'J-V' + a-'i'V; a"* + a*6" * + a'tft* + J"i 

^ a-*6-» 2o 35-'c-« 1 a-« 6"* 6"* o'* 

ft 3 a « a ' 

107. It follows^ then^ that^ toAeUever be the indices^ 



a" a" 



so that (i) to mtdtiply any powers of the same quantity, 
we must add the indices, (ii) to divide any one power 
of a quantity by another, we must subtract the index of 
the divisor from that of the dividend, and (iii) to obtain 
any power of a power of a quantity, we must multiply 
together the two indices. 

Thu8fl*xa-*=a'-*=a, a'-j-a"*=5o'*is»aJ, a"i^a'i=sa"i*i=aA, 
(a>)-- = a-«, (a-')-i = a*, {(a-*)^}"" = a*, 
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Ex. 1. MuUfpUaOiim. 

<^+«%i + ay+ oft +«*^ + 6* 

at- ft* 

I ■ ■ ■ - - * 

a> • • • • • -y 

Ex. 2. DttTMfOfi* 

«^ - 4aa^ + 2a^) a?* - ai«* - 4«a:^ + sJx - 2a"«« (« - aM 

ai -4«^ + 2at;r 



- a*** + 4a*aj - 2a^a^ 

- t^a^ + 4a*a; - 2a*«* 

It is well to obserye that no algebraic operation with homogene- 
ous quantities can destroy the homogeneity (59), which will be 
found existing throughout in all the products, remainders, quo- 
tients, &c. MoreoTer, in aU such products and quotients, the Law 
of Dimensions will be observed, as indicated by the formulie, 
a** X «" = a***, a^-^ii^ = a*"*: thus, in Ex, 2, the quotient is 
of f -f = 1 dimension, and all the products of f + 1 ^f dimensions. 
This observation will often help us to detect errors in Mult^", Div°, 
&c., especially in dealing with fractional indices. 

Ex. 49. 

1. Simplify {(a^J")V*, vV^F, /W?7^*, (^i^b ^a^\ 

2. Simplify {a;"*y . (ay^-*.(g-V )"*}', V{a^y"* V (a: V Vy*»'. 

3. Simplify '^/'{ayV^aiVi'VV^n ^a^-^^-^^c^xVa-i-^^c-*. 

4. Multiply « + 2yi + 32* by a? - 2yi + ZzK 
6. Multiply a^ + a^ji + ah + b^ by a^ - bK 

6. Multiply a*-2a%l + 4a*^-8aft + 16aW-32^bya* + 2d*. 

7. Multiply a* - ol + a"i - a'^ by a^-{^a^ - a"* - a'*. 

8. Multiply art + x^y'i + a:*y "^ + x^y'^ + ar^y"* + y"* 

by x^ - Q^y "• + Q^y " * - y "^« 
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9. Divide 16aj-y* by 2ar*-y*, and «"*-y"* by x'^ -y'K 

10. Dividea-»-64J*bya"* + 26*, and x - 2x^ ■\- 1 by a:* - 2ari + 1. 

11. Divide 8a* + ft"* - c + 6a*6'ici by 2a^ + ft"' - c*. 

12. Find the cubes of ah'^ + o"*6 and f«^y "^ - ix'^y^. 

13. Find the cube of J - 2a»6i + 3ft'. 

14. Write down the square of a* - 2a^ + 3 - 2a"' + a'*. 

16. Find the fourth and fifth powers of a?* - y*, and a^b'^ - a'ift^. 

16. Find the square root of a*ft"" + 2aft"V+ 3 + 2a"*ft + a"ft". 

17. Find the square root of 

a* - 3a + ^a^ - 21a* + 46 - 63a" * + 90a"* - lOSa"* + 81a'^. 

18. Find the cube root of 

a"M - 3a"*ar + 6a'*a:^ - 7 + Safix'^ - 3aar* + a*«"*. 

19. Find the fourth root of ar*y"i-4a:*y"i + 6a;y*-4a;"^^ + ar"*y'. 

20. Find the fourth root of 16«»- 96a?^* + 216a:'y* - 216a:V* + 81y». 



108. Since every fractional index indicates by its 
denominator a root to be extracted, all quantities having 
such indices are expressed as surds. 

When a negative quantity has the denominator of 
its index (reduced to its lowest terms) eten (46), the 
expression will be imaginary. 

Thus V-3 or (-•3)«, V-9 or (-9)*, are imaginary quantities; 

but (-4)0 is not so, since it is the same as (- 4)v where the root to 
be taken is add, 

109. In the case of a numerical surd^ expressed with 
a fractional index, should the numerator be any other 
than unity y we may take at once the required power, 
and so have unity only for the numerator, and a simple 
root to be extracted. 

Thus aJ = (2«)^ « 4* or ^4, 3"» = (3-»)* = (A)* or ^^tr- 
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110. Quantities are often expressed in the f&rm of 
Burds^ which are not really so, ue. when we can, if we 
please, extract the roots indicated. 

ITiufl V«» V7, (a* + a6 + y)4 are actuaUy surds, whose roots we 
cannot obtain; but V«"> v^27, (4a' + 4a& + 6")* are only apparently 
so, and are respectively equivalent to a, 3, 2a + b. 

Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power in- 
dicated by the denominator of the surd-index. 

Thus 2=4*= V8 = &c., a^v'a^, ic=(f€»)*, a + ic=(a« + 2a« + ««)* 

111. In like manner a mixed surd, i.e. a product 
partly rational and partly surd, may be expressed as an 
entire surd, by raising the rational factor to the power 
indicated by the denominator of the surd-index, and 
placing beneath the sign of Evolution the product of 
this power and the surd-factor. 

Thus 2V3 = V4 X V3 = V12, 3.2* = 3v^4 = ^27 x v'4 = v'lOS, 

Conversely, a surd may of);en be reduced to a mixed 
form, by separating the quantity beneath the sign of 
Evolution into factors, of one of which the root required 
may be obtained, and set outside the sign. 

Thus V20 = V4x6 = 2V5, \/24 = v'sTs = 2 V3, 
'/jji?6 = taV3a6, Vf?5W = f oft V2a?. 

lis. A surd is reduced to its simplest form, when 
the quantity beneath the root, or Burd-f actor ^ is made 
as small as possible, but so as still to remain integral. 

Hence, if the surd-factor be sl fraction y its num' and 
den' should both be multiplied by such a number, as 
will allow us to take the latter from under the root. 
^ /2 /2.3 1,-63/24 ^3/3 ^3/3.6« 3/_ 
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These latter forms allow of our calculating more easily the 
numerical values of the surd quantities. Thus to find that of Vf i 
we should have had to extract both V^ and V3» a&d then to diidde 
the one by the other, a tedious process, since each would be 
expressed by decimals that do not terminate ; whereas in i V^, we 
have only to find V^* and divide this by the integer, 3. 

Similar surds are those which have, or may be made 
to have, the same sord-factdrs. 

Thus, 3 ^/a and ^/a, 2a Vc and 35 Vc, are pairs of similar surds ; 
and V^y V^^» V^^ <^6 ^o similar, because they may be written 
2V2, 5V2, 3V2. 

Ex. SO. 

1. Express 4*, 9*, 3"', 2"*, (f)"*, (})"* with indices, whose 
numerator is unity. 

2. Express 5, 2|, |a, {a*, i(a+5), as surds, with indices i and }. 

3. Express 3-«, (3J)-', a", db'^e'*, with indices J and -J. 
Beduce to entire surds 

4. 5V5, 2Vf, i.3^ Ulh iiiVK 25(li)-i. 

5. 3^2, 8.2-*^4.2i, 3.3-}, |(|)-!, i(j)-I. 

6. 2Vfl, 1a^2x, a(aby\ (a + 6) (a* - 5^)"*, (a-6)(a»-y)-'. 

Reduce to their simplest form 

8. V46, V125, 3V432, ^135, 3^432, Vf 2V*, 3Vi, 4V3f. 

9. 8^, 32*, 72* (li)-l, (20J)-i, (30f)-*, f W,5V4iS, iV^f. 

10. Shew that V12, 3V75, JV147, f VA» VA, and(144)"i are 
similar surds. 



113. To compare siirds with one another in mag- 
nitude, express them as entire surds^ and then reduce 
their indices^ if necessary, to a common denominator, 
simplifying as in (109): their relative yalaes will be 
now apparent. 
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Thus 3 V2 and 2^3, exproMed as entire surds, are V^S and V^^r 
and it is at onoe plain which is greatest: but 3^2 and 2 V3, or 
their equivalents V^^ i"^d V24, in which different roots are to be 
taken, cannot be at once compared ; here then 18* » 18^ s ^5832, 
and 24^ « 24o - V676, and now their eomparatiye yalues are evident 

114. To add or 9uhtract surds, reduce them, when 
similar, to the same surd-factor, and add or subtract 
their rational factors. 

Thus V8 + V50 - V18 = 2 V2 + 6 V2 - 3 V2 = 4^2, 
4a V^* +6 V8?6- V 126a»6* = 4a^ V^ + 2a«6 V^ - 6a»6 Vi = €?h Vh. 

Dissimilar surds can only be connected by their signs. 

115. To mtdtiply surds, reduce them (113) to the 
same surd-index, and multiply separately the rational 
and surd Victors, retaining the same surd-index for the 
product of the latter. 

Thus V8x3V2 = 3V16 = 12, 2V3x3 V10x4V6=24V180 = 144V5i 

2V3x 3 V2 = 2^/27x 3^4 = 6^108. 

Compound surd quantities are multiplied according 
to the method of rational quantities. 

Ex. 1. (2 ± V3y = 4±4V3 + 3 = 7 + 4 V3. 

Ex. 2. (2 + V3) (2 - V3) = 4 - 3 = 1. 

Ex.3. (2 + V3)(3-V2) = 6 + 3V3-2V2-V6. 

Ex. 4. (1 + V2)* = 1 + 4 V2 + 12 + 8 V2 + 4 = 17 + 12^2. 

116. Dwision of surds is performed, when the divisor 
is a simple quantity, by a process similar to that for 
multiplication. 

Thus (8V2-12V3 + 3V6-4) + 2V« = 4Vi-6VI + f- ?^ 
<2 V3 - e V2) T V« «= 2 V* - « Vrfy = Va - V864. 
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117. But, if the divisor be compound, the diyision is 
not 80 easily performed. The form, however, in which 
compound surds usually occurs is that of sl binomial quad- 
ratic surd, i,e, a binomial, one or both of whose terms 
are surds, in which the square root is to be taken, such 
as 3 + 2V5, 2V3- 3^5, or, generally, 'Ja±^by where 
one or both terms may be irrational; and it will be easy, 
in such a case, to convert the operation of division into 
one of multiplication, by putting the dividend and divisor 
in the form of a fraction, and multiplying both num' and 
den' by that quantity, which is obtained by changing the 
sign between the two terms of the den'. By this means 
the den' will be made rational: thus, if it be originally 
of the form Va ± Vft, it will become a rational quantity, 
a - i, when both num' and den' are multiplied by Va + Vd. 
Ex.1 ?1^ (2 4-V3)(8-V3) 6 + 3V3 - 2V3-3 _ 3 + V3 

" s + vs^'ca + v^xs-vs) 9-3 " 6 • 

p, „ _1 ^2V2 + V3 2V2W3 

2V2-V3 8-3 " 6 

Fractions thus modified are considered to be reduced 
to their simplest form, for the reason mentioned in (1 12). 

Ex.41. 

1. Compare 6V8 and 4V7; 3V3 and 2^10; 2Vl5, 4^2, 
and 3 V5; V^ and Vn ; i V2 and }V27; V5, 2 Vf, and 3(4J)-i. 

2. Simplify V128 - 2 V50 + V72 - VIB, V40-iV320 + ?^135. 

3. Simplify 8V}-iV12 + 4V27-2VA, V72-3Vi + 6V21i. 

4. Multiply 3 V8 by 2 V6, 9^15 by 4^20, and 2v^4 by 3^54. 

5. Find the continued product of 3^8, 2 V6» and 3V54; and 
of 2V24, 3^18, and 4v^24. 

6. Multiply 3V3 + 2V2 by V3-V2, and 2V15-V6 by V5 + 2V2. 

7. Find the continued product of 4 + 2^2, 1-V3> 4-2^2, 
V2 + V3, 1+V3» and V2-V3. 

8w Div. 2V3+3V2+V30 ^7 V^, and 2V3+3V2+V30 by 3^2. 



11. 
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9. Rationalize the denominators of 

1 4 3 8-6V2 3 + V5 ^y/l±S^/2 

2V2-V3' V5-1' V5 + V2' 3-2V2' 3-V5' 5V2 + 2V7' 

10. Divide 2 + 4V7 by 2V7-1, 3 + 2V6 by 2V6-1, and 
5-2V6 by 6-2V6. 

Simplify 
Va + a^+Vo^ 1 1 ic + Var*-l a:-V«*-l 



,„ >/;?+iW?^ V^+i-Vi^ ,1 1.1 

12. , — ; + - — . , and . „ -,-c + 



V;?TT-V?:i " Vivi+Vi^ ' 4(i+Va?) " 4(i-v«) 2(i+a:) 



118. The following facts should be noticed, 
(i) 7%0 prodtAct of two dissimilar surds cannot be 
rational. 

Let Va; X Vy = m, a rational quantity; /. xy = m^; 

3 2 

hence y « — = Ta ^> *^^ Vy = — va;, 

X Zr X 

or Vy may be made to have the same surd-factor as Va; ; 
that is, Va; and Vy must be similar surds (112). 

(ii) A surd cannot eqtud the sum or difference of a 
rational quantity and a surd, or of two dissimilar surds. 
For let Va « a? ± Vy, /. o = a;' ± 2a; Vy + y ; 

whence ± 2a; Vy = a - a;* - y, and ± Vy = — , 

^x 

or a surd - a rational quantity, which is absurd. 
Again, let ^la^^x± ^Jyy .-. a « a? ± 2 '^xy + y, 
whence ± 2Vay = a-a;-y, and ±Va;y=sJ(a'-a?-y), 
or the product of two dissimilar surds = a rational 
quantity, which is impossible. 

(iii) i/* a + Vb = X +Vy, then a * x, and Vb = Vy. 
For since a^-^h^x-^-^y^ we have >Jb^{x-a)-¥'^yi 
so that, if X be not equal to a, we shall have Vi = sum 
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of a rational quantity and a surd, which is impossible ; 
hence a? = a, and /. V6 = Vy. 

Hence also, if a + VJ = a: + Vy, then a - Vft = a: - Vy ; 
and, if a + VA = 0, we must have separately a = 0, and 
J = ; otherwise we should haye Vi = - a, or a surd 
« a rational quantity. 

(iv) ijT "^a + Vb = X + Vy, then ^a - -/b = x - Vy. 

For since '^a + Vi = a; + Vy, we have, squaring, 

a + Vi = a:' + 2a:Vy + y; .\a=^a? + y, and V6=2a;Vy; 

whence a- VJ = a:'-- 2a;Vy + y, and va-VJ = a;- Vy. 
So also, if ^^a + VJ = Va? + Vy, then ^a- VJ = Va; - Vy. 

119. 7b extract the square root of a binomial surd, 
one of whose terms is rational, the other a quadratic surA 
Let a + 'Jb represent the given surd ; 

assume ^a + Vft = Va; + Vy, /. "^a - VA = Va: - Vy ; 

hence, multiplying these equations, '^a* -b^x-yi 

but, since a + VA = a; + y + 2V^, .*. abo (118, iii) a^x + yi 

.-., adding and subtracting, a+'^a'-A=2a:, a-'v^a*-ft=2y ; 

.-. a: - K« + ^^^^)/ y = K« - v^oTTJ), 

andVa±V5 = Va;±Vy=V{K« + ^«^)}±V{K»-'^«^)}- 

Ex. Find the square root of 7 ± 2 VIO. 

Let V7 + 2Vio=v«+Vy» .*. V7-2Vio=V«-Vy; 

and V49 - 40 = ar - y, whence 3 = x-y; 

but,8ince-7 + 2V10 = a: + y + 2V«y, /. also 7=ar + y; 

.-. 10 = 2j:, 4 = 2y, or « = 6, y = 2; and V7 + 2V10 = V5± V2. 

Ex. 59. 

Find the square roots of 

1. 4 + 2V3. 2. 11+6V2. 3. 8-2V15. 4. 38 -12 VIO. 

6. 41-24V2. 6. 2J-V6. 7- ^J-fV^. 8. Jii-iV2. 

Find the fourth roots of 

9. 17+12 V2. 10. 56-24 V5. H. fV5-3t. 12. 48A+yV15. 
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CHAPTER IX, 



<^UABRATIC EQUATIONS. 

120. Some equations involving surds are reducible 
to simple equations, as in the following examples. 

Ex. 1. yi2T« = 2 + v«. 

Squaring, we have 12+a?=4+4V«+«; *. 4V«=8, and Va:=2, or a?=4. 
Ex.2. 3 + a?-V?T9 = 2. 

Here V?+9 = l +«: [observe in other similar cases to take. this 
step, when possible, by which we get the surd hy itself on one side, 
and so it will disappear upon squaring :] 

hence «* + 9=l + 2« + «*, and x = 4. 

Ex. 58. 

1. V5(« + 2) = v'6i + 2. 2. V«-'^« + « = \/-. 

3. Va6 + '/i(a-a;) = «. 4. Vftx + a;* = 1 + ar. 

6. iVl7jF-26 + | = lA. 6. a + a?-V^«« = 6. 

7. "Jx-a-^^x-^^b^x. 8. '^x-\-'^a-^JaseTs^ = ^a. 
9. a+4:-V2ax + «* = 6. 10. a + « + V?+teT? = 6. 

121. Quadratic Equations are those in which the 
sgtMre of the unknown quantity is found. Of these 
there are two species: 

(i) Pf<r^ Quadratics, in which the square only is 
found, without the first power, as a;' - 9 = 0, &c.; 

(ii) JLdfected Quadratics, where the first power enters 
as well as the square, as :r' - 3:? + 2 » 0, &c. 

133. Pure Quadratics are solved, as in simple equa- 
tions, by collecting the unknown quantities on one side, 
and the known quantities on the other. We shall thus 
find the value of ^y and thence the value of Xy to which 

we must prefix the double sign (±). 

f2 
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Such equations therefor^ will have two equal roots^ 
with contrary signs. 

Ex. 1. «• - 9 = 0. Here «• = 9, and a? = ± 3. 

If we had put ±x=^±3, we shoidd still have had only these two 
dififerent values of x, viz. ic = + 3, « = -3j since - « = + 3 gives 
a? = - 3, and - x = - 3 gives a; = + 3. 

Ex. 2. i(3a:* + 6) - i(a:« + 21) = 39 - 5a*. 

Reducing, 121«* = 1089; .*.«» = 9, and a; = ± a 

Ex. 3. -; -- - = -. Here (85. vi) = ^ » 

.*. . ={t , and - = 1——^, ora: = ±-^— — /• 

ar« V^-<^/ « 46c 2VJc 

The above method of reduction from (85. vi) may always be applied 
with advantage to an equation of the above form, when the 
unknown quantity does not enter in both sides of it. 

Ex. 54. 

1. ia:"=14-3a:». 2. «« + 5 = J^-16. 3. (a; + 2)«=4ir+6. 

>t3.3^_3 17 i*Q7 65a: 

4 6 5 15 25 

3^-27 90 + 4:^ 4a:«+5 2g»--5 7g'-25 

^•"TTS""^ a^ + 9 '^' ^"- "To 15 20~- 

10a:«-H7 12a:«-h2 5a:«~4 14g» + 16 2a^^S 2ix* 

18 "lla:»-8" 9 * 21 '"8a:*-ll 3* 

io 2 2 t^ 1 la 

ar + v2-a^ X-V2-3:* a-Va*-s^ a^Nc^-a^ «" 

Ifi — 7—^^ = -7- 16. a; + V?+^ = 



123. An adfected quadratic may always be reduced 
to the form, a;' +/?a: + y = 0, where the coeff. of iB* is + 1, 
and p, qy represent numbers or known quantities. 

Now, in this equation, we have «' +px = - y, and, 
adding (J/?/ to each side, we get «'+/?« + J/?' «}/>'- y : 
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by this step, the first side becomes a complete square ; 
and taking the square root of each side, prefixing, as 
before, the double sign to that of the latter, we have 

« + 2i»=±^ii»*-?* and a;=-^±V^/-y; 
which expression gives us, according as we take the 
upper or lower sign, two roots of the quadratic. 

124. From the preceding we derive the following 
Bule for the solution of an adfected quadratic: 

Reduce it to its simplest form; set the terms involving 
a? and a: on one side, (the coeff. of o? being + 1,) and the 
known quantity on the other; then, if we add the square 
of half the coeff. ofnto each side, the first will become 
a complete square ; and taking the square root of each, 
prefixing the double sign to the second, we shall obtain, 
as above, the two roots of the equation. 

Ex. 1. ac* - 8ar = 7. Here «*-6a; + 9 = 7 + 9=16; 

whence a: - 3 = ± 4, and « = 3 + 4 = 7, oraf = 3-4 = -l; 
80 that 7 and ~ 1 are the two roots of the equation. 

Ex. 2. a* + 14« = 95. Here ic" + 14aj + 49 = 95 + 49 = 144; 
whence a: + 7 «= ± 12, and « = -^ 7 + 12 = 5, or a? = - 7 - 12 = - 19. 

Ex. 55. 

1. «» - 2a: = 8. 2. «« + 10a? = - 9. 8. a^. ~ 14a; = 120. 

4. a:* - 12ar = - 35. 5. «* + 32a? = 320. 6. x" + 100a; = 1100. 



125. If the coefficient of x be odd, its half will be 
a fraction. In adding its square to the ^rst side, we 
may express the squaring, without effecting it, by means 
of a bracket. 

Ex. 1. a?«-5a?=-6. Here a?«-5x + (f)*=- 6+i4=i(» 24+25) =i; 
whence a?-f = ±J, and a; = f + ^ = $ = 3, or ar = t-J = f = 2. 

Ex. 2. a;* - a? = }. Here ^'-aJ + Cjy^i + i^l; 
whence ar - J^ = ± 1 and a? = J + l = lJ, orar = J-l=-J. 
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Ezi 46. 

1. ^• + 7a: = 8. 2. a»-iar = 68. 3. «» + 2fo « - 100. 

4. a:»+13a; = -12. 5. a:» + 19* = 20. 6. «» + lllar = 3400. 



126. If the coefficient of a; be a fraction, its half will, 
of course, be found by halving the numerator, if pos- 
sible — ^if not, by doubling the denominator. 

; Ex. 1. «» + J^=19. Here ^• + Y* + (iy=19 + ¥ = H*; 
j whence « + i = + V, and ar = -f + ^^ = 3, or«=-f-V = -C8- 

Ex.2. «« + J5fa: = 74. Here a^ + ^^c + (ify = 74 + ^5* = ^^yy^; 
whence a?+tt = ±fi, anda: = -f| + fi = 7f, ora:c:-it-*J = -10. 

Ex. 57. 

1. aj"-ia: = 34. 2. a«-fr = 27. 3. «»+Ja: = 86. 

4. «• - V« = 144. 5. a» + A* = 145. 6. a* - ffr = 147. 



127. In the following Examples the equations will 
first require reduction ; and since the Eule requires that 
the coeff. of J^ shall be + 1, if it have any other coeff., 
we must first divide each term of the equation by it. 

Ex. 3a;*-20a; = 6. Here «•-¥« = l» and a:»-yar + J^ = -4A; 
whence x^\ (10 ± 'sJXVS)^ the roots being here &u,rd quantities. 

Ex. 58. 

1. « = i+ A«*. 2. 2«=:4+-. 3. A«»-fa:=A(n«+18). 

X 

4. lla»-9a:=llj. 6. i(a»-3)=i(a;-3). 6. ar»+l=ll(x+2). 

^- ""-irrr^ ®- 3 + 3T^+3T2i=^- 

0:4-22 4 9a; - 6 ia * + 2 4-ar „. 

^•"8~"i""^~- ^^- ^^1 " "2^ " ^»• 

i, 12 4 32 ,„ a; . a + l 13 

11.- + :; = -z. 12. — 5- + = —-. 

5-a?4-«a? + 2 a? + l x 6 



128. An equation of the form aic* + 6a: + c = 0, or aa^\hx--c^ 
(where a, 5, c, are any quantities whatever) may, however, be 
sohed as follows, without dividing by the Coefficient of a^. 
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Multiply every term by 4a, an^ add ^ to each side; 

then 4aV + 4aAa: + ft" = ft' - 4flc, whence a?= — ^-^r • 

2a 

Ex. 1. 2a:"-7x + 3 = 0, or 2ic»-7«=-3. Here, mult by 4y 2 = 8, 
and add7'=49 to each side; then lej:" - 6^1; + 49 = 49 - 24 = 25 ; 
/. 4ic - 7 = ± 5, and « = i (7 ± 6) = 3 or i. 

The advanced student will find it well to accustom himself to 
apply at once (by memory) the formula above obtained for x. 

Ex. 2. (3a? - 2) (1 - a?) = 4, or 3ir« - &r 4- 6 = 0. 

Here « = i (6 ± V25 - 72) = i {5 ± V- 47}, the roots being impossible, 

Ex. 59. 

1 -JL J_.l 2 JL = J?i -6 

a?-l a? + 3""35' * ar + 3 « + 10 ' 

^ar + 4 7-a: 4a: + 7 - ^3a:-7 4a: -10 „. 

3. rr = 1. 4. + =- = t>t. 

3 ar-3 9 x a; + 5 

2a: 2a? -6 ^i -»2a? + 9 4a?-3 -.3a: -16 

^•^^4 + ^33-'^- ^-9- + 4^T3 = ^^"l8-- 

7 _^?_ _ ?£_IL? - o ft 4a: + 7 5 - a? 4ar 
iT4"2^rr3" ^^19~""*"3+a:~ 9"' 

129. The roots of 2:'+/?a:+j=0 are(123) -J/?±V|pI^: 

hence^ (i) if iP^>q, we shall have J/?'- q positive, and .*. 

'^{p^ -q a possible quantity : and since, in one root, it 
is taken with +, and in the other with -, the two roots 
will he real and different in value ; 

(ii) if !/>' = y, we shall have ip^-q^ 0, and, there- 
fore, the two roots will be real and equal in value ; 

(iii) if \p^ < q, we shall have J/)' - q negative, and 
^^p - q impossible, and so the two roots will be impossible. 

Hence, if any equation he expressed in the form 
a^+px + q=0, its roots will be real and different, real 
and equal, or impossible, according as p^>, =, or < 4g. 

So also in the more general equation, aa? + };c + c « 0, 
the roots will he real and different, real and equal, or 
impossible, according as b* >, », or < 4ac. 
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130. If aj /3 represent th^ two roots of s?-\'px-¥ q-0, 
then -/) = a + /3, and qt^afi. 

For a«-i;>+>/|p3-y, = - J/? - v^^^T^ ; 

/. a + /3 = - j!i, and a)3 = i/?* - (J/?* -?) = ?. 

Hence^ when any quadratic is reduced to the form 
u' -^px + y « 0, we have 

3oeflF. of 2°* term, with sign changed, = sum of roots, 

and Z^ term -product of roots. 

Thus, in (124), the equation, when expressed in this form, is 
a^-^-1 = Q, and the roots are there found, 7 and - 1; and here 
+ 6 = 7 +(- 1) ss mm of roots, and - 7 = 7 x (- 1) -product of roots. 

So also a^+hx-^-c^Of expressed in this form, becomes 

a?' + -a?+- = 0; .'. — ■* 9um of roots, - = product, 
a a a a 

131. If a, (i be the roots of «' +px + j = 0, then 

a? -{-px + J = (a: - a) (a? - /3). 

For, (129)«*+jpa; + j' = «'-(a + /3)a; + a/3 

= «*-cur-/3a: + a/3«=(a:-a) (a:-/3). 

So also if a, /3 be the roots of aa^-i-bx + C'=0, we have 
aa^-i-bx + c^ala^-^- -a:+- |=a(a?-a)(a?- /3). 

132. Hence we may form an equation with any 

given roots. 

Thus, with roots 2 and 3, we have («-2) («-3)=a*-6a? + 6 = 0; 
with roots - 2 and J, we have (« + 2) (a; - i) = aj» + }« - i = 0, 
or, clearing it of fractions, 4a^ -h 7jb - 2 = 0. 

This law is not confined to quadratics, but may be 
shewn to be true for equations of all dimensions. 

Thus the biquadratic whose roots are - 1, 2, - 2, 3, is 
(a: + l)(aj-2)(ar + 2)(a;-3) = «*-2a:'-7«* + 8x+12 = 0. 



\ ' 
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133. If one of the roots be 0, the corresponding 
factor will be a; - or a?. 

Thus, with roots 0, 1, 3, we have x(x-l) (a:-3)=«'-4fl:*+3ar=0. 

In such a case then x will occur in every term of the 

equation, and may therefore be struck out of each ; but 

let it be noticed that, whenever we thus strike an x out 

of every term of an equation, it must not be neglected, 

since such an equation, as it originally stood, would 

be satisfied by a; = 0, which is therefore one of its roots. 

Thus, in the ahove equation, we may strike an x out of every 
term, and thus reduce it to j^ - 42r + 3 = 0, which gives us the two 
roots, 1 and 3 ; but, besides these, we have the root x = 0. 

Ex. 60. 

Form the equation with roots 
1. 7and-3. 2. fand-f. 3. 3, -3, f, -f. 

4. 0, 1, 2, 3. 6. 0, -i, H, -1. 6. 0, -1, 2, -2, J, 



We shall now give a few examples of quadratic 
equations of two unknowns. The solution of these is 
generally more difficult: but there are three cases of 
frequent occurrence, for which the following observa- 
tions will be useful. 

134. (i) Express, when possible, by means of one of 
the equations, either of the unknowns in terms of the 
other, and put this value for it in the other equation, 

Ex.1. * + l-^ 

3 3 

a? + y _ 4ar - y 

x 2 

_ « 

From (i) we get y = a; + 1 ; and, putting this value for y in (ii), we 

have -^ = — - — , whence ar = 2 or -J^, and .*. y = ar+ 1 = 3 or f, 

Tlfe given equations have, therefore, two pfirs of roots, 
a? = 2 and y = 3, or a? = - i ?ind y » f . 

f5 
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185* (ii) Wben either of the two equatioDs is konuh' 
geneou$ with respect to x and y^ in all those tenns of it 
which involve x and y, put y^vXy by which means we 
may generally without difficulty obtain an equation 
involving v only^ which beiog determined^ x and y 
may then be found. 

Ex.2. a!» + ajy + j/« = 7l (i) 

ar + 3y = 8/ (ii) 
Here puttiog vx for y, a:* (1 + o + v*) = 7, (a) 

«(2 + 3p)=:8; O) 
/. dlTiding (a) by the sqtiaie of (/9), the d^ disappears, and we have 

-7S — ;rT« = ;r: t whence © = 2 or 18; 
(2 + 3r)* 64 ' 

and from (/9), d;(2 4 6)e8, orx = l, aiidy = rd; = 2, 

or d;(2 + 64) = 8, or a; = >, and y = oj; = 2f. 

(iii) When each of the two equations is symmetrical 
with respect to x and y^ put t« + 1? for :r and t^ - 1? for y. 

JDf/l An expression is said to be symmetrical with respect to x 
and j/t when these quantities are similarly involved in it : thus 

flj' + fl^y'+y", 4jry + 5ar + 5y-l, 2** - 3a:«y - 3a;y* + 2y*, 
are symmetrical with respect to x and y. 

Ex.3. «» + y»»18ayl (i) 

« + y = 12 J (ii) 
Put w H* for 0, and u- 1? for y ; 
then (i) becomes (ti + v)' 4- (u - v)* = 18(tf + v) {u - v), 

or tl" + 3Mtj' = 9(t^-t>»); (a) 
and (ii) becomes (u + v) + (u - r) = 12, whence u s 6; 
putting this for « in (a), 216 + 18o*« 9 (36 - 1^), whence e = ± 2 ; 
.', «-u + »«6±2 = 8 or 4, and y = i«-o = 6 + 2 = 4 or 8. 

136. The preceding are general methods for the solution of 
equations of Uie kinds here referred to, and will somedmes succeed 
also in other equations 1 yet in many of these cases a little ingenuity 
will often suggest some step or artifice, by which the roots may be 
fbund more simply, but for which no rules can be given. 

The methods pursued in the two following ft^Mnpl ^ aro worthy 
of notice in this respeot. 
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Ex.4. 3««-2ay = 15l (i) 

2« + 3y = 12/ (ii) 
Mnlt (i) by 3, 9«« - 6ay = 45, 
(ii)by2a;, 4g* + Cay = 24a; ; 

.*. adding, 13a*=46 + 24a:, or 13a:' -24a? =45, whence a?=3 or -li^a, 
and firom (ii) y = i(12 - 2a?) = 2 or 4^*. 

Ex.5. a:» + y« = 251 (i) 

2a;y = 24/ (ii) 

Here adding, «■ + 2afy + y* = 49, whence a? + y = ± 7 ; 

subtracting, aj* - 2afy + y* = 1| whence a; - y = ± 1 : 

ifa? + y=: + 7l a; + y = + 7l 

and x-f/ = + l j a? - y = - IJ 

.'. 2a; = 8, and a; e 4, 2af = 6, and a; = 3, 

2y = 6, and y = 3; 2y = 8, and y = 4 : 

similarly, by combining the equation a: + y = - 7 with each of the 
two a; - y = ± 1, we should get the other two pairs of roots 
« = - 4, y =s - 3, and a: = - 3, y = - 4. 

Ex. ei. 

1. A(3a;+5y)+J(4a;-3y)=6|*l 2. a;«+y»=251 3. a;«+y*=251 

3a;"+2y«=179J x^y= IJ 4y+3a;=24/ 

4. 2(a;'y) = 111 5. a;» + a:y = 66l 6. a;-y = 2 T 

ay=:20/ a;»-y«=ll/ 15(a;«-y«) = 16a;y/ 

y* 9 y\ a;"y* = (a:» + 3)(y«-4)/ a;» + y»=72; 
a;-y = 2 ^ 

10. 3ay + 2a; + y = 4851 11. x - y = 11 12. ar' + y'=189\ 

3a; = 2y J a;'-y»= 19J a;*y + a;y*= 180/ 

13. a:-f-y = a1 14. xy-€^ 15. Va: + vV=31 16. a^+xy=a*l 
a;*+y»=y/ aj-y=6 J a;+y=9J y'^xy^VJ 

137- In the solution of Problems, depending on quadratic and 
higher equations, there may be two or more values of the root, and 
these may be real quantities, or impossible. In the former case, 
we must consider if any of the roots are excluded by the nature of 
the question, which may altogether reject ^ac^Mma/, or negative^ 
or surd answers : in the latter case, we conclude that the solution 
of the proposed question is arithmetically impossible^ 
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Ex. 1. What number^ when added to 20, wiU he lesB than cte 
square by 12? 

Let X be the number; then 30 + a; = a^-12, whence jb = 7, 
or - 6 : and here the latter root would be excluded, if we require 
only positive numbers. 

Ex. 2. A person bought a number of oxen for £120; if he had 
bought 3 more for the same money, he would have paid £2 less 
for each. How many did he buyf 

Let X be the number he bought: then the price actually given 

r I. 120 , 120 120 „ , i« lie 

for each was — , and .*. = -^ — 2, whence d? = 12, or - lo, 

X X -i- 3 X 

which latter root is rejected by the nature of the Problem. 

Ex. 3.. The sum of the squares of the digits of a number of two 
places is 25, and the product of the digits is 12. Find the number. 

Let X, y be the digits, so that tne number will be 10^ + y; then 
0^ + ^=25, and xy = 12, from which equations we get d? » 3, y = 4, 
or X = 4, y==S, and the number will be 34 or 43. Li this case 
both the roots give solutions. 

Ex. 4. Find two numbers such, that their sum, product, and 
difference of their squares may be aU equaL 

Here assume x + y and x-yfoi the two numbers : [this step 
should be noticed, as it simplifies much the solution of problems of 
this kind :] then their sum = 2x, their product = a^ - t^, and the 
difference of their squares = 4xy ; .*. (i) 2x = ^xy, (ii) 2a: = «* - y* ; 
from (i) y = i, from (ii) 2x = ix^ - i, whence a; = J (2 ± ^Jb) ; and 
.'. « + y = ^(3±V5)> «-y = fl(l±V^)» ^^ numbers required. 

Ex. 5. Find two numbers whose difference is 10, and product 
one-third of the square of their sum. 

Let X = the least, and x + 10 = the greater; then x(x + 10) 
t= J (2x + 10)", whence a; = - 6 + 5 -/- 3, which are impossible. The 
question in fact amounts to asking for two numbers x and y, such 
tliat a?y«= J(x + y)*, or 3a?y = «* + 2ary + y*, or «y = a!* + y*, which 
may be easily shewn to be impossible : for (x - yY, or «* - 2xy + y", 
is necessarily positive (being a square quantity) whatever x and y 
may be, and .'. a^i-t^ must be greater than 2a!y. 
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Ex. 02. 

1. There are two numbers, one of which is f of the other, and 
the difference of their squares is 81 : find them. 

2. The difference of two numbers is f of the greater, and the 
sum of their squares is 356 : find them. 

3. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128 : find them. 

4. In a certain court there are two square grass-plots, a side of 
one of which is 10 yards longer than a side of the other, and the 
area of the latter is i^ of that of the former. What are the 
lengths of the sides ? 

5. What two numbers make up 14, so that the quotient of the 
less divided by the greater is ^^ of the quotient of the greater 
divided by the less? 

6. A draper bought a piece of silk for £16 4«, and the number 
of shillings which he paid per yard was f the number of yards. 
How much did he buy? 

7. A detachment from an army was marching in regular column, 
with 5 men more in depth than in front; but on the enemy coming 
in sight, the front was increased by 845 men, and the whole was 
thus drawn up in 5 lines : find the number of men. 

8. What number is that, the sum of whose third and fourth 
parts is less by 2 than the square of its sixth part? 

9. There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is less by 1 than the 
square of its double : find it. 

10. There is a rectangular field, whose length exceeds its breadth 
by 16 yards, and it contains 960 square yards : find its dimensions. 

11. The difference between the hypothenuse and two sides of 
a right-angled triangle is 3 and 6 respectively : find the sides. 

12. What two numbers are those whose difference is 5, and 
their sum multiplied by the greater 228? 

13. A labourer dug two trenches, one 6 yards longer than the 
other, for £17 16«, and the digging of each cost as many shillings 
per yard, as there were yards in its length : find the length of each. 

14. The plate of a looking-glass is 18 inches by 12, and it is to 
be framed with a frame of uniform width, whose area is to be equal 
to that of the glass : find the width of the frame. 
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15. There are two square buildings, payed with stones, each 
a foot square. The side of one builduig exceeds that of the other 
by 12 feet, and the two pavements together contain 2120 stones: 
find the sides of the buildings. 

16. A person bought a certain number of oxen for £240, and, 
after losing 3, sold the rest for £8 a head more than they cost him, 
thus gaining £59 by the bargain : what number did he buy? 

17. A tailor bought a piece of cloth for £147, from which he cut 
off 12 yards for his own use, and sold the remainder for £120 5«, 
charging 5 shillings per yard more than he gave for it. Find how 
many yards there were, and what it cost him/ier yard. 

18. The fore-wheel of a carriage makes 6 reyolutions more than 
the hind-wheel in going 120 yards ; but if the circumference of 
each were increased by 3 feet, the fore-wheel would make only 
4 reyolutions more than the hind one in the same space. What is 
the circumference of each P 

19. By selling a horse for £24, I lose as much per cent, as 
it cost me. What was the prime cost of it? 

20. Bought two flocks of sheep for £15, in one of which there 
were 5 more than in the other; each sheep in each flock cost 
as many shillings as there were sheep in the other flock. How 
many were there in each? 

21. A and B take shares in a concern to the amount altogether 
of £500 : they sell out at jMir, A at the end of 2 years, B of 8, and 
each receives in capital and profit £297. How much did each 
embark? 

22. A and B distribute £5 each in charity : A relieves 5 persons 
more than B^ and B gives to each 1« more than A, How many 
did they each relieve? 

23. There is a number of three digits, of which the last is double 
of the first : when the number is divided by the sum of the digits, 
the quotient is 22; and, when by the product of the last two, 11. 
Find the number. 

24. Find three numbers, such that if the first be multiplied by 
the sum of the second and third, the second by the sum of the 
first and third, and the third by the sum of the first and second, 
the products shall be 26, 50, and ^. 
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We have seen that when we have only one equation 
between two unknowns, the number of solutions is 
ufdimitedy and the equation is indeterminate. We shall 
here make a few remarks upon the simpler kinds of 
such equations. 

138. If one solution be given of the equation ax±hy^c, 
all the others may be easily found. 

For let a: = a, y = /3, be one solution of the equation 
or + Ay = c ; then ax-\'by-c = aa + 6j3, or a(x - a) 
+ A (y - j3) = 0, which equation is satisfied by x-a^-bty 
y - ji^atf where t may be any quantity whatever, po- 
sitive or negative. Hence the general values of x and y 
are given by the expressions /= « - i^, y = + at. 

If the given equation be of the form ax-by = c, we 
should obtain in the same way, x^a-\-bty y-^ + at, 
the same as we get by writing - A for J in the above. 

If we require only integral values of x and y, the 
n® of solutions will be limited; the above results will 
still apply, only we must now have a, /3, i^ all integers. 

139. It may be shewn however that there can be no 
integral solution of ax ± by = c, if a and A have any 
common factor, not common also to c. 

For let a = mrf, A = nd, while c does not contain d; 

then mdx ± ndy = c, or ma: ± «y = -= a fraction, which is, 

of course, impossible for any integral values of x and y. 
We shall suppose then in future that a is prime to A. 

140. To solve the equation ax±by-c in integers. 

If we can discern one solution, we may apply (138). 

Thus 13a: - 9y = 17 is satisfied by « = 2, y = 1 ; 
whence 13ii;-9y= 17 = 13x 2-9x 1, or 13(a:-2) = 9(y-l), 
which is satisfied by x-2=^9tt y-l = lSt, so that the solution 
is x-2-\^9tf y-l-\-l% wb«re t may have any integral value. 
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But the following examples will shew the simplest 
general method of solving such an equation. 

Ex. 1. Find the integral solutions of 3x + 6y = 73. 
Divide by the lowest coefficient, and express the improper 
fractions which may arise as mixed numbers; 

then « + y + |y = 24 + i, or a:+y- 24 = J-|y = ^-^. 

1 — 2t/ 
Now, since « + y-24 is integral, so also is — 5-=^, and any 

o 

multiple of it; multiply it then by such a number as will make the 
coeff. of y dw. by ^ den^ with rem'' 1, Le. in this case, mult, it by 2; 

*v«« 2-4y 2-y .. 2-f/... . 

then — ^-^ or —^ - y is mt, .*. — ^ - is mt = t suppose ; 

hence 2-y±:3^, or y = 2-3^, and « = i(73-6y) = 21 + 5^. 

Thus, if we take ^ = 0, thena: = 21, y = 2; 
if <=1, ar = 26, y=-l; if ^=-1, « = 16, y = 5; &c. 

If we require only positive integral values of x and y, then we 
cannot take t positively >|, nor therefore >0, or negatioeJy >^, 
nor therefore > 4; hence the values for t range from - 4 to inclu- 
sively, and thus there will be only b positive integral solutions. 

N.B. It may be shewn that it is always possible to find such 
a number for multiplier as we have employed above, which shall 
be less than the denominator : and this is the reason why we divide 
by the least of the two coefficients, in order to have the midtiplier 
as low as possible. But when the denominators are both large, 
a little ingenuity will save the trouble of searching for such a 
number, by some such reasoning as that in the next Ex., it being 
noticed, that the point to be aimed at is, to get the coefficient of y 
(or of Xy as the case may be) in the numerator to be unity. 

Ex. 2. Solve in positive integers 39* - 66y = 11. 

17v + 11 . . J 34y + 22 

Here a:-y-i|y = ii; .'. — ^^9 — "» "i*., and .'. — ^ — , 

34y + 22 5y-22 ^ , . 40y-176 . y-20 

let yz^ = t^ :. y = 39«+ 20, and ar = A (H + %) = ^^ + 29. 

If we take t = 0, then a? = 29, y = 20, which are the least positiTe 
integral values they admit of: but the number of such values 
JB here unUmited, smce we may take any positive value for t 
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Ex. 3. Find the least number which when divided by 14 and 5 
^will leave remainders 1 and 3 respectively. 

Let the number required iV= 14a: + 1 = 5y + 3 ; then 14* - 5y = 2, 

and here 2« + faj-y = f, or2a;-y= — - — ; hence — — - is integral, 

6 6 

and /. also — - — , and — -- , which put = t; 

O 

whence a; = 3 - 6<, and y = i(14a; - 2) = 8 - 14^. 

If we take ^ = 0, we have jb = 3, y = S, which are the least 
positive integral values they admit of, and therefore the least 
"value of iV is 14.3 + 1 = 5.8 + 3 = 43 ; but the n^ of positive values 
is imlimited, since we may take any negative value for t, 

N.B. It appears from Ex. 1, 2, 3, that when only positive inteyral 
solutions are required, the n^ of them will be limited or not, ac- 
cording as the equation is of the form ax-\-by=Cf or ax- by = c, 

Ex. 4. Find the least integer which is divisible by 2, 3, 4, with 
remainders 1, 2, 3. 

Let N=2x+1 = 3y + 2 = 42 + 3 : then (i) 2a; - 3y = 1, whence, as 
before, a? =3^-1, y = 2*-l; and (ii) 2a:-4z=2, or 3f-2«=2, whence 
t=2f, «=3^-l; .-. x = 6if-l, y = 4<'-l, « = 3i{'-l, whence, putting 
^=1, we get a; = 5, and iV=2a? + l = ll. 

Ex. 5. In how many ways may £80 be paid in £s and- guineas? 

Let a: = n** of £s, y = n° of guineas; then 20a: + 21y = n** of 
shillings in £80 = 1600, and ar +y + ^^y = 80 : put i^y = ^ ; .'. y = 20^, 
and a; = a''5(1600-21y) = 80-2U, which gives four solutions, or 
rather threef if we omit the solution < = 0, which gives y = 0. 

[In the Answers we shall omit all zero-values for x or y.] 

Ex. 63. 

1. Find the positive integral solutions of 

2a? + 3y = 9, 4a: + 29y = 160, 3a? + 29y = 151, 7a; + 15y = 225. 

2. Find the least positive integral solution of 
19a:-14y=ll, 17a?=7y+l, 23ar-9y = 929, 8a? = 23y+19. 

3. Find the number of positive integral solutions of 
3a:44y = 39, 8ar+13y = 600, 7ar+13y = 405, 2a?+7y=125. 

4. Given a: - 2y + z = 6 and 2a; + y - « = 7, find the least values 
of X, y, z, in positive integers. 

5. A person distributed is 2d among some beggars, giving Id 
each to some, and Is each to the rest: how many were there in all? 
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6. In how many ways could 12 guineas be made up of half- 
guineas and half-crowns? In how many ways, of guineas and crowns? 

7. How many fractions are there with denominators 12 and 18, 
whose sum is ff ? 

8. A wishes to pay B a debt of £1 12«, but has only half-crowns 
in his pocket, while B has only fourpenny-pieces ; how may they 
settle the matter most simply between them ? 

9. What is the least number, which, divided by 3 and 5, leaves 
remainders 2 and 3 respectively? What is the least, which, 
divided by 3 and 7, leaves remainders 1 and 2? 

10. A person buys two pieces of cloth for £15, the one at 8«, 
the other at 11« ^per yard, and each containing more than 10 yards : 
how many yards did he buy altogether ? 

11. In how many ways can £1 be paid in half-crowns, shillings, 
and sixpences, the nimiber of coins used at each payment being 18 ? 

12. A person counting a basket of eggs, which he knows are 
between 50 and 60, finds that when he counts them 3 at a time 
there are 2 over, but when he counts them 5 at a time, there are 
4 over : how many were there in all ? 

13. If I have 9 half-guineas and 6 half-crowns in my purse, how 
may I pay a debt of £4 lis 6(^? 

14. A person in exchange for a certain number of pieces of 
foreign gold, valued at 29« each, received a certain niunber of 
sovereigns under fifty, and U over : what was the sum he received ? 

15. A French lou,i» contains 20 yrancs, of which 25 make £1 : 
how can I pay at a shop a bill of 45^ most simply, by paying Eng. 
and receiving Fr. gold only ? Shew that I cannot pay a debt of 45«. 

16. A person bought 40 animals, consisting of calves, pigs, and 
geese, for £40; the calves cost him £5 a piece, the pigs £1, and 
the geese a crown : how many did he buy of each ? 

17. Find the least integer which when divided by 7, 8, 9, 
respectively, shall leave remainders 6, 7, 8. 

18. Three chickens and one duck sold for as much as two 
geese; and one chicken, two ducks, and three geese were sold 
together for 25« : what was the price of each ? 

19. Find the least even number which when divided by 3, 6, 7, 
shall leave remainders 2, 4, 6. 

20. Find the least multiple of 7, which divided by 2, 3, 4» 6, 6 
leaves always uniJty for remainder. 
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CHAPTER X. 



ARTTHMETIGALy GEOMETRICAL^ AND HABMONICAL 

PROGRESSION. 

141. Quantities are said to be in Arithmetical PrO' 

gressiofiy when they proceed by a common difference. 

Thus 1, 3, 5, 7, &c., 8, 4, 0, -4, &c., a, a + rf, a^2dj a + 3rf, &c., 
are in A. p., the common differences being 2, - 4, d, respectively, 
which are found by aubtracting any term from the term following, 

142. Criven a the first term, and d the common dif-- 
ference of an ar. series, to find 1 the n^ term, and S the 
sum ofn terms. 

Here the series v^ill he a, a ■\- d, a ^- 2d, a + Zd, 8cc,, 
where the coeff. of d in any term is just less by one than 
the No. of the term : thus in the 2"^ term we have d, 
i,e. Id, in the 3"*, 2d, in the 4***, Sd, &c., and so in the 
n^ term we shall have (n - 1) d; hence /= a + (n - 1) rf. 

Again iS'=a + (a+rf)-f (a+2rf)+&c.+(Z-2rf)+(/-df)+/, 
and also #5= / + (Z-rf) + (/-2rf)+&c.+(a-2rf)+(a+rf)+a; 
.-. 2S=(a + /) + (a + /) + (a + /) + &c. = (a + /) n ; 

n n » 

.'.<S=(a+f)-«{2a+(n-l)rf}-, since /=sa+(n-l)e?. 

2 2 

Ex« 1. Find the IQth term and the stun of 10 terms of 1, 5, 9, &c. 
Here a=l, <?=4, n=10; 

.-. /=l+(10-l)4 = l + 9x4 = 37} iS=(l+37)xJ5,^=190. 

Ex. 2. Find the ^ term and the sum of 9 terms of 7, 5}, 4, &c. 
Here a = 7, <i=-f, n = 9; 

.-. Z=7 + (9-l)x-f==7-8xf=-5j 5'=(7-5)xf = 9. 

Ex. 3. Find the 13th term of the series -48, -44, -40, &c. 
Here a = -48, <;==4, nsl3; 

.-. /=-48 + (13-l)4=:-48 + 12x4 = 0. 
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Ex. 4. Find the sum of 7 terms of J + J + i + &c. 

Here o = J, rf=-J, n = 7; and here we are not required to find / : 

/. , using the second formula, 5^= (1 + 6 x - J) J = (1 - 1) J = 0. 

In this case the series, continued, is J, if ^, 0, -^, -\, -i, &c. 
where the first 7 terms together amount to zero. 

Ex. 64. 

Find the last term and the sum of 
1. 2 + 4 + 6 + &C. to 16terms. 2. 1 + 3 + 6 + &c. to 20 terms. 

3. 3 + 9 + 15 + &C. tollterms. 4. 1 + 8 + 15 + &c. to 100 terms. 
6. -6- 3-1 -&c. to 8 terms. 6. 1 + f + f + &c. to 15 terms. 

Find the sum of 

7. f + A + A +&C. to 21 terms. 8. 4- 3 - 10- &c. to 10 terms. 

9. J + }+l4&c. to lOterms. 10. J-f-Y-&c. to 13term8. 

11. l+2t+4J+&c. to 20 terms. 12. f-i$-fi-&c. to 10 terms. 



148. By means of the equations (i) /= a + (« - l)rf, 
(ii) ^= (o + - , and (iii) S= {2a + (» - 1) rf} - , when 

^ 2 

any three of the quantities a, d, I, n, S are given^ we 
may find the others. 

We may also employ them to solve many problems in 
A. P., as in the following examples. 

Ex. 1. The first term of an ar. series is 3, the 13^ term, 55; 
find the common difference. 

Since 1=55, a=3, «=13, we have by (i) 65=3+ 12(f, and /. ^=4^. 

Ex. 2. What No. of terms of the series 10, 8, 6, &c. must be 
taken to make 30 P and what No. to make 28 P 

(1) iSf=30, a = 10, rf=-2; .-. by (iii) 30 = {20-2(»-l)} ^5 

and the roots of this quadratic are 5 and 6, either of which satisfies 
the question, since the sixth term of the series is zero : 

(2) /8^=2R, a =10, <?=-2; and the values of n are 4 and 7, 
either of which also satisfies the question, since the 5^, 6t^, and 7th 
terms of the series, viz. 2, 0, - 2, together = zero. 

Ex. 3. How many terms of the series 3, 5, 7, &c. make up 24 P 
Here iS = 24, o = 3, «? = 2; whence n = 4 or -6, of which the 
first only is admissible by the conditions of the Question. 
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Ex. 4. Insert 3 ab. means between 6 and 26. 

Here we have to find three numbers between 6 and 26, so that 
the Jive may be in A. P. This case then reduces itself to finding d, 
when a = 6, /=26, and n = 5; we have then by (i) 26 = 6^^4d, 
whence d=5y and the means required are 11, 16, 21. 

Ex. 5. The sum of three numbers in A. P. is 21, and the sum 
of their squares, 179; find them. 

Let a-df a, a + d, represent the three numbers, (which is often 
a convenient assumption in problems of this kind) ; 

then (a-£?) + a + (a + c0 = 21, and (o-c?)" + a« + (a + rf)'=n9, 
from which equations a = 7, rf= 1 4, and the Nos. are 3, 7, 11. 

Ex. 63. 

1. The first term of an ab. series is 2, the common difference 7, 
and the last term 79 ; find the number of terms. 

2. The sum of 15 terms of an arithmetic series is 600, and the 
common difference is 5 ; find the first term. 

3. The first term is 13,^5, the common difference -f, and the 
last term f ; find the number of terms. 

4. The sum of 11 terms is 14f» and the common difference is f ; 
find the first term. 

5. Insert 4 AR. means between 2 and 17, and 4 between 2 and -18. 

6. Insert 9 A. M. between 3 and 9, and 7 between - 13 and 3. 

7. Insert 10 A.M. between - 7 and 114, and 8 between -3 and - j* 

8. Insert 9 A.Bf. between - 2f and 4f , and 9 between - 3f and 2|. 

9. Find the 3 Nos. in a. p., whose sum shaU be 21, and the sum 
of the first and second ^^ that of the second and third. 

10. There are 3 Nos. in a. p., whose sum is 10,* and the pro- 
duct of the second and third 33| ; find them. 

11. Find 3 Nos. whose common difference is 1, such that the pro- 
duct of the second and third exceeds that of the first and second by i» 

12. The first term is n'-n+l, the common difference 2; find 
the sum of n terms. 

13. How many strokes a-day do the clocks of Venice make, 
which strike from one to twenty-four? 

14. How many strokes does a conmion clock make in 12 hours ? 
and how many, if it strikes also the half-hours ? 

15. A debt can be discharged in a year by paying one shilling 
the first week, three the second, five the thirds &c.: required the 
last payment and the amount of the debt 
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16. One hundred stones being placed on the ground at the 
distance of a yard from one another, how far will a person travel, 
who shall bring them, one by one, to a basket, placed at the 
distance of a yard from the first stone? 

144. Quantities are said to be in Oeometrical Pro- 

gressioti, when they proceed by a common ^bc^. 

Thus 1, 3, 9, &c. 4, 1, i, &c, - f, A, -|f , &c. a, ar, ar*, &c. are 
in G. P., the common factors or ratios (as they are called) being 
3t 4» ' h r, respectiTely, which may be found by dividing any term 
by the term preceding, 

145. GUven a the first term and r the common ratio 
of a GEOM. series y to find 1 the n^ term and S the sum 
ofn terms. 

Here the series will be a, ar, ar^y at^y &c., where the 
index of r in any term is just less hy one than the 
number of the term : thus, in the 2*** term we have r, 
i.e. r\ in the S'*, r^, in the 4*^, r', &c., and so in the 
n^ term we shall have r""*; hence / = ar"'\ 

Again 8= a -{- ar -i^ at^ + &c. + ar"*, 

and .-. rS=ar -^^ af^ -^ ar^ + &c. + ar^ ; 

:. rS-S^ ar^-ay the other terms disappearing; 

, c. at^-a r"-l rl-a . , ^ 

hence o= = a -, or « , smce rl=af^. 

r-1 r-1 r-1 

Ex. 1. Find the 6^ term and the sum of 6 terms of 1, 2, 4, &c. 
Here a = l, r = 2, n = 6; ^ 

/. i=lx2*' = lx2* = lx32 = 32} and fif=^L_i=63. 

« ■" 1 

£x« 2. Find the 8tb term and the sum of 8 terms of 81, - 27, 9, &c. 
Here a = 81, r=-i, n = 8; 

.-. /=81x(-i)' = 3*x-i = - i=-l; and ^ = ilJL^ = eOfJ. 

Ex. 3. Find the sum of 3 - 6+ 12 >&c. to 6 terms. 
Here a~3, r = -2, n = 6; therefore, without finding I, 
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Ex. 4. Find the sum of 1 - f + ^ - &c. to 4 terms. 
Here a=l, r = -f, n = 4; 

( ^Y 1 1* 1 l!zi* 

["si' s*" 3* 3 256-81 175 25 

.-.A-lx _^^^ ^jp^ = _|. --X g, - 7.3»''"27' 

Ex. 5. Find the sum of 2^- 1 +f -&c. to 5 terms. 
Here o = f, *• = -!» n = 5; 



(-si-'. 



5 5* " 5 5* 



•• ^ »• -|_i 2- -f-1 2- i 

5 5 32 4 3125 _ 8157 
■■2'7' 5"^ "■14.5»"^'^' 

Ex. 66. 

Find the last term and the sum of 
1. 1+4 + 16 + &C. to4terms. 2. 5 + 20 + 80 + &c. to 5 terms. 

3. 3f6 + 12-i-&c. to6terms. 4. 2-4 + 8-&C. to 8 terms. 

5. l-4 + 16-&c.to7 terms. 6. 1 - 2 + 2" -&c. to 10 terms. 

Find the sum of 

'^' i+e + A +&C. to 8 terms. 8. i + J + f + &c. to 6 terms. 

9. f +l+f + &C. to 6terms. 10. 3-^+ j^a -&c. to 5 terms. 

11. 9-6+4-&C. toOterms. 12. 100-40+ 16 -&c. to 5 terms. 



146. If r be 9, proper fraction^ that is, if r be < 1, its 
powers, r*, /, &c., f" will, a fortiori, be also < 1, and, 
therefore, ar^ will be <a: hence, instead of writing 

or*^ _ /» 

S = in which fraction both numerator and 

r - 1 

denominator are negative, we may write, in this case, 

c a- ar^ a af 

1-r 1-r 1-r 

Now the greater we take the value of n, (that is, the 
more terms we take of the series) the. less will be the 
value of ar"; and, by taking n sufficiently great, we 
may get ar^ as small as we please, only never so small 
as actually to vanish. If an vanished, we should have 
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the sum of the series = : but since, however small 

1 -r 

may be the value of ar^y the second fraction will never 
actually become zerOy it follows that the- sum of the 
series will never actually reach the above value, though, 
by increasing w, that is, taking more terms of the series, 
it may be made to approach it as nearly as we please. 

On this account is said to be the Limit of the 

1 -r 

sum of the series, a-^-ar + ar*-^ &c., or sometimes (but 
less correctly) the sum of the series ad infinitum. 

It is common to denote the Limit of such a sum by 2. 

Ex. 1. Find the Limit of the sum of the series 1 + i + i + &c. 

Here a = 1, r = |^; .'. S = - — - = - = 2 ; ue. the more terms we 

1 - 2 a 

take of this series, the more nearly will their sum = 2, but will 
never actually reach it. 

Ex. 2. Sum 2J - J + j^o - &c. ad infvnitum, 

jiere a-iSg, r--^, ..-«' = ^"/^jTj " i . j. ~ i i«* 

Ex. 67. 

Find the Limit of the sum of the following series : 
1. 4 + 2 + 1 + &C. 2.'i+J-l-f + &C 3. i- A. + e\-&c. 

4. f-l + i-&c. 5. l-J + i-&c. 6. l-f+jft-&c. 

'7. J+A + A + &C. 8. i + f + A + &c. 9. 2-f+8^a-&c. 

10. 2-1J + I-&C. 11. af + 2}+lJ+&c. 12. -3if lt-J + &c. 



147. By means of the equations of g. p., wie may 
solve many problems respecting series of this kind. 
It is not, however, generally easy to find n^ when the 
other quantities are given, because this quantity occurs 
in the form of an index. The Student may be able to 
guess at its value in the simple instances we shall here 
give ; but, in other cases, it could only be found by the 
aid of logarithms. 



HAKMONICAL PR0GKBS8I0N. 121 

Ex. 1. Find a geom. series, whose 1>^ term is 2 and 7^^ term ^^. 
Here a = 2, /=8^, n = 7; /. ^a=2r*, and r*=e\, whence r=±i, 
and the series is 2, ± 1, |^, ± }, && 

Ex. 2. Given 6 the second term of a geom. series and 54 the 

fourth, find the first term. 

54 ar^ 6 

Here 6=ar, 54=0^^; .'. -^r = — , or 9=r"; hence r= ±3, a=- =±2. 

D ar r 

Ex. 3. Insert 3 geom. means between 2 %nd 10^. 
Here ^ is the 5^ term of a series, whose first term is 2 ; 
/. V=2r*, and r*=f J; whence r=±f , and the means are ±3, 4 J, ±6f . 

Ex. 68. 

1. How many terms of the series 2, - 6, 18, &c. must be taken 
to make -40? 

2. The fifth term of a geom. series is 8 times the second, and 
the third term is 12; find the series. 

3. The fifth term of a geom. series is 4 times the third, and the 
sum of the first two is - 4 ; find the series. 

4. The population of a country increases annually in G. ?.« 
and in 4 years was raised from 10000 to 14641 souls; by what 
part of itself was it annually increased ? 

5. The difierence between the first and second of 4 numbers in 
G. P. is 12, and the difierence between the third and fourth is 300 ; 
find them. 

6. Insert 3 G. M. between 2 and 32, and also between i and 128. 

7. Insert 4 G. M. between - jj^o ^^^ 3 J, and also between f and - 5 1\ . 

8. The sum of an infinite geom. series is 3, and the sum of its 
first two terms is 2f ; find the series. 

9. The sum of an infinite geom. series is 2, and the second: term 
is - f ; find the series. 

10. If 2|, 1, be the first and third terms of a G. F., find the 
sum of the series ad infinitum. 



148. Quantities are. said to be in Harmontcal Pro- 
gression, when their reciprocals are in a. p. 

Thus, since 1, 3, 5, ^c, i, ~i, -f, &c. are in A. p., their 
reciprocals 1, J, J, &c., 4, -4, -|, &c., are in H. P. 
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The term Harmomcal is derived from the fact that musical 
strings of equal thickness and tension will produce harmony when 
sounded together, if their lengths be as the reciprocals of the ab. 
series of natural numbers, 1, 2, 3, &c. 

We cannot find the sum of any No. of terms of an 
HARM, series ; but many problems wi\h respect to such 
series may be solved by inverting the terms, and treating 
their reciprocals as in a. f. 
Ex 1. Continue to 3 terms each way the series 2, 3, 6. 
Since J, J, J are in a. p. with common difference - J, 
the AR. series continued each way is 1, |, f, \, |, J, 0, -J, -J^j 
.*. the HARM, series is 1, f , f , 2, 3, 6, oo, - 6, - 3. 
Ex. 2. Insert 4 harm, means between 2 and 12. 
We must here insert 4 ar. means between \ and ^^g, which 
being j^,, f , J, J, hence the harm, means required are 2f, 3, 4, 6. 

Ex. 69. 

1. Continue to 3 terms each way 2, f , 1 ; 1 J, 2^, 3f ; 1, \\, If. 

2. Insert two H. means between 2 and 4, and six between 3 and g^. 

3. Find a fourth HARM, proportional to 6, 8, 12. 

149. To find A, G, H the ar., geom., and harm, means between 
a andh. 

(i) By (141) b-A^A-a; .*. 2.4 = o 4- 6, and ^ = J (a + 6): 

(ii) by (144) ~ = ~, .-. G* = a5, and G = Voi, where, how- 
(x a 

ever, unless a and b have the same sign, Va& will be impossible .- 

(iii) by (148) 1 - i.= 1 - 1; .-. aH-db=ab-bH, or jH'= ^ . 
o Ji M a a+o 

150. To prove that Q is the GEOM. mean between A and H ; and 
that A, O, H, are in order of magnitude, A being greatest, 
[We use the sign > for greater than, and < for less ihan."] 

C- A <* + * J rr 2fl& . ATT <» + * 2o5 , ^^ 
Smce A = --—, and J5r= ; , .*. -4J5r= --- x — =- = aJ = (?»| 

2 a^b 2 a+6 * 

.*. G = *^AH, Gt G\& the oeom. mean between ^ and H, 

Also ^>J5r, if ?i_* > _?f!?L , orif a« + 2a5 + ft'>4a5, 

2 a + 6 

or if a" + 5^ > 2ai ; and, this being the case (137), 
.*. -4 > jET, and, of course, > G, whose value (being the geom. 
mean between them) lies between those of A and H, 



HARMONICAL PROGRESSION. 123 

151. Three quatUUies a, b, c» are in AS., GEOM., or harm. pbog. 

according as 

a-h a a a 

r = - , or = r- , or = -iw 
0- e a b e 

(i) ^^— «=-b1; ,'. a-h = h - Cf and a, h, c, are in A. p.: 
o — c a 

h e 
(ii) ab-l^=ab-ae, or y = iw; .*. - = r , and a, 6, c, are in-G.P.: 

a 

(iii) ac- Jc=ai - «<?, or, (dividing each by abc,) - — = — =-, 

o a c b 

whence - » v , - are in A. p., and therefore a, 5, c are in H. p. 
a b e 

Ex. 70. 

1. Find the ar., geom., and harm, means between 2 and 4^. 

2. Find the AR., geom., and harm, means between 3f and l^, 

3. The sum and difference of the ar. and geom. means between 
two numbers are 9 and 1 respectively ; find them. 

4. The harm, mean between two numbers is ^ of the ar., and 
one of the numbers is 4 ; find the other. 

5. The difference of the AR. and HARM, means between two 
numbers is If ; find the numbers, one being four times the other. 

6. Find two numbers whose difierence is 8, and the harm. 
mean between them li. 



g2 
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CHAPTER XL 



RATIO, PROPORTION, AND VARIATION. 

152. The Ratio of one quantity to another is that 
relation which the former bears to the latter in respect 
of magnitude, when the comparison is made hj con- 
sidering, not by how much the one is greater or less 
than the other, but what number of times it contains it, 
or is contained in it, %.e, what multiple, part, or parts, or, 
in other words, whsit fraction the first is of the second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously, compare the magnitude of quantities. Thus the 
mere numerical difference between 999 and 1000 is the same as 
between 1 and 2; but no one would hesitate to say that 999 
is much greater J compared with 1000, than 1 is, compared with 2. 
The reason is, that the mind considers intuitively that 999 is 
a much greater fraction of 1000 than 1 is of 2 ; and this is what 
we should express by saying that the ratio of 999 to 1000 is 
greater than that of 1 to 2. On the other hand, we should say at 
once that 1001 is much lesst compared with 1000, than 2 is, 
compared with 1, the fraction in the former case being less than 
in the latter. 

The ratio, then, of one quantity to another is repre- 
sented by the fraction obtained by dividing the former 
by the latter. 

Thus, the ratio of 6 to 3 is f or 2, that of 15 to 40 is ^ or f , 

. , ^ , ^, . 4a 2a 
that of 4a to 66 is ^r or ^^ . 

DO 36 

Of course the two quantities compared (if they are 
not mere numbers, or algebraical quantities expressing 
numbers) must>be of the $ame kind, or one could not be 
a fraction of the other. 
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Thus, the ratio of £9 to £12 is the same as that of 9 cwt to 
12 cwt, or of 9 to 12, or of 3 to 4, or of f to 1 ; since, in each 
of these pairs of quantities, the first is f- of the second, and 
hence f- is the yalue of each of these ratios; in saying which 
we may suppose, if we please, a tacit reference to 1, i,e. in saying 
that the ratio of £9 to £12 is }, we may either imply that £9 is f 
of £12, or that the ratio of £9 to £12 is the same as that of f to 1. 

153. The ratio of one quantity to another is expressed 
by two points placed between them, as a : b; and the 
former is called the antecedent term of the ratio, the 
latter the consequent. 

A ratio is said to be a ratio of greater or less in- 
equality, according as the antecedent is greater or less 
than the consequent. 

The ratio of a' : i' is called the duplicate (i. e, squared) 
ratio of a : i, o' : 5' the triplicate ratio of a : &, &c. 

154. Problems upon ratios are solved by represent- 
ing them by their corresponding fractions, which may 
now be treated by the ordinary rules. 

Thus ratios are compared with one another, by re- 
ducing the corresponding fractions to common den", 
and comparing the num'*; and, if these fractions be 
multiplied together, the resulting fraction is said to be 
the raiio compounded of the ratios represented by them. 

Ex. 1. Compare the ratios 5 : 7 and 4 : 9. 

Ans. ff , H ; whence 6 : 7 > 4 : 9. 
Ex. 2. Find the ratio of f : f . Ans, f^f = fxf = ff. 

Ex. 3. What is the ratio compounded of 2 : 3, 6:7, 14 : 15 ? 

Ana. f X f X ^J = jfig or 8 : 15. 

155. A ratio of greater inequality is diminished, and 
of less inequality increased, by adding the same quan- 
tity to both its terms. 

For T "^ , - . BS ab-^ax ^ab + bx. as ax ^bx. OS a b. 
b<b-{x < < < 
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In like manner it may be shewn that a ratio of 
greater inequality is increased, and of less diminished^ 
by svhtracting the same quantity from both its terms. 

Ex. 71. 

1. Compare the ratios 3 : 4 and 4 : 5; 13 : 14 and 23 : 24 ; 3 : 7, 
7 : 11,' and 11 : 16. 

2. Of a + 6 : o - 5 and a" + 6* : a* - 6*, which is >, supposing a > ft ? 

3. Which is less otx^-y : y and 4a; : aj + y? of a* + y* : ar + y and 
ar' + y': «* + y*? of a^ + y* and a;* + y* : a:*-aj'y + «*y"-a5y"+^? 

4. Find the ratio compounded of 3 : 5, 10 : 21, and 14 : 15; 
of 7 : 9, 102 : 105, and 15 : 17. 

5. Find the ratio compounded of , , i — i and . 

'^ a^-a*x+cur-ar a + x 

6. Compound «■ - 9af + 20 : a;* - 6a? and a^ - 13a: + 42 : a:* - 5«. 

7. Compound the ratios a+ft : a-6, a*+ 5" : (a+bf, (a'-6*)* : a*-b\ 

8. What is the ratio compounded of the duplicate ratio of 
a-^b : a-hf and the difference of the duplicate ratios of a : a 
and a : 5, supposing a>b? 

9. What quantity must be added to each term of the ratio a : b, 

that it may be equal to the ratio c : d? 
10. Shew that a-6:a + 6'^a*-5*:a* + &*, according as a : 5 is 
a ratio of less or greater inequality. 

156. When two ratios are' equals the four quantities 
composing them are said to be proportional to one 

another: thus, if o : J = c : rf, i.e. if 7 =* -i , then a, i, c, d, 

b d 

are proportionals. This is expressed by saying that 
ais to b as CIS to d, and denoted thus, a : b :: c : d. 

The first and last quantities in a proportion are called 
the Extremes, the other two the Means. 

Problems on proportions, like those on ratios, are 
solved by the use of fractions. 

157. When four quantities are proportionals, the pro- 
duct of the extremes is equal io the product of the means, 

a c 
For if - = -, then arf= bo» 
b d 
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Hence, if three terms of a proportion are given, we 
can find the other ; thus 

ic ^ ad ad , be 

a=— , 6=—, c = — , tf=— . 
a c a 

CoR, If a : 6 : : J : c, then ac = b\ 

158. If the product of ttoo quantities be equal to that 
of ttoo others, the four are proportionals, those of one 
product being the extremes, and of the other the means* 

For if ad = be, then t = -i* or -=»-;; 

b d c d 

and .\a:b:: c:d, or a:e::b:d, ia which proportions 

a, d are the extremes, and b, c the means. 

So if ac =s y, a: b :: b : c, 

169. i/* 3 quantities are prop^, the first has to the 
third the duplicate ratio of that which it has to the second. 

•TK 'P a b . a a b a a c^ 

For if - = - , then - = r^- = r^I=I5^ 
be c b c b b b 

:.a: c is the duplicate ratio of a : i (153). 

160. When four magnitudes are proportionals, if ant/ 

equimultiples whatever be taken of the first and third, 

and any whatever of the second and fourth, then, if the 

multiple of the first be >, =, < that of the second, the 

multiple of the third shaU be >, =, < thcU of the fourth, 

-r-t *n a c t ma me * , 

For if - = - , we have — -- = --, where m and n may 

b d nb nd 

be any quantities whatever; and hence it follows that, 
if ma >, =, < nb, so also is mc>, ^, < nd, 

161. Conversely, If there be four magnitudes such, 
that, when any equimultiples whatever of the first and 
third are taken, and any whatever of ihe second and 
fourth, it is found, that if the multiple of the first be 
>, s, < that of the second, that of the third is always 
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>, -y < thU of (hefourthy then these four quarUityss are 
proportionals. 

For, let a, b, c, d be such that, any equimuItipleSy 
may mCy being taken of the first and third, and any 
nhy ndy of the second and fourth, it is found that ac- 
cording as fna>y <=, <nby so also is moy », <nd; 
and let e be the fourth proportional to a, b, c. 

Then, since f = - , /. — r = — for all values of m 

be nb ne 

and n ; suppose m and n to be taken such that ma » nb, 

then also mc = ne: but when ma^nb, by our hyp., 

mc = nd; hence nd = ne, or d^ e; and /.. t = 3, or 

b a 
a, b, c, d are proportionals. 

16S. Ifs, : Jb : : c : d, and b : e : : d : f, then a : e : : c : f. 

^ac ^ b d abed a c 
For T = ;j, and - = -;^; •*• I ^ - = 3 ^ 7^» or - = -. 
b d e f b e d f ^ f 

This is the proposition ex iBquali, referred to in Euc. v. 

163. If^L : b :: c : d, ande : f :: g : h, then ae: bf :: eg : dh. 

For- = - and-=?- • - = ^ 
^^"^ b d' f h"bf dh' 

This is called compounding the two proportions, and 

so we may compound any number of such proportions. 

164. If 4 quantities form a proportion, we may derive 
from them many other proportions, all equally true. 

Thus, if £• = j> then — - = -, or ma : mb :: c : d ; 
b d mb d 

similarly 

ma :b ::mc : d, a : mb :: c: md, a : b ::mc : md; 

and, in like manner, —:—:: c : d, a : — : : c : — , &c.; 

mm- m m 

that is, either the first or fourth terms of any proportion 
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may be multiplied or divided by any quantity, provided 

that either the second or third be multiplied or divided 

by the same. 

Hence we may get rid of fractions, when occurring in propor- 
tions, by naultiplying the 1«' and 2nd, or 1»* and 3'^, &c. terms by 
the iJ^CM. of their den"; thus, if ^a : ^^b : : A : ^, (multiplying 
!•* and 2nd by 36, 3'd and 4th by 200), we have 4a : 36 : : 15 : 16. 

166. Again, all the results of (85-88) may be applied 

to proportional quantities. 

Thus, if a :h :: c :d, then tnt?., b:a:: die, or altf a:c iihid; 
so also, a±h: a:: c±d: c, a±b :b :: c±d : d, 
a+6 : a-b :: c + d : c-d, ma-\-hb : ma-hb : : mc + nd : mc-nd, &c. 
with similar propyl., having a**, 6", c", d^, in the place of a, &, c, d, 

Ex. 1. Find a fourth proportional to |, i, and i. 

Since rf = -, (157) this is t4^ = i 
a f 

Ex. 2. Find a mean proportional to 2, and 8. 

Since 6^ = ac, (167) this is V2ir8 = ^^16 = 4. 

Ex. 3. Jfa:b=c:df express (a+ J)- (5+c) in terms of a, 6, c only. 

a*-ab-ac+bc {a-b)(a-c) 



Here(a+rf)-(&+c) = fa+— j-(6+c)= 



a a 

Ex. 4. If a :b i: c I d, and a be the ffreatest, shew that <2 is the 
least, and a + c2 > & + c. 

Since t = -y » and o > 6, /. c> d; also, since - = -; , and a>c, 
a c a 

.*. &><^; and a, the^eafes^, is, of course, >df; .*. <2 is the 2ea«^.* 

again, since «= , and a>Cf /. a - 6 > c - cf, or a + <f > 6 + c. 

a c 

This appears also from Ex. 3; since (a+d)=(6+c)+ ^ — ^,- 

which last quantity is positive, since (a - b) and (a - c) are positive. 

Ex. 72. 

1. Find a fourth proportional to 3, 5, 6; to 12, 5, 10; to f, i, |. 

2. Find a third proportional to 4, 6; to 2, 3; to 4) h 

3. Find a mean proportional to 4, 9; to 4, ^f ; to 1{, 1^. 

4. If a:b ::b I c, then c^ ^-V : a-\- et: c^-l^ : a - c. 

g5 



-.}• 
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6. If ^ =» 3, shew that (a + 6) (c + </) = |(c + df^^(a + bf. 
o a do 

6. If a:b lie : d, and m :n : : p : g, 

then ma + «& : wa ~ nh :: pc '\- qd : pc - qd, 

7. If a : 6 : : 5 : c, then a* - ft' : a : : 6" - c^ : <?. 

8. If « : ft : : c : df : : « :^ then a-e :b -/:: c : rf. 

9. If a : ft : : ft : c, then nu^ - nft* : ma - «c : :/mi* + gft* : jw» + ^c. 

10. If o:ft::ft:c, then a - 2ft + c = ^^^-^' = ^^^\ 

12. If a : ft = ft : c, then a + ft + c:a-ft + c::(a + ft + c)*:a*+ft* + c'. 

13. Solve the equations 

(i) V*+Vft : V*-V^ : : a : ft. (ii) «+a : 2ir-ft : : Saf+ft : 4j;->a. 
(iii) a; + y4-l:ir4-y + 2::6:7 

y + 2a::y-2ar:: 12x + 6y-3: 6y-12a? 
(iv) ar : 27 : : y : 9 : : 2 : a? - y. 

14. What number is that to which if 1, 5, and 13 be severally 
added, the first sum shall be to the second as the second 
to the third? 

15. Find two numbers in the ratio of 2^ : 2, such that, when di- 
minished each by 5, they shall be in that of H : 1. 

16. A railway passenger observes that a train passes him, moving 

in the opposite direction, in 2f, whereas, if it had been 
moving in the same direction with him, it would have passed 
him in 30" : compare the rates of the two trains. 

17. ^ and B trade with different sums: A gains £200, JB loses 

£50, and now A'b stock : J^'s : : 2 : ^; but, if A had gained 
£100 and B lost £85, their stocks would have been as 15 : 3^; 
find the original stock of each. 

18. A hare is 50 leaps before a greyhound, and takes four leaps to 
his three ; but two of the greyhound's leaps are as much as 
three of the hare's : how many leaps must the greyhound take 
to catch the hare P 

19. Divide £500 among A, B, C7 in the proportion of 3, 4, 5, and 

also in the proportion of i^ i, i; and if A*b portion be to 
Bb : : 9 : 8, and to Cs : : 6 : 5, shew that the shares of 
^^ ^, C are in the proportion of 1^, 1^, 1^. 
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20. A quantity of milk ifi increased by watering in the ratio of 
4 : 5, and then three gallons are sold ; the rest, being mixed 
with three quarts of water, is increased in the ratio of 6 : 7 ; 
how many gallons of milk were there at first? 



166. The value of any Alg. quantity will, of course, 
depend on the values we give to the letters it contains. 

Def. When two quantities are such, that their ratio 
is constant, that is, remains the same, whatever values 
we give to the letters they contain, one of them is said 
to vary as the other. 

The sign used to denote variation is a (read varies as). 

ar" + 3ic 1 
Thus, a:* + 3jr ac 2«* + 6ar, since ^^-i — ;r-=«» whatever be the 

value of «. 

167. Hence i{ Ace B, (where A and B are used to 
denote, not numerical or constant, but algebraical or 
variable quantities, such as admit of different values by 
giving different values to the letters they contain) then, 
accordii^ to the above definition, the value of the ratio 
A : B will remain constant, whatever may be the values 
of the quantities A and B themselves. If then we put m 

to denote this constant value, we have — = m, or -4 = mB; 

B 

so that, when one qtmntiiy varies as another, they are 

connected by a constant mtdtiplier. 
Thus a^-\^Sx = i{2a^-\-6x), from which it follows necessarily that 

V 4- ^/f 1 

= -r , for all values of x, or, as above stated, a^+Sxcc 2a:*+6ar. 



2:F« + 6a; 2 

168. Hence also if Aoc B, and a, b, be any pair of 
values of A and B, then for any other values of A and B, 
we have A : B^m^^a :b, that is, when one quantity 
varies as another, if any ttoo pairs of values be taken of 
them, the four toiU be proportionals : or since A:a::B:b, 
we may state this by saying that if one of them be 
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changed from any one value (A) to any other value (aj, 
the other wiU be changed in the same proportion from 
the value (B) corresponding to the first to the value (J) 
corresponding to the second. 

169. The following are terms used in Variation: 

1. It A = mBf then A varies directly as B; 

2. \i A^ — y A varies inversely as J5; 

3. If -4 = mBCy then A is said to Yary jointly as B and C; 

4. If -4 = m — , then A is said to vary directly as jB, and 
inversely as C. 

170. The following results in Variation are noticeable, 
(i) If ^ Qc £ and J5 X (7, then Aoc C. 

For let A = mB, B = nC; then A^mnC^ and .*. Ace C, 
since, m, n, being constant, so also is mn. 

So also, if Aoc B and Bcc -, then Aoc — , 



(ii) If -4 a C and J5 a C, ^ ± Ba C, and V^J5 a C. 

For let A ^mC, B^nC; 
then -4 ± J3 = w(7± »(7= (m ± n) C, and :. A±Boc C; 

and '^A^--'^mCxnC^'^mnC^ = ^^nmC, and /. V2j5a C 

-4 A 

(iii) If -4 oc B(7, then J5oc — , and Ca — . 

67 B 

1 A A A 

FoiletA^mBCy then5=— . -—, or 5a ~; so Ccc -— . 

m C C B 

(iv) If ^ a i5, and Coc A then ACcc BD. 

For let A^mB, C^nD; then AC^mnBD, or ^Cx J5D. 

Ex. 1. If a « J^Cf and 1, 2, 3, be contemporaneous values of 
a, hf c, express a in terms of b and c. 

Since a « J^c, /. a - mb^c, wjiere we have to fiiid m; now, when 
ft = 2 and c = 3, a becomes 1 ; .*. 1 = 12m, or m= j^^, and .*. a= i^a^*<?. 
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Ex. 2. If y = the sum of two quantities, one of which oc x and 
the other gc «*, and when a? = 1, y = 6, when x = 2, y = 20 ; express 
y in terms ofx. 

Here y s mo; + tur*, where we have to find m and n : 
now, by the Question, when a: = 1, y = 6, .*. (i) 6 = m + n, 
and when a; = 2, y = 20, .*. (ii) 2Q«= 2m + 4n ; 
from which equations m s 2, n = 4, and .'. y = 2a; + 4«'. 

Ex. 73. 

1. If ary QC a:* + y", and 3, 4, be contemporaneous values of # 
and y, express ary in terms of a:" + y*. 

2. If y= the-sum of two quantities, whereof one is constant and 
the other oc x inversely, and when a; = 2, y = 0, when a; = 3, y = 1, 
find the value of y, when a; = 6. 

3. K y = the sum of two quantities, whereof one is constant, 
and the other oc xy, and when a; = 2, y = - 2f, when a? = - 2, y = 1, 
express y in terms of a?. 

4. If y = the sum of three quantities, which vary as x, a^, n^ 
respectively, and when a; = 1, 2, 3, y = 6, 22, 54 respectively, 
express y in terms of x. 

5. If y = the sum of three quantities, of which the first « a:*, 
the second x x, and the third is constant; and when a;= 1, 2, 3, 
y = 6, 11, 18, respectively, express y in terms of x, 

6. Given that z oc a; + y, and y oc a:*, and that when a; = ^, the 
values of y and z are i and ^, express z in terms of a?. 

7. If a; oc -i and i^ a -, shew that a? oc - « - . 

y" « y 8 

8. The area of any triangle varies jointly as any side, and the 
perpendicular let fall upon it from the opposite angle ; express the 
aresk of the right-angled triangle ABC in terms of the sides AC, 
BC, containing the right angle, it being found that, when the sum 
of the two sides is 14 feet and the hypothenuse 10 feet, the area is 
24 square feet. 
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CHAPTER XIL 



VARIATIONS, PERMUTATIONS, AND COMBINATIONS. 

171. The Variations of any No. of quantities are the 
difierent arrangements which can be made of them, 
taking a certain No. at a time together. 

Thus the Var» of a, b, c, two together, are db, ba, ae, ca, 5c, o&. 

When all are taken together, the Var" are called 
Permutations: but this distinction is not always ob- 
served, the words Variation and Permutation being used 
by some as synonymous. 

172. The No. of Var^ of n different things^ taken r 
together^ is n(n - 1) (n - 2) . . . . (n - r + 1). 

Let there be n different things, a, J, c, rf, &c. 

The No. of Var*" which can be formed of these n 
things, taken singly y is, of course, n. 

Now let us remove a; there will then be n - 1 things, 
b, c, d, &c., and the Var°* of these taken singly, will (as 
before) be » - 1. If then we set a before each of these, 
there will be w - 1 Var°* of n things, o, J, c, d, &c. taken 
ttoo and two together, in which a stands first ; similarly 
there will be n - 1 such Var°*, in which b stands first ; 
and so of the rest : therefore, on the whole, there will be 
n(n - 1) Var°» of n things taken two and ttoo together. 

Let us again remove a ; there wiU be n - 1 things, 
by c, d, &c., and the Var°* of these, taken two and two 
together, will be (»- 1) («- 2) by what precedes; and, 
by the same course of reasoning, it will appear that, on 
the whole, there will be »(n- 1) (»-2) Var" of n things 
taken three and three together. 
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Suppose then this law to hold for the No. of Var°* of 
n things a, b, c, d. Sec. taken r ~ 1 together, which would 
he, therefore, «(» - 1) (» - 2) . . , . {» - (r - 1) + l), or 
« (« - 1) (« - 2) . . . . (f» - r + 2). 

Now remove a; there will then be n- 1 things J, c, rf, 
&c., and the Var" of these, taken r - 1 together, would 
be found from the preceding result, by writing in it 
n- I for «, and would, therefore, be 

(n-l)(n-2) (w-r+l). 

If now we set a before each of these, there would be 
'(n-l)(n-2). .. .(n-r+1) Var" of n things a, b, c, rf, 
&c. taken r together, in which a stands first; similarly, 
when b stands first, and so of the rest: therefore, on the 
whole, there would be n (» - 1) (n - 2) • . . . (» - r + 1) 
Var°" of n things taken r together. 

If then the formula represent correctly the No. ot 
Var"' of n things when taken r-l together, it would 
also when they are taken r together; but we have 
shown it to be true when they are taken 1, 2, or 3 
together ; therefore when taken 4 together ; and, there- 
fore, when 5 together, &c., that is, it is generally true 
for all values we can give to r. 

173. Hence denoting by Fj, V^, V^, &c. V^ the No. 
of Vax" of n things taken 1, 2, 3, &c. r together, we 
have, from the preceding formula, 

V^=^n, V^=n{n-\\ Fg-nCw- l)(n- 2), &c. 
F; = » (» - 1) . . . . (» - r + 1). 

Cor. If r««, or off the quantities are taken together, 
then the No. of Perm" (P) of n things, is 

nin- l)(n- 2)... (n-»+ \) = n{n- 1)(«- 2)... 1; 
or, reversing the order of the factors, 

P= 1.2.3 n. 
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174. The No. of PemC^ of n letters, whereof p are a'«, 
q are b'«, r are c'«, 8fc. is 

1*2»3 • • • • n 
1.2.3 .... p X 1.2.3 .... q X 8fc» * 

For let N be the No. of suck Perm"". Suppose now 
that in any one of them we change the p a's into different 
letters; then these letters might be arranged (173. Cor.) 
in 1.2.3 ..../> different ways, and so instead of this one 
Perm*", in which ^ letters would have been a's, we shall 
now have 1.2.3 ...p different Perm'**. The same would 
be true for each of the JVPerm"; hence, if the|> a's 
were changed to different letters, we should have alto- 
gether 1.2.3 . ...px N different Perm"* of n letters, 
whereof still q are J's, r are c\ &c. 

So if in these the q J's were changed to different 
letters, we should have 1.2.3 . . . . y x 1.2.3 ..../> x iV 
different Perm*** of n things, whereof still r would be c's, 
and so we may go on until all the n letters are different ; 
but when this is the case we know (173. Cor.) that their 
whole number of permutations = 1,2.3 . ...» ; hence 

1.2.3 .... ^x 1.2.3, . .. yx &c. X JV^ 1.2.3 ....«, 

and iv = — T — . 

1.2.3 ..../? X 1.2.3 .... y X &c. 

Ex. 1. How many changes can be rung with 5 bells out of 8 P 
How many with the whole peal P 

Here V^ = S. 7. 6. 5. 4 = 6720, P = 8. 7. 6. 6. 4. 3. 2. 1 =40320. 

Ex. 2. How many different words may be made with all the 
letters of the expression a'^cP 

Of these 6 letters, 3 are a's, and 2 6's ; .'. N= j'^ o^'f'n = ^' 

1. ^« O X 1. « 

Ex. 3. What No. of things is that, whereof the No. of Var«% 
taken 3 together, is 20 times as great as the No. of Var^' of half 
the same No. of things taken 2 together? 

Here,, if n denote the No. of things required, we have 
n (n -4) (n - 2) = 20 (Jn) (Jn - 1), whence n = 6. 
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Ex. 74. 

1. How many changes may be rung with 5 bells out of 6, and 
how many with the whole peal ? 

2. In how many different ways may 7 persons seat themselYes 
at table P 

3. How many different words may be made of all the letters of 
the words division, insinceref commencement, haccalaureuef 

4. How many different words may be made of the letters of the 
expression a*Iy'<^d? 

5. The No. of Var^S 3 together : the No., 4 together : : 1 : 6; 
find the No. of things. 

6. How many different words may be made of all the letters of 
the words mammalia, caravansera, Oroonoko, Miesiseippif 

7. The No. of things : the No. of Var«», 3 together : : 1 : 20; 
find the No. of things. 

8. The No. of Var" of n things, 3 together : the No. of Var»« 
of n -f 2 things, 3 together : : 5 : 12; find n. 

9. The No. of Var"* of n things, 4 together : the No. of Varn« 
of fn things, 4 together : : 13 : 2 ; find n. 

10. If the No. of Yarn* of n things, 3 together, be 12 times as 
great as the No. of Var»* of \n things, 3 together, what is the No. 
of Permn> of the same n things ? 

11. Of what No. of things are the Perm" 720? 

12. There are 7 letters, of which a certain No. are a's; and 210 
different words can be made of them ; how many a's are there ? 



175. The Combinations of any No. of quantities are 
the different sets that can be made of them^ taking 
a certain No. together, without regard to the order 
in which they are placed. 

Thus, the Comb°* of a, h, c, d, 3 together, are ahc, abd, acd, bed. 

It is readily seen that each Comb** will supply as 

many corresponding Var'*', as the No. of quantities it 

contains admits of Perm"'. 

Thus, the Comb'^ abc supplies the 1.2.3 or 6 Yarns ^c, acb, hact 
bca, cab, cba. 
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176. The No. of Oomb^ ofn different thingSy taken r 

together y is 

n (n - 1) (n - 2) . . . , (d - r + 1) 

1.2.3 • • • • r 

For (175) each Comb'' of r things will supply 1.2. 3. ..r 

Var^ of r things ; hence, if CJ. denote the No. of Comb"' 

of « things, r together, we have 

1.2.3. . . .r X Cv = No. of Var°' of n things, r together 

-F;=«(n-l)(»-2) («-r+l); 

^ w(«- l)(n-2) . .. . (w-r+ 1) 

•*. Of = — — — • 

1.2.3 • • • • f* 

m. HenceC.-^, C,=^). (?.=^^^,&c. 

Now it wiU be seen hereafter that these are the same 
as the coefficients of the binomial (1 + a:/, so that 
(1 + a;)- = 1+ C^x + C^^ + &c. + C^oT. 
Hence, putting a?= 1, we have 2"= 1 + (7, + C7,+&c.+ C^ ; 
or the sum of all the Comb°" that can be made of 
n things, taken 1, 2, 3, &c. n together » 2**- 1. 

178. The expression for €>, (by multiplying both numr 
and den' by 1.2.3 ...(«-r)) may be put into the form 

7> (n - 1) (n - 2) , . . . (n - r -f 1) X (n -- r) 3.2.1 

1.2.3 . . . . r X 1.2.3 .... {n-r) 

1.2.3 . . . . n \n 



" 1.2.3 . ... rx 1.2.3 .... (n-r) \r \n-r ^ 
if we use \n to denote the continued product 1.2.3...n. 
Hence, writing n-r for r, we have 

\n-r \r \r\n-r "' 
or the No. of Comb»» of n things taken n-r together 
a the No. of them taken r together. 

The Comb"' of one of these sets are said to be 
Supplementary to those of the other. 
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Ex. 1. Find the No. of Combi^* of 10 things, 3 and 6 together? 
Here C,= ^-^=120, and C. = C, = lg|J=210. 

Ex. 2. How many words of 6 letters might be made out of the 
first 10 letters of the alphabet, with two vowels in each word? 

In these 10 letters, there are 7 consonants and 3 vowels ; and in 
each of the required words, there are to be 4 consonants and 
2 vowels : now the 7 consonants can be combined four together 
in 35 ways, and the 3 vowels, two together, in 3 ways; hence there 
can be formed 35 x 3 s 105 different sets of 6 letters. Of which 

4 are consonants and 2 vowels : but each of these sets of 6 letters 
may be permuted 6.5.4.3.2.1 = 720 ways, each of these forming 
a different loord, though the whole 720 are composed of the same 
6 letters : hence the No. required = 105 x 720 = 75600. 

Ex. 75. 

1. How many Comb°> can be made of 9 things, 4 together? 
how many, 6 together ? how many, 7 together ? 

2. How many Comb°> can be made of 11 things, 4 together? 
how many, 7 together ? how many, 10 together ? 

3. A person having 15 friends, on how many days might he 
invite a different party of 10 ? or of 12 ? 

4. How often might a common die be thrown, so as to expose 
five different faces ? 

5. Find the whole No. of Combo" of 6 things, 1, 2, &c., 6 together. 

6. Four persons are chosen by lot out of 10 : in how many ways 
can this be done ? and how often would any one person be chosen? 

7. How often may a different guard be posted of 6 men put of 60? 
on how many of these occasions would any given man be taken ? 

8. The No. of Combn* of ^n things, 2 together, is 15 ; find n. 

9. The No. of Gombn* of n things, 3 together, is ^^ of the No., 

5 together ; find n. 

10. The No. of Combo* of n + 1 things, 4 together, is 9 times 
the No. of Comb»« of n things, 2 together ; find n. 

11. The No. of Combo* of in things, 4 together, is 3f of the 
No. of Comb"* of in things, 3 together ; find n. 

12. How many words of 6 letters may be made out of the 26 
letters of the alphabet, with 2 out of the 5 vowels in every word ? 
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CHAPTER XII. 



THE BraOlOAL THBOBEM. 

179. The Binomial Theorem is a formula, discovered 
by Sir Isaac Newtoriy by means of which any binomial 
may be raised to any given power, without going 
through the ordinary process of Involution. It may 
be stated as follows: Whatever be the value of n, 
positive or negative, fractional or integral, 

(a^xr^a^-, ? a-^x,- ""^^^ g-V.. ^^^"^^ ^^'^^ g-'^r^^c; 
^1 1.2 1.2.3 

where the coefficient of a'^'^of ^ — ^.'Il-i-Z i 

1.2 ... r * 

and this, being the coefficient of the (r + 1)*** term of the 

expansion, where r may represent any positive integer 

whatever, is called the coefficient of the general term. 

It will be noticed that the coeff* of re, a:*, &c. af, in 
the above, when n is a positive integer ^ are no other 
than the Nos. of Combinations of n things taken 
1, 2, &c. r, together. On this account we will use 
the letters Cj, C,, &c. (7,, to denote these coeflF* in all 
cases ; and so we may write the formula 

(g + a:)r = a" + Cfi^'-^z + Cjn'^'^ix? + &c. + Crg'-'af + &c. 

In this expression, a and x may stand for any quan- 
tities whatever ; so that 

(g-a:)r={g + (-a:)}»-g- + C;g«-^(-«) + (7,g*-'(-a:)'-f&c. 

= g" - C;g"'a? + Cfl''^3f - &a , 

where the terms are altemately positive and negative : 

and (1 ± a:)" = 1 ± C^x + C^ ±Cjx? + C^x"" ± &c. 
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180. To prove the Binomial Theorem when the index 
is a pq^iTivE integer. 

We shall find, by actual multiplication, that 
(x + a) (« + 6) = «■ + (a + 6) « + oft, 
(ar + a) (a: + 6) (a? -f c) = «■ + (a -I- 6 + c) «• + (a5 + fltf + Jc) a? + a5c. 
Assume this Law of Formation to hold for n - 1 factors, so that 

(a;+ai)(a?fo,)...(ar+fl^.j)=ar-*f^jX-'+;)^"-'+&c.+j>,.i, 
where J^i = a, + a, + a, + &c., p, = a^a^ + a^a, + a^ + &c., &c. = &c. 

then, multiplying by another factor, x + a,, we have 

(a:+€iJ(a:+a,)...(a:+aJ=a?"+/>ia?''"V p^'\&c.^ p^.^x 



where ^i = p, + a, = «j + a, + a, + &c. + o^, 
&c = &c. 

that is, if the Law holds for the product of n - 1 factors, it holds 
also for that of n factors : but we have seen above that it does hold 
for three factors, therefore for ^bur, and therefore for Jive, and so 
on; that is, it holds generally, when n is a positive integer. 

Now, it is easily seen that the terms in q^, q^ q^ &c., are the 
different Comb^ of the n letters a,, a^ a,, &c. a^, taken one, two* 
three, &c. together ; and, consequently, the No. of terms in q^ is C^* 
in ^, is C^, &c., as in (177). Let us put a for each of a^ a^ &c.: then 
the first side becomes (x + a)**, and each of the terms in q^^ q^ q^ &c. 
becomes a, a\ a', &c. respectively ; and therefore we have 

(x + a)* = a:" 4- C^aoT-^ ^ C^af'^ + &c. 

= x** -h ? ax^-' + !!i^^a«x-« + &0. 

And, of course, it will follow in like manner, that 
(a + «)» = a" + C^xa"^^ + (7^a»-« + &c 
= a» + C^a'^'^x + Qa-- V + &c; 
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181. There are only n+ 1 terms in the expansion of 
(1 + xy^ when the index is ajpositive integer. 

Since the coeff. of the (r + 1)*** term = C,, we see that 
if r be such that the last factor of the num', «-r+ 1 = o, 
then the (r + 1)'** and all ihefoUotving terms (all of which 
would involve this factor) will vanish, i.e, the series will 
have ended with the r^ term. Now if »-r+l = 0, 
then r = n -h 1 ; and the series will have ended with the 
(n+\y^ term. 

182. In the expansion of(l+ xf, the coeff* of terms ^ 
equally distant from the beginning and end, are the same^ 
when the index is a positive integer. 

The C^+ 1)*^ term from the end (having r after it) 
will be the {{n+l)-r}^ or («-r + 1)*^ from the be- 
ginning, and its coefF. will therefore be C7,^; but, (178) 

^_ y^(n-l)...(n-r+l) ^ [g _\^_^q 

1.2... r ir \n-r l^zLiL *'^* 

or coeff. of (r+l)M» term from beginning » coeff. of 
(r+ 1)*^ term from the end. 

N.B. The number of terms, n + 1, being odd or even as » is even 
or oddf it follows that, if n be even, there will be one middle term, 
but if odd, two middle terms, which, by (182), will have equal 
coeffs, and on each side of which the same coeff* will occur in 
order. "When, therefore, in expanding a binomial with a positive 
integral index, we have passed the middle term or terms, we shall 
find all the coeff* repeating themselTCs ; and, instead of calculating 
those of the remaining terms, we may write down, in inverted 
order, the coeff* already found, as in the following examples. 

Ex. 1. (l+ar)* = l + ^a?f ^«« + &c = l + 4« + &r» + 4a!» + aj*. 

We shall not, however, give any more examples of the 3"*, 4**», 
and b^ powers of a binomial, which the Student should be able to 
write down as in (42). 



THE BINOMIAL THEOREM. 143 

■n A r« Ml « 7 7.6 , 7.6.5 J, o 
Ex.2. (1 -ary=l --«+—«"- ^^"2:5 af» + &c. 

= 1 - 7« + 21«» - 36j!» + 36a^ - 21«* + 7aJ» - a:\ 

Ex.3. (Sx-iy) ^3xy-5(3«)P(}y)+?|(3a:y(iy)'-^(3:r)»(iy)^&c. 

=729a^-6x243«*xjy+15x81ar*x Jy«-20x27«»x Jy* 

+ 16x9a«x Ji,/-6x3a:xi»'ay*+e\y* 
= 729a* - 729:r*y + ^^^^V - ^x'y* + W«*y* 

Ex. 7«. 

1. (l + «y. 2. (« + «)'. 3. (!-«)•. 4 (a-a;)«. 

5.(1+ a;)". 6. (l-2a;)". 7. (a-3«)*. 8. (2a: + a)». 

9. (2a-3a:y. 10. (l-iarf. 11. (l-i«)". 12. (Jx-iy)". 



18S. To prove the Binomial Theorem, when the index 

is FRACTIONAL OT NEGATIVE. 

It will be sufficient if we can prove the Theorem for 
the expansion of (1 + xf, that is, if we can shew that for 
all values of x^ (1 +a:)r= 1 + C^x + C/? -k- &c. 

For then, since a + x-all + -\, we shall have 

..•{l.cr,(f).C.(0.4c.} 

« a* + Cfi'^'^x + (7ja*" V + &c., as required. 

Let then the series 1 + — ar + -^^ «' + &c., what- 

1 1.2 

ever be the value of m, be denoted by the symbol /(m). 

Now, when m is a positive integer, we know that this 

series represents the expansion of (1 + a;)"*, that is, 

/(m) « (1 + 0?)", when i» is a positive integer. We shall 

now shew that this is the case for all values of m. 
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Since / f ^) = 1 + — a: + — ^^ — "^—^ «• + &c. 

•^ "^ 1 1.2 

"^ ^ 1 ' 1.2 

and /(^)x/(w)= 1 + ~ a;+ ^^^" ^ g^ + &c. 

+ - a: + mn a:* + &c. 
1.2 



^l +ax + ba? + Sec. 

where we use a, J, &c. to denote the coeff% found by 
addition^ of x, s?. Sec, so that 

, mCm-l) n(n-^l) « 

a='m + n, b= — ^^ ^mn-i- —^ ^^ , &c. 

1.2 1.2 

Now b, Cy &c. might be reduced to much simpler 
forms than these, but the process would be tedious : we 
may find them however^ immediately, by the following 
consideration. Since the above multiplication does not 
at all depend upon the actual values of m and n, we 
should still have, by the addition, the same values as 
above for a, b, &c., whether m and n stand for positive 
or negative, integral or fractional, quantities. 

But when m and n are positive integers, we know that 

/(m) = (l+a:)-, /(n)-(l+a;)', 
and .-. f(m) xf(n) = (1 + «)* x (1 + a:)" = (1 + a;)*** ; 

and since m + n is here a positive integer, we know 
also that 

(1 + zT** =» 1 + — - — X + ^^ ^4-"- ^ ar + &c. 

^ 1 1.2 

Hef e, therefore, we have the values of o, i, &c. when 
971 and n are positive integers: hence also they will 
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be the same, whatever be the values of m and n^ and we 
aave, therefore, in all cases, 

xr \ ^/ N 1 ^ + ^ rm + n)(m + n-l) , ^ 
/Wx/(«)=1+ -f- ^+ -\;i -a?-^8cc.; 

or, since this series would be denoted by f(m + n), we 
have f{in)xf{n)-f{m-{-n\ for all values of m and n. 

The student may easily satisfy himself that the values just 
obtained for a, 5, c, &c. are identical with the former, though 
simplified in form; thus 

, m(m-l) n(«-l) m(m- l) + 2m« + n(n- 1) 

o --= — ^ + mn + — ^ = — ^ ^ 

1.2 ^ 1.2 1.2 

_ m(m - 1 + n) + n{m + w-l) _ (m + ») (w -f i> - 1) 
i.2 1.2 

Hence /(m) x/(n) x/(/>) =/(m + n) xf{p) ^f{m + tj +/?), 

and similarly for any No. of such factors; i.e, the pro- 
duct of any two, or more, such series, as that denoted by 
f{rn)y produces another series of precisely the same form. 

Now, (i), let there be n factors, each =y f — J , where 
m and n are positive integers ; then 

/( — Jx/f — jx&c. w factors =/(— + — -f&c. » terms ), 

.K")}":/(?')=/«-<'-^- 

since wj is a positive integer; 

.-. taking the n^ root on both sides, (1 + a:)" =f{ — ] , 

Hence f{m) is the series for (1 + a:)"*, so long as the 
index is positive ^ whether it be integral or fractional. 

Again, (ii), let n = - w, where m is positive, but may 
be integral or fractional ; then 

/(m) x/(- m) ^f(m - m) =/(0) - 1, 



or 



H 
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(since the series becomes = 1, if we put for w» in it); 

"'^^" ^^ ° fOn) ° (TTxT ' ^^^^ ^ ^^ positive, 

= (1 + a;)"*, by the Theory of Indices. 

Hence /(- m) is the series for (1 + a;)"*", where the 

index is negative, and may be either integral or fractional. 

It follows then that for aJl values of the index, we have 

(1 +a:)»=/(w)= 1 +^:i?+ ?i^— ^a:* + &c. 

184. We have seen (181), that when the index is 

a positive integer, this series will stop after n + 1 terms; 

when fractional or negative, it wiU never terminate, but 

consist of an infinite number of terms, since we cannot 

then find any value of r, which will make n - r + 1 = 0. 

Ex.1. 
/I X. , -2 -2(-2-l) . -2(-2-l)(-2-2) , . 

= 1-1 *+ ?l ^- rit «* + &c. = 1 - 2ar + 3«»-4a:»+ &c. 

In this Ex. there is some trouble in simplifying coeff", and 
getting rid of superfluous signs : to save this, it will be useful to 
remember the result of the following genercU example. 

Ex.2. 

(l±xy^ = l±-x^ 1.2 ^ ^ 1.2.3 "^^*^- 

^ 1 ^ 1.2 + 1.2.3 ^ ^ 

Ex.3. (l + a:)-» = l--ar + ~a:*-jYj«» + &c 

= 1 - 3« + 6j:« - lO** + &c. 
Ex.4. (l+^)i,l + ta: + t(izi>^« + i«^^ 
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Here also it will be well to notice the following general results. 

Ex. e. 

, E P-P-i] PP.i]lP.2] • 

P P~9 P P-9 i»-2g 

= 1 ±? « + i_^ *• ± il_L_j»2_ «• + &c 

So also 

'■"''■-'f"''-i^-^ '"';t'y'" --^-"°> 

-» ^ WM x-S « 2 2*5 . 2*5.8 _ a 

Ex.6. (1-*) i=l+-x^^^^ + j^^^^ + &c 

= 1 + |a: + f o:* + f^a* + &c. 

Ex. 77. 
1. (1 + «)->. 2. (1 - 3ar)-». 3. (1 + Sxy\ 4. (1 - 2xy\ 

5. (1 - i«)-*. 6. (1 + !«)*». 7. (1 + 2x)K 8. (1 - 3a:)*. 

9. (l-«)i 10. (l-a!*)l 11. -3^=. 12. 



\i-x VT^ 



= a-* - 8a-*a; + 40a- V - 160a- V + &c. 
£x 8 

' -i ft o a? 15 aj« 35 ar» ^ \ 
L a 2 a* 2 a' J 

= a"* + 3a"*ir + ^'^a^ + ^'^a^ + &c 

Ex. 78. 

1. (2 -«)-•. 2. (3-2«)-«. 3. (a+hxy-K 4. (a-J«a:)"*. 

5. (a"*-ftV- 6- («*-«")^. 7. (a"4+ft"V- 8- («-a-)\ 

9. (a*-a*)-i. 10. (a«-a^)*. 11. (a« -««)■*. 12. (or-a:*)!. 
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CHAPTER XIIL 



NOTATION, DECIMALS, INTEBEST, &C. 

185. Notation is the method of expressing numbers 
by means of a series of powers of some one fixed num- 
ber, which is said to be the radix or hose of the scale, 
in which the different numbers are expressed. 

Thus in common Arithmetic^ all Nos. are expressed in a scale 
whose base is 10; for 3578 denotes 3000 + 500 + 70 + 8, %,e. 
3.10'+ 5.10"+ 7.10 + 8; so also 376, when expressed in a scale 
whose radix is 12, is 274, since 2.12' + 7.12 + 4 = 288 + 84 + 4 = 376. 

186. Ifxbe any integer, any No. N may be expressed 
in the form N = p°r° + Pn-i^"^ + &c. + p^r* + p,r +- p^, where 
the coefficients p'^, p„_p &c. are integers aU less than r. 

For divide N by the greatest power of r it contains, 
suppose r"; and let the quotient be p^ (which wiU, of 
course, be < r), and the remainder N^} then N=py + JVj. 

Similarly N^ ^p^./^'^ + N^, N^ ^'Pn-J^ + ^3» *^c-> ^^ 
thus continuing the process until the rem' becomes < r, 
Pq suppose, we have N=pj^+p^,^r^~^-¥&c.+p^f^-\-p^r+pQ, 

Some of the coefficients p^, j»„ p^ &c. may vanish, 

but none can be >r. Their values then may range 

from to r- 1, and these different values axe called the 

digits of the corresponding scale. Hence, including 

zero, there will be r digits in the scale of r. 

Thus in the scale of 12, the digits will be 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
t and 6, where t and e are used to denote the digits 10 and 11. 

187. In the Binary scale, the radix is 2; in the 
Ternary, 3 ; in the Quaternary, 4 ; in the Quinary, 5 ; 
in the Senary, 6; &c.; in the Denary or Decimal, 10; 
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in the Undenary, 11; in the Duodenary or Duodecimal ^ 
12; &c. 

All Nos. are supposed to be expressed in the common 
or denary scale, unless the contrary is mentioned. 

188. To express any proposed No. in a given scale. 

Let N be the given No. which is to be expressed in 
the scale of r, in the form N=pjr''-\-&c. •^pj'^-^Pir^-p^i 
we are to shew how the digits />^, /?^.j, &c. may be found. 

Divide JVby r; then we shall have 

JV o 

— = ;>.r"-^+ &c. +p^+p, +9, 
r r 

i.e. we shall have an integral quotient, pjf^'^ + &c.-¥p^ 

(= N^^ suppose,) with remainder j9q ; hence the remainder, 
upon dividing iVby r, is j^^, the last of the digits. 
Again, divide iV^ by r; then we shall have 

r r r 

hence the rem', upon dividing J\^ by r is jDp the last hut 
one of the digits; and so dividing N^ by r, we get j!?^, &c. 

Ex. Express the oommon number 3700 in the quinary^ and 
convert 37704 from the nonary to the oetenary scale. 



Ex*l. 5)3700 



6) 740 ... 

5) 148 ... 

6) 29 ... 3 

6)^ ... 4 

Ans. 104300. 1 ... 



Ex. 2. 8) 37704 



8) 4311 ... 5 
8) 480 ... 1 



8) 54 ...4 
6...1 
Ans, 61415. 

Notice that in Ex. 2, the radix is 9, and therefore, when, in 
beginning the division, we are obliged to take the two figures 37, 
these do not mean thirtysevenf but Zx9-^1=: thirty-four: hent^e 
8 in 37 will go 4 times with 2 over; 8 m 27 (not twenty-seven, 
but 2 X 9 4- 7 A twenty ^ve) will go 3 times with 1 over; and 

so on. 

H3 
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Ex. 79. 

1. Express 1828, 34705 in the septenary scale. 

2. Express 300 in the scales of 2, 3, 4, 5, 6. 

3. Express 10000 in the scales of 7, 8, 9, 11, 12. 

4. Transform 444 and 4321 from the quinary to the septenary. 

5. Transform 27^ and 7007 from the undenary to the octenary. 

6. Transform 123 and 10000 from the nonary to the quaternary. 

189. The common processes of Arithmetic are carried 
on with these, as with ordinary Nos.^ observing that 
when we have to find what Nos. we are to carry in 
Addition^ &c.^ we must not now divide by 10, but 
by the radix of the scale in question. 



Ex. 1 



Addition, 
r=4 r=7 


Bubiraction, 
r = 3 r = 12 


32123 65432 
21003 54321 
33012 43210 
22033 1444 
31102 65001 


201210 7<348 
102221 566^4 

21212 1^64 


332011 226041 





Ex. 2. Multiply together 68 and 71 in the undenary scale; 
express also and multiply these Nos. in the nonary scale, and 
compare the results, by reducing each to the other scale. 

Here 68 and 71 in the imdenary = 82 and 86 in the nonary: 
68 82 9)4378 11) 7823 

11 _?^ 9)533...3 11)642...8 

68 543 

431 727 



9)65...2 

7...8 



11)52...7 
4...3 



4378 7823 

It will be seen that in the last two operations we have shewn 
that 4378 in the undenary = 7823 in the nonary, and vice versdt 
as It should be. 

Ex. 3. Divide 234431 by 414 (quinary), and extract the square 
root of 122112 (senary). 



'234431 
41 


414) 234431 (310 
2302 


122112 (252 
4 


122112 
44 


234340 


423 
414 


45) 421 
401 


122024 




41 


542) 2012 
1524 





44 
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£z. 80. 

1. Take six terms of the series l, 10, 10", &c.; express and add 
them in the senary scale, and reduce the result to the denary. 

2. Multiply the common Nos. 64 and 33 in the binary and 
quaternary, and transform each result to the other scale. 

3. Transform 1756 and 345 from the octenary scale to the 
nonary; multiply them in both scales, and divide the result in each 
case by the first of the two numbers. 

4. Di^dde 51117344 by 675 (octenary), 37542761 by 42< (un- 
denary), and 29^6580 by 2«9 (duodenary). 

5. Extract the square roots of 25400544 (senary), 47612384 
(oonary), and 32«75721 (duodenary). 

6. Express in common Nos. the greatest and least that can be 
formed with four figures in the scales of 6, 7, and 8. 



190. A decimal fractioii may be considered as a vulgar 
fraction, whose den' is some power of 10, the No. of 
decimal places pointed off from the right being the same 
as the index of the den'. Hence, if P represent the digits, 
or, as they are called, the significant part, of a decimal 

P 

oi p places, its equivalent vulgar fraction JV= — ^ . 

It is obvious that decimals, having the same signifi- 
cant part, P, may differ much in value, in consequence 
of the difference in the value of p, i.e. in the position 
of their decimal points. 

Thus 1.23 = ^^. .0123 = ^, 12.8 = ^. 

191. Toprwe the rule for painting in Mult* of Dedmals, 

Let M and N be two fractions, which, expressed as 
decimals, give the significant parts P and Q, with p and 
^ places of decimals respectively ; then 

M- — , iv= — , and itt x iV= — x — = — —. 
10"' 10« 10" 10« 10^"* 
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PQ 

Now -— represents a decimal, whose significant part 

is PQ (the product of the two decimals as whole Nos.) 
and haying p + q decimal places ; hence the rule : 

Multiply €t$ in whole Nos.; and in the product point 
off as many decimai places as there are in the Multiplier 
and Multiplicand together. 

192. To prove the rule for pointing in Div"" of Decimals* 
Let My N, P, Q^p, g be the same as before ; 

th —^ — ^^^— 12!-:^ 1^. 
^^ iV " lO' * 10* *" l(y ^ Q "" Q ' lO'' 

hence^=^.^^,or-~,or=^.10-, asi^.y, 

P 

Now — is the quotient obtained by dividing P by Q, 

as in whole Nos.; hence the rule : 

Divide as in whole Nos.; then 

(i) If the No. of places in the dividend exceed that in 
the divisor, point off in the quotient a No. of decimal 
places eqtml to that excess; 

(ii) If the No. in the dividend be the same as that in 
the divisor, the qiwtient will have no decimal places,; 

(iii) If the No. in the dividend faU short of that in the 
divisor, annex to the quotient a No. of cyphers equal to 
that defect. 

Notice that any cyphers, annexed to the dividend in 
the process of Division, must be reckoned as so many 

decimal places ; thus 1 -r 15.5 sa J. ^ .08. 

*^ 12.5 

193. To prove the nde for reducing a circtdating 
decimal to a vtdgar fraction. 
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We need here consider only the fractional part of a circulating 
decimaL If there be any figures before the decimal point, these 
may be kept separate, and connected with the vulgar fraction 
equivalent to the other part, so making a mixed No. 

Let iVbe a circulating decimal, in which P represents 
the figures not recurring, and Q the period or recurring 
part ; and let P and Q contain /? and q digits respectively. 

Then N^.PQQ&c. and \{f.N^ P.QQQ &c. 

and 10P^.JV'= PQ.QQQ &c. 



or iV= 



.-. (10^ - lO*) N^ PQ - P, 
PQ-P PQ-^P 



Hence the rule — (since 10«- 1 will be expressed by 
q nines y and 10'' is 1 followed by/> cjrphers) — 

For the numerator, set down the decimal to the end of 
ihe first period y and subtract from it the non-recurring 
part; and for the denominator , set down as many 9'« as 
there are recurring figures y followed by as many cyphers 
as there are non-recurring figures. 

194. Let T ^6 A proper fraction in its lowest terms. 

Then if h can be put in the form 2* 5", i.e, the pro- 
duct of any powers of 2 and 5, the fraction may be 
reduced to a terminating decimal, in which the number 
of places will be the greater of the two^ m and n. 

ror if «i > n, then — -— = —=-=- « % 

which, expressed as a decimal(190),has m decimal places; 

, .^ . a a.2*^ a.2"'* 
and II m<n, then — -— = -z^zrr - -z , 

which, expressed as a decimal^ has n decimal places. 
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195. If b be not of the form 2*5", the fraction cannot 
be reduced to a terminating decimal. 

For here no factor, by which we could multiply both 
numerator and denominator, will make the denominator 
a power of 10; since all powers of 10 contain only 
factors 2 and 5, whereas the denominator here contains 
some factor different from these. 

In such a case it may be shewn that the figures of the 
decimal will recur, and the No. of figures in the period 
will be less tiian b. 

196. To find the Amount of a given sum, in any 
given time, ai Simple Interest. 

Let P be the principal in pounds, n the length of 
time in years, r the interest of £l for 1 year ; then the 
interest of P pounds for. 1 year will be Pr, and for 
n years, will be Pm, which is the whole interest re- 
quired ; and the Amount, M^ P + Pm » P (I + r»). 

If J!f s 2P, or tiie original siun has doubled itself, we 
have 2P = P(l + m), and n = i ^ r, r = 1 -r w. 

Thus at 4 per cent, since here we should have r = xi^i and 
.*. n = ^^e 25, it appears that any given sum will double itself in 
25 years; but to have doubled itself in 15 years, it should be put 
to interest at 6} per cent, since then we should have n^ 15, and 
.-. r=i^«» ^^ 100r = 6f. 

Cor. Hence the Simp. Int. on any sum, is proportional, 
(i) to the Principal, when the Bate and Time are given, 
(ii) to the Rate, when the Principal and Time are given, 
(iii) to the Time, when the Principal and Bate are given 
{Arithmetic, 96); but the Amount only in tiie first case. 

197. To find the Amount of a given Sum, in any 
given time, at Compound Interest. 

Let P, n denote, as before, the Principal and Time ; 
JB the amount of £l with its interest for 1 year » l + r ; 
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then PJR will be the amount of £P with interest for 
1 year, and this becomes the Principal for the 2nd year: 
.-. PJR X J8 e PP? will be the amount of £P for 2 years, 

and this becomes the Principal for the 3rd year : 
.-. PJS* X jB= P^ will be the amount of £P for 3 years, &c. 

hence Jf=P^=P(l +r)", the amount of £P for n years: 
and the interest « PPT - P « P(lf - 1). 

Cob. Hence the Comp, Int. on any sum, as also the 
Amounty is proportional to the Principal^ when the Rate 
and Time are given ; but not in the other cases. 

198. To find the Present Value and Discount on any 
sum for a given time, (i) at Simple (ii) at Compound Interest* 

Let F" represent the present value, D the discount, of 
a sum P due at the end of n years; then, since F'is the 
sum, which at Int. for the given time will amount to P, 
we have (i) P » r(l + m), (ii) P *r r(l + r/; hence 

199. Equation of Payments. A sum P is due at the 
end of a time t, and P' at the end of a time (; to find 
the time at which both sums should be paid together, 
at Simple Interest 

Let X be the time ; then the interest on P, which is 
paid after its time, should « the discount on P, which is 

paid before its time; or Prix^t)^ -^. — ^, from 

\ "T r \v ~" Xj 

which quadratic x may be found. 

In practice, however, it is usual to reckon the interest 
instead of discount in the latter case ; when we shall have 

PC^-O-P'C^-a?), or «(P + P)»P^+P^. 
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Generally, if there be n sums Pj, P,, &c, due at the 
end of times, t^, t^, &c. and if ^ be the equated time, on 
this latter supposition, for payment of the whole stun 
P^-^P^ + &c. or S (P), then the amount of S (P) for 
time (z) ought to equal the sum of the amounts of the 
separate sums for their separate times, that is 

S(P){l+ra:} = P,(l+r^i) + P,(l+r<,) + &c., 

or S(P) + ra?S(P) = S(P) + rS(PO; 
.-. «.S(P)«S(P^). 

200. By the help of the preceding formulae, examples 
in Interest may be often solved more simply than by the 
ordinary Arithmetical methods. 

Ex. 1. What sum will in 9 months amount to £600, at 5 per 
cent, per annum, Simple Interest P 

Here Jf=600, r = Y^ = .05, n = f = .75, to find P: 

• • ^= T^ = 1- nf-.-. = r^^ = ^578 6. Sd nearly. 
1 + m 1 + .05X.75 1.0375 ' 

Ex. 2. In what time will £91 ISs ^ amount to £100 at 3 per 
cent, Simple Interest? 

Here P = 91f, r = xfo> -3f=100, tofindn: 
.-. 100 = 91f (l+T*oW), whence n^^^S^^ years. 

Ex. 3. Find the Comp. Int. on £276 for 3 years at 5 per cent. 
Here P = 276, » = 3, 22 = 1.06, to find Jf : 
.-. Jf=276x(1.06)»=£318 6« Hid, and Int =Jf-P=£43 6s Hid. 

Ex. 4. Find the Discount on a bill of £600, due at the end of 
2 years, at 2^ per cent. 

.-. the discount, D = £23 16« 2J</. 



MISCELLANEOUS EXAMPLES: Part L 



1. Multiply a*-2a«-y + da? by 6"4ap. 

2. Divide Sa^ + 4afta« - 6a»6«a: - 4ff»6' by 2aft + x. 

3. If a;sl, yc=-2, s==3, find the value of 

3a* - 2ay + 5y* + ag' + 2yz i 2x g 
4ir* + 2xy + 3y" + 2z" + yz - a:« 

4. Beduoe — ;- ,— ,c and -t— «-* ojf. .^ v -4* 

a (m* + n*) - man a?* + 2a;"y + Zx*/ + 2ary^ + y* 

5. Extract the square roots of If^ and 66.455104. 

6. Simplify 7^-7 ^ — f-7 r^, and - ^ - ^r-j — ^ • 

*^ ^ m-x)-i{x-li) x-l 2j: + 2 2a:' + 2 

7. Sum the a. p. 7 + 8^ + &c. to 8 and to n terms. 

8. Insert an H. mean between 1^ and 1|. 

9. Reduce to their simplest forms Vl^^i V98aV, f ^21 ^q. 

10. Expand (1 - 2*)"* to five terms. 

11. (i) J(6a:-7)-i(4ar-9) = 3$ (ii) a: + 7=V5V+19 
(iii)Ja:-iy = l I (iv)a« + y»=131 

6(« + y)-3(2;-y) = 13(«-l)J xy = 6j 

12. A certain fraction becomes 1 when 3 is added to the nums 
and i when 2 is added to the den' : find it. 



13. Write down the square of 1 + 2a: - «• - Ja*. 

14. Divide 61«y + lOx* - 48a:»y - 1 5y* + 4ay' by 4a:y - 6a» + Oy«. 

15. Find the value of ar* - 2a (a - 6) «» + (a* + 6") (a - b) x - a^l', 

when a = 1, 6 = - 2, a; = 3. 

16. Find the G. c. M. of 

3a?* - a"y* - 2y* and lOar* + ISa^V - l^^V - l^^y*- 

17. Extract the cube roots of 1953125 and 5. 

18. Simplify l-*^H<^ni ^^ -«;V:r^+7- 

19. Sum the O. P. 3 - 1 + &c. to 5 terms and ad infinitum, 

20. Simplify {(aift'^c*)"^}-* and x'^y'^z y/(xyz'i). 

21. Expand to five terms — . 

Va - 3aj 

a 



11 MISCELLANEOUS EXAMPLES. 

22. Express 3000 (quaternary) in the quinary scale, and 3000 
{quinary) in the quaternary, and all four in the septenary. 



(iii) l-6(i*-l) = 2-f(y + l) 

fa + 8-i(y-6)=ll«-3J(ar-2) 



-J 



24. A can do a piece of work in 10| days, which A and B can do 
together in 5f days : how long would B take to do it alone ? 



25. Find the product of a* - a, «* - aic + a, and «* + aic + 0. 

26. Divide f -e» - 4ar* + ■¥«*- V^«* -¥« + 27 by i«*-ar + 3. 

27. If a; = 1, y = - 2, « = 3, find the value of 

28. Reduce 'Ll^^ and ^^ A Tn .tn^. 4^^ i_. * 

«* - y* 36aV - 18aV - 27aV + 9aV 



29. Simplify 



i-Hi-i(i-^)} ^d -^±1- + -izf. 



l-i{l-i(l-a:)) 2(a:+l) 2(a:-l) a»f T 

30. Find the square roots of 19321, 1.9321, and 19.321. 

31. Obtain a fourth proportional to f , f, f, and a mean propor- 
tional to .017 and .153. 

32. Sum the O. P. f - } + &c. to n terms and ad mfim^um. 

ji 

33. Expand (ax - a^)'^ to five terms. 

34. In how many ways may a sum of 40 guineas be paid in 
dollars (4« 6d) and doubloons (13«)P and how may it be paid 
with fewest coins P 

(ii)J^-12 = }y + 8 I .^ 13 4^ 

i(« + y) + iar = i(2y-«) + 35J ""^ x^2^ x ^' 

36. A can correct 70 pages for the press in Ij^ hr, B can correct 
150 pages in 2^ hrs : how long will they be in correcting 
425 pages jointly ? 

37. Multiply (a + 6 + c) (a + 6 - c) by (a >- b -i- c) (h -^ c - a), 

38. Divide 1 - i« by 1 - Jar - Ja?* to five terms. 

39. IS a = - x = i, 6 = 0, find the numerical value of 

x*-(a-'h)x'^(a--b)b*xr'b\ 

40. Reduce to its lowest terms - ,— ", . ^ ~ . 

2a^ 4- 3a:" + 3ar + 1 



MISCELLANEOUS EXAMPLES. HI 

41. Find the cube roots of 2685619 and i. 

42. Simplify the fraction ^-^ ^ ^ ' w ^ ^\ i^^""^ - 

43. Expand (a* - 40*2*)^ to five tenns. 

2a « ' 9 , Sx * /SOy* 

44. Reduce to their simplest forms "q" \/ i"! *°" "o" V qtS * 

45. Sum the A. P. i + f + &c. to 31 and to n - 2 terms. 

46. Transform 1828 into the septenary scale, and square it) 
reduce the result to the nonary, and extract the square root; 
and express the latter two results in the denary. 

47. (i) Sx-i{x- H) = 9 - i(5a: - 7) 

(ii) j;-y-«= 6^ (iii) a (« + y) - 6 (ar - y) = 2a" ) 

3y - a? - a = 12 1 (a* - ft") (a: - y ) = 4a«6 / 

78 - y - « = 24/ 

48. Two men can do a piece of work in 12 days, and one of them 
can do half as much again in 24 days : in what time could 
the other do a third as much again ? 

49. Simplify i{Ja-(6-a)}-i[(6-ia)-f{a-f(5-M]. 

50. If a = l, 5 = 3, e = 6f find the numerical value of 

{a-(6-c)}" + {6-(c-a)}" + {c-(a-6)}". 

51. Expand and simplify the quantities in the preceding question. 

52. Find the O. c. M. of 

7«"-2«V-63ay"+18y" and 5«*-3a:"y-.43ay+27ay-18y*. 

53. Extract the square roots of 1110916 and 9 + 2 ^/l^ 

54. Simplify 

55. Sum .2 -)- .02 + .002 to n terms and ad infinUium, 

56. How many terms of the series 17, 15, &c. will make 72 P 

57. Expand (a*- fta;)'} to five terms. 

58. How many different throws can be made with two dice ? 

59. (i)^- = 8-2f^^t^^ <^) «* + 7y«43l 
^^«+l \x^'6) lla? + 9y = 69/ 

(iii) a:*y - ay" = 6 = 2ay 

60. A person bought cloth for £12 : if he had bought one yard 
less for the same money, each yard would have cost him 
1« more; how many yards did he buyP 

a2 



IV MISCELLANEOUS EXAMPLES. 

61. Multiply 2y + Sar^yi - x^ by 7a^ - 5yt 

62. Divide a:* + 4ar + 3 by x^-2x + B. 



63. If o = l, 6 = 2, c = 3, find the value of Va (6^ + AM?) - i^<?- 

64. Find the G. c M. of a» (6* - J"c») and ft» (a& + ««)■. 

65. Obtain the fourth root of 16jj» (a? - 2) - &r» («-» - 3> + 1. 

66. Simplify ^±1 - ^-!- - J-^. 

*^ ^ 2a;-l 2ar+l a:(l-2a?) 

67. Find the G. mean between 12 J and 13, to 3 places of decinaals. 

68. Expand ( ^ -^ P to five terms, 

69. What number is that, which is just as much below 36 as its 
half is above its third part ? 

70. Convert 297 to radix 11 : square and cube it in that scale, 
extract the roots, and reconvert them to the common scale. 

71. (i) i(3« + 5)-i(21+«) = 39-6a: 

(ii) 2a:' + a? = 28. (iii) 2a: - 9y + 2 = = 3ar - 12^ + 2J 

72. A and B can reap a field in 10 hrs, A and Cin 12 hrs, B and 
Cin 15 hrs: in what time can they do it jointly and separately f 



73. Obtain the quotient of 6 Vx' - 96 V*"* by Vx-6 Vx'K 

74. If a: = i, and a: + y = a; + y + a = 0, find the value of 

76. Reduce ,^^ .,,1 . ^ x and . ^^ ^ » • 
(«• -y^){^ + U^-^) ar - 8a; + 3 

76. Add together 7 V63 + 2 V252 + 11 V28. 

77. Find V3.14159, and the fourth root of a;* - ia? + f a:* + i\ - 2**. 

78. Shew by the Bin. Theor. that V2 = 1 + i - i + A - rfr + &c- 

79. Sum the A. P. f + 2 + &c. to 9 and to n terms. 

80. Form the equation whose roots are 2, - 2, 1 + V^* 1 - V^* 

81. What number is that which is the same multiple of 7, that 
its excess above 20 is of its defect from 30 ? 

82. How many different arrangements can be made of the letters 
of the word Novogorodf How many with two o's at the 
beginning and two at the end? 

83. (i) i{7a? + 5)-*(« + 4) + 6 = f(ar + 3) 

(ii) a: + y -8 = = J (« - y) + f {« - iy + 2) 
(iii) a? + V5a? + 10 = 8 



MISCELLANEOUS EXAMPLES. V 

84. Out of d&SOOO, a person leaves £20 to an old servant, and 
the remainder among three societies, A, B^ and C, so that B 
may have twice as much as C, and A three times as much as 
B : how much does each receive ? 



85. Multiply -/a^ + 1 + JL by V«" - 1 + 4l- 

yar yar 

86. Divide Jo* + icfx -2a? hy \a^^x. 

87. If a s 1, 6 s f, x^l, y-^i find the numerical value of 

5(a-6)^(a + ar)y"+a-6V(a + a;)y-Viy-{a-V3(aj-26)}«. 

88. Simplify IJ-f {1 -f (a:-})} and {a-J (a - 16)} -f {6-i (a+|*)}. 

89. Write down the quotient of ax'^ 4- &* by a^x'i + fti 

90. Find the square root of {x + «*) - 2 (a;* - a?"*) - 1. 

91. Sum the, A. and o. P. f + 2 + &c., each to n terms. Can the 
latter series be summed ad infinitum f 

92. Expand Vl + 4a; to five terms, and square the result. 

93. Find two numbers in the ratio of IJ : 2f, such that, when 
increased each by 15, they shall be in the ratio of If : 2^. 

94. In how many ways may £24 1 6« be paid in guineas and crowns ? 

95. (i) i(9a: + 7)-{a;-^(x-2)} = 36 

(ii) ^ + 1 : y : : 5 : 3 \ 

|a:-i(5-y) = 3A-i(2a:-l)/ 

..... 8-a? 2a; -11 x-2 

(lU J = 

^ ' 2 a:-3 6 

96. A messenger starts with an errand at the rate of 3f miles an 
hour; another is sent half-an-hour after to overtake him, 
which he does in 2 hours: at what rate did he ride? Find 
also hi what time he will do it, if he rides 12 miles an hour. 



97. Simplify i {a? (a;+l) (a?+2)+a;(a;-l)(a;-2)}+f (a;-l)a:(xf 1). 

98. Divide a* - V«'i* + ia^ + i** by a« + 2a6 + J6». 

99. Find the G. C. M. of 3ar' + 4a:* - 3a; - 4 and 2a;*-7a;'+5. 

100 Reduce (a?* - ft') (a; - ft) ^^^ x + Vc^ '^'y 
(a;" + ft* - 2fta;) {hx + «*) x-a'^y ' 

101. Find the cube root of 69.426531. 

102. Multiply 1 + a^-«'J+a^ + «"^ + a*af"* by a;"^ - a*4- 1. 



▼1 MlfCELLANBOUS EXAMPLBS. 

103. Find the comnioii differenoe of an a.p.» when tiie first term 
is 1, the last term 50, and the snm 204, 

104. If a :b:: Old, shew that 7a + 6:3a-56::7tf + <l:3e-5J. 

105. Divide 100 into two parts, so that |- the greater may be 
greater than i the less by i their difference. 

106. Employ the septenary scale to find the side of a square 
which contains a million square feet 

107. (i) i(ar + 3)-|(ll-ar) = f(ar-4)-A(«-3) 
.j-v 2«^ 2£j^ {iii)ac-y + s=17 

4 

108. ^ and J? engaged in trade, A with £275, B with £300; 
A lost half as much again as 3, and B had then remaining 
half as much again as A : how much did each lose? 



af-y + «=17 ^ 

(ar + y-2) = 2(y + «) I 
{a? + y + z)=3(l-a: + 3z)J 



109. Jf a-b^x = S and a + 5 + d?»2, find the value of 

1 10. Shew that (2a + b') (26 f a") = (2a*5* + a'V*)«. 

111. Find the L. c. M. of 6«» - 13a; + 6, 6«»+5x-6, and 92:'-4. 

1 12. Obtain the square root of ix* + ia* - \ax (2a' + 39* - Aax). 

113. Obtain V^ to four places, and thence find Vi* Vs» V^s* 

114. Simplify and 7 + t I + tl ;:i • 

115. Square a - 25 - 3c and 2a-\bx- \ea^ + 2da?. 

116. Sum the o. p. 5 + 2 + &c. to n terms and ad infinitum, 

117. The trinomial €Ui^-\-bx^-e becomes 8, 22, 42 respectively 
when X becomes 2, 3, 4 : what does it become when a; = - ^? 

118. Expand \^ - 4a; to five terms, and obtain the same by EvoIb. 

119. (i) i(4ar - 21) + 3i + i (57 - 3ar) = 241 - ^ {fix - 96) - Ux 
(ii) lla:«+l=4(2-ar)» 

(iii) i(3«-2y+l)-i(ar-y) = ty^ 

X 2y ~ 2xy 

120. ^ and ^ sold 130 ells of silk, of which 40 were -4*s and 90 
F%f for 42 crowns ; and A sold for a crown J an ell more 
than B did. How many ells did each sell for a crown ? 



MISCELLAKEOUS EXAMPLES. Til 

121. Write down the quotient of 16 - 81a by 2 + 9^/a. 

122. Multiply a" + i (a + 6) « - Ja« and a» - f (a - 6) a; + Ja^. 

123. Reduce to it^ lowest terms r^r-, — r-i — ■: r . 

124. Find the L. c. M. of a" + aj*, (a + «)", and a' ± s^. 

125. Obtain the square root of 1^ and of 12 + 6^3. 

126. Simplify a - (5 - c) - {6 - (a - c)} - [a - {26 - (a - c)}], and 

, ^ g-i- e 6 + c ar + c 

(a - 6) (a? - a) " (a - J) (ar - 6) " (a? - a) (ar - 6) * 

127. Sum the A. P. i + i + &c. to 7 and to n terms. 

128. How could a sum of £24 16« be paid from A\jo B with the 
use of fewest coins, if A have only guineas and B crowns ? 

1 29. Simplify V8(?^T^'^6aV and ( Va)* ' i - } (afe VPF)** 

130. Compare the numbers of combinations of 24 different letters, 
when taken 7 and 11 together; and also when the letters 
a, ht e occur in each of such combinations. 

1Q1 /-x^ar + lS ,, ll-3ar _ .^ 13 - a: 21 - 2ar 



13 ** 36 12 18 

(ii) 1 + f (y + 6) - i (7a: - 6) = 10 - i (3ar - 10 + 7y) 

J(12-a?):5a?-J(14 + y)::l:8 

...... 3(a:-l) „ 3(ar-2) 

(in) 6x ^ - - = 2a? + — ^^ 



} 



132. A party at a tavern had a bill of £4 to pay between them, 
but, two having sneaked off, those who remained had each 2s 
more to pay : how many were there at first ? 



133. Shew that (ac ± hdf + (arf+ hcf = (a' + ft") {c» + ci»), and ex- 
emplify this identity when fl = l = -c?, 6 = 2 = -c. 

134. Obtain the product of a? + 2 V«V + Vy by a; - 2 Vl?y + 2Vy- 

135. Divide ap* - («• - 6 - c) «• - (ft - c) oaj + Jc by a^ - oa; + c. 

lofi T> J 6a*-13fly + 6t/* , «» + llai* + 30ar 

136. Reduce - r-j — ^— — jf-g and ;r-= — rr„— , — ^ =-s • 

K)a" - 9fly-9y« Oa;* + 63«« - 9a: - 18 

137. Find the L. c. M. of rr?n - mn\ m* + mn - 2»', and m*- mn - 2n" 

138. Obtain the square root of a* - 2a^ + 3ai - 2d^ + 1. 

139. If a : ft : : c : (^, express (ft f (Q (c + ^) in terms of a, ft, e. 

140. Find V^) ^^d thence deduce the values of 

5 V2 2V3 + V2 1 +V2 16 

V54* V3-V2' V3 + V2' 7-V« * 



Yin MISCELLAMSOUS EXAMPLES. 

141. Insert two A. and two H. means between 1 and 3. 

142. Expand (1 - 4d;)'« and (1 - 4x)~^ to five terms ; and shew 
that the former series, when squared, coincides with the latter. 

143. (i)i*-J(:r-2)=i{a:-i(2i-ar)}-i(ir-.5) 
.... X ar-9_a?+l j?-8 

^^' x~^^ ^T^' in.^ IT^ 



^ ^ 6J-3« 3 V«-i/ 



144. A farmer bought 5 oxen and 12 sheep for £63, and for £90 
could have bought four more oxen than he could have 
bought sheep for £9 : what did he pay for each? 



145. Find the continued product of {x + a) (« 4- h) (a - 2x){fi - x). 

146. Write down the square and fourth powers of a - J Vox - 2x. 

147. Simplify ^^.-^:L(^zJ1 and (^-^)^^-^) . 

^Ao ly A * •* 1 ♦♦ 3a* + 2J« + c»-5aA-3ftc + 4ac 

148. Reduce to its lowest terms ^i— tf i o-« o r — or — ^r. 

3a* + 4i" + 3c*-8aft - 8ic + lOnc 

149. Extract V.Ol to four places of decimals. 

150. Obtain the square root of (a? + 1)" - ^^/x (x - ^x -^ 1). 

151. Determine which is the greater V2 -r ^3 or ^3 -r \/5. 

152. Sum the O. P. ^ + ^ + &c to n terms and ad infinitum, 

153. Given - 1 to be a root of the equation a;* - 7ic* - 6a: = 0, find 
the other three roots. 

154. In how many different ways could a farmer lay out a sum of 
£63, in buying sheep and oxen at 30s and £9 respectively ? 

155. (i) a(a? - 6) = 6(a - a?) - (a + 6) a: 

3 ._5_ ^ (iii)2a:« + 32^ = 261 

^ ^ nr3i"*'l-5ar"*"2a?-l V+2ay = 39i 

156. A and B can do a piece of work together in 4'days : A works 
alone for two days, and then they finish it in 2f days more : 
in what time could they have done it separately ? 



157. Find the value of \/\^ + x/^^-T^^ + ^'*' " 2fl5 + ib\ 

when a = J, 6 = J, 



MISCELLANEOUS EXAMPLES. IX 

158. Divide o" + 2a5* + 6' by J + 2a^ bi + h. 

159. Find the G.c.M. of ar« + 7^' + 7«* - 16a: and ar» - 2ir«- 13ar+ HO- 

160. Simplify — - - -—. - -j— r and 



a: -2 a: + 2 a: V 4 U-f(l-i«) 

161. Multiply together a; - 1 + V2, a; + 2 + V3, x - 1 - V^, and 
a; + 2 - V3. 

162. Find the 7'^ term of 54-5|+6 J+&C., and its sum to 16 terms. 

« 

163. Jfa:b::b:c::c:d, shew that aibii^a: Vd; and express 
(a + 6) (c + d) in terms of b and c. 

164. Find the least number which, when divided by 39 and 56, 
shall leave remainders 16 and 27 respectively. 

165. Expand (1 + 2a:')~* and (a -i- 2b)^ , each to five terms. 

166. Express a million in the senary scale, extract its square and 
cube roots in that scale, and reduce the results to the denary* 

167. (i) f (a: - 5) - A (x - 13J) = 5 - J(7 - «) 
,„^x-ay , ax + y ..... 3ar + 8 5 (12 -a:) ^- 

168. If ^'s money were increased by half of J^'s, it would amount 
to £54 ; and, if ^'s present sum were trebled, it would ex- 
ceed three times the difference of their original sums by £6. 
What had each at first P 



169. Write down the expression for the product of the square root 
of the sum of the cubes of the square roots of a and b, by 
the square of the cube root of the sum of their squares : and 
find its value approximately, when a = 4, & = 1. 

170. Multiply a:'« + 2ar*4yi + 3y by a?"* - 2a;"*yi + y. 

171. Simplify {(J-^)-}"-, and reduce ^:^J% . 

172. Obtain the square root of 1 - aa;* - ^c^x + 2a'ar* + 4«V. 

1 TO T?» J *!. « « + 6 b J jy , 2aj -h 1 4a: + 5 

173. Fmdthesumof r,andofl+«, ,v-^, ,. 

x-a x-b^ 2(a?-l) 2(artl) 

174. Extract Vl^> and thence obtain the square roots of f, |, 
2f, 41f. 

175. Sum the A. p. 13 + 11^ + &c. to 5 and to n terms, beginning 

in each case with the ninth. 

a 5 



X MTSCEtLAl^EOtJS KXAM^LfiS. 

176. Jfx = '^^^.y^'^4^f^^^e''^^^^^^^^i^' 

V3 - 1 ^ V3 + 1 

177. Expand (1 + ^/x)'* to five terms, and obtain from the result 
the series for (1 + V*)'*« 

178. Find three numbers in the proportion of }, 1, f, the sum of 
whose squares is 724. 

179. {i) 6x-a:4x-b::Sx + b:2x^a (ii) 3(«-i)--— 2=^ 
(iii) (a; + 6)« + (y + 6)« = 2 (ay - 24), y = « + l 

180. A does f of a piece of work in 6 days, when B comes to help 
him ; they work at it together for i of a day, and then B by 
himself just finished it by the end of the day : in what time 
could they have each done it separately P 

181. Find the continued product of a + a?, tf + ly, a- J«; and 
deduce from the result the value of (a + by. 

182. Multiply fa: + 3a"ia:*-|a'' by 2x -a'^ x^ -ja 'h 

183. ShtipHfya:-i{(li-a:)-i(2i-ar)-f(li-a:-2i)}. 

«*-«* + 3a:* -2aj + 2 

184. Reduce to its lowest terms — j — ^-jrrh- k • 

X* - oar + 6a: - 5 

185. Find the L. C M. of fla:* - a^x, oar* - 1, and ax" + 1. 

186. Extract the square root of a*6"* + ia"W - a''6 + 2ab'\ 

187. Find the smn of ^^^^ + ^7^^^ - 2^^^ . 

188. Multiply together 3 V8, 2 V6, V15» V20; and find V2 + iV7. 

189. Sum the o. P. 6 - 2 + &c. to 7 and to n terms. 

190. A watch which is 10' too fast at noon on Monday gains 
3' 10" daily : what will be the time by it at 7h 12' a.m. of the 
following Saturday? 

191. (i) h (3a? + f) - ^(4^ - ^) = i(5« - 6) 

(ii) 6;f + 4y = 38i + i(3a:-y), « = 5A -i{i(ar + y)-i (jr-y)} 
2 3 5 

192. A man and his wife would empty a cask of beer in 16 days, 
after drinking together 6 days, the woman alone drank for 
9 days more, and then there were 4 gallons remaining, and 
she had drank altogether 3J gallons. Find the number of 
gallons in the cask at first. 



MISCELLANEOUS EXAMPLES. XI 

193. K 40 » d& = 1, find the value of 

{J (a* + a-ii-')}* - VLHl + a'* - (1 + <^'r^]l 

194. Find the sum of -^ - — 1 — , 

«"- 1 «"+ 1 ar»- 1 a:» + 1 

195. Simplify the surd expressions 

3 V2 + 2V3 3V2-V3 3Vi + 2V} 

3V2-2V3' V3-VJ ' ivJ-iVi' 

19CL Reduce f-j t^Vt sir and -.— m r— ^^ • 

197. FindtheL.c.M. of 3«*-2aj-l and 4«'-2«»-3j: + 1. 

198. Sum the series 3 - 2 + 1|^ - &c. to n terms and ad infinitum. 

199. Proye that the sum of any number, n, of consecutive odd 
numbers, beginning with unity, is a square number. 

200. Given y* a a* - «*, and when x « Vo" - 6*, ay = 6", find the 
value of X when y = f6. 

201. A person distributed £2 1« 8(f among some poor people, 
giving 9\d to each man and 6^^ to each woman : how many 
men were there, it being known that the whole number 
was a multiple of 10 P 

202. Expand (1 + V«)'* to five terms, and obtain from the result 
by Evolution the series for (1 + Va:)'. 

203. (i) i{l+f(^ + 2)}-f{li-(U-a?)} = lA 

(ii) aftaj*-(a + 6)ar+l = (iii) |(a:+y)=a:-y=v'af + 2y- 1 

204. A and B lay out equal sums in trade; A gains £100, and B 
loses so much, that his money is now only f of ^'s; but if 
each gave the other | of his present sum, Bn loss would 
be diminished by one half. What had each at first, and 
what would A*% gain be now P 



206. Shew that i («* + y") + as* - \xy + aw - ya and (y ^ «)• become 
identical when -x^y^a. 

206. Divide mps? + {mq - np) «■ - (mr ^nq)x^nr by mx-n> 

207. Multiply aH a"' + 2 - a^ + a"^ by a^ - a"^ + 1. 

fljS + C^3^ — (iX ~ €? 

208. Reduce to its lowest terms — . 



209. Obtain the sum of 



l-2x 1 + a: 1 



3 («:•-«+ l)^2(a:«+ 1)^6 (or + 1)* 



XU MISCELLANEOUS EXAMPLES. 

210. Find the square root of 49.14290404 and the cabe root 
of 8242408. 

211. The 3rd and 13^ terms of an A. P. are 3 and i: find the 
14^ term, and the sum of 20 terms. 

^ 212. Simplify the surd expression [ab'* . Voft* . ^<ib* . /oi*)*. 

213. The fore-wheel of a carriage makes 6 revolutions more than 
the hind wheel in 120 yards, and the circumference of one ia 
a yard less than that of the other : find that of each. 

214. Transform 1000000 firom the quinary to the septenary scale . 
and extract its square and cube roots in the latter. 

215. (i) i(*-l)(a:-2) = (a:-2i)(2:-lf) 

(ii) 2« + 3y = 5 = -(2y + 3a:) (iii) «* + ay=sa", / + ajy = 6* 

216. Find the time in which A and B can do together a piece 
of work, which they can do separately in m and n days. 
How long must A work to do what B can in m days ? 



217. Find the difference between (n + 2) (n 4- 3) (n + 4) and 
24{n-}(it-l)}{ii-|(n-2)}{n-}(n-lJ)}. 

218. Divide a + ft"+ c»- 3 \^a6V by a* + 6* + c. 

219. Fmd the sum of r + 



x-b x-a (x - a) (ar - 6) ' 

220. Find the L. c. M. of «* + a:*y + ay* + y* and «* - a:*y + *y* - y*« 

221. Obtain ^J\0, and thence derive the values of i Vf > V4t, V^si 
(V5 + V2) ■=- ( V5 - V2), and {y/5-^2)ir{6^/2-2^5). 

222. Sum (li)~^ + 2-* + (2f )-^ + &c. to n terms and ad in/inUum. 

223. Expand (a* + 2a*) * and (2a - 3x)-* each to five terms. 

224. A servant agrees with a master for 12 months, on the con- 
dition of receiving a farthing the first month, a penny the 
second, fourpence the third, and so on: what would his 
wages amount to in the course of the year P 

225. Given two roots of the equation a:^ + 4a; = do:* to be 1 and - 2, 
find the Qther three roots. 

226. A person changed a sovereign for 25 pieces of foreign coin, 
some of them going 30 to the £, the others 15 : how many 
did he get of each ^ 

227. (i) 2aa:» + (a-2)a;-l=0 (ii) aa:+l = &y f 1 = ay + 6* 
("'\ JL * + 2 _ 8aj-13 



MISCELLANEOUS EXAMPLES. XIJl 

228. Find the time in which A, B, and C can together do a piece 
of work, which A can do in m days, ^ in n days, and C in 
i{m-^ n) days. 

229. Divide 6y* + }ay« - W«y + Vy + W ^7 ly* f 3ay - |a«. 

230. Obtain the products of Va;"+ a V«*+ «* (i) by V*' -a v'ar' + o*, 

(ii) by V«' + oV«'-a", (iii) by V** - « Var* - a*. 

231. Find the o. G. M. of 

3a*-a"6*-26» and 10a* + 15a'6 - lOa'J' - 15aft». 

232. FindtheL.C.M.ofa^-3«»+3a?-l, «'-a:*-a;+l, aj*-2«»f2jj-l, 

and ar*-2a:« + 2a:»-2a; + l. 

233. Simplify «^^ and^^^^-^g^. 

234. Extract the fourth root of 

so 4 10 fi £ 18 l^ 

A* ' - 2^y* + ^a^^^ y* - 260a?^ » + 625y » . 

235. Sum 16J + 14f + 13 + &c. to 11 terms, and f + i + ^^ + &c. to 
n terms and ad in/,; and insert 3 H. means between 1 and 2. 

236. Given y* - 6* a a: + a, and when « = 6, y = a, find the value 
ofy when d; = 3a. 

237. Four places lie in the order of the letters Af B, C, D. A is 
distant from D 34 miles, and the distance from ^ to ^ is 
f of that from Cto D; also ^ of the distance from A to B is 
less than thrice the distance from ^ to Cby ^ of the distance 
from C to D. Find the respective distances. 

238. If (1 + a:)" = 1 + A^x + &c., and (1 + a;)"** = 1 + JJ^a: + &c., 
shew, by finding the actual values of A^, B„ &c. that 

A^ + A^B^ + A^B^ + -B, = 0. 

239. (i) 3a? + 20 = 7-i{3-t(a:-l)} (ii) -+- = a, -■¥^ = h 

X y X y 

riii> 6y-4a; ^ 5z - a? ^ y - 2g _ 

^ ^ 3z-7 2y-3z 3y - 2a: - 

240. If in (228) A work for J(3m - 2n) days and B for i (3n - 2m) 
days, in what time will C finish the work ? 

241. Write down the quotient of «* - y-* by «* + y "♦, and divide 
«'-2fl«* + (a* + a6-6*)a:-a'6 + aJ* by a?-a + 6. 

242. Ifa = 16, ft = 10, a? = 6, y = l, find the value of (x-6) (Va-6) 
+ V(a^i) (a?T]^) and (a - a?/ - (6 - ««) - ^/(a - a:) (6 + yj. 

243. Find the G. c. M. of 300a:'+ 265a:«+ 50a: + 24 and 60a:»+ 53x + 4. 



XIV MISCBLLANEOUS EXAMPLES. 

244. Sunpldy^-^^andj- H-^^j_-j}x|5-2-^j^j|. 

245. Find V'^i a^^^ obtain by means of it the values of 

V2f , V4i, (V3 - V2)*, and (2 V3 + 3 V2) r (8 V3 - 2 v/2). 

246. Shew that V{a* + V^ -^ V{^ + V^'} = («' + **)*• 

247. Divide 48 into nine parts so that each may just exceed that 
which precedes it by \, 

248. Given the coefficients of the ^^ and Gth terms of (1 -f o?)"^^ 
equal to one another : find n, 

249. In the permutations of the first eight letters of the alphabet 
how many begin with ah ? 

250. Express 12345654321 in the scale of 12, and extract its 
square root in that scale. 

251. (i) f (« - 5) - A (« - 13}) = 15 - f (19 - \x) 

(ii) ax-hy = a*1 ....v l%x- 3 V _ 4a: - 5 

hx-ay = V] ^^^ \ix-l I " 'i^T 

252. Find the time in which A, B, C can together do a piece of 
work, which (i) A can do in m days, and B and C together 
in } (m 4- n) days, or (ii) A can do in m days, A and J9 in n, 
and A and C in } (m + n) days. 

253. Fmd the coefficient of a; in (a; + 2) {x - 6) (x + 10) {x - 5), and 
of a;* in (1 + |a? + Ja:" + }a:» + &c.) X (1 - }aj + }a:« - lar* + &c.). 

254. Divide «'• + y by x'* + y^ and a4 - nursfi + max* - «• by 

X* - a*. 

255. Find the L.C.M. of 6«* - llaj* + 5a? - 3 and 9a^ - 9««+ 5a? - 2. 

ftco o- viL f(l-aar)-a: , , 2a* + a6-5* 

256. Smiplily !\ ' ^^ > , and reduce -= — ^ ^ . 

^ ''l-}(l + 2a?) fl^fa"5-a-5 

257. Find the sum of 

a ac a b-'2c ,2-2a:* 1 

and 



b b(b + c) b' b-e* V(l-a!«)* Vl"-a;»* 

258. A walks at the rate of 3 miles an hour, B starts 2 hours after 
him at 4 miles an hour: how many miles will A have walked 
before B overtakes himP Find also how long B should 
start aft«r A, in order that A^ when overtaken, may have 
walked 6 miles. 

259. Simplify b 'Wb + 4a v^aW - y/\2Mb\ 



MISCELLANEOUS EXAMPLES. XT 

260. If the first term of an A. P. be 6, and the sum of 7 terms 105, 
find the common difierenoe, and shew that the sum of 
n terms : sum of n - 3 terms : : n + 3 : n - 3. 

261. Which is the greater of the ratios 

a-{-2x: a + 3x and a* + 2ax + 2^ : a' -h Sax + 3^*? 

262. Of 12 white and 6 black balls how many different collections 
can be made, each composed of 4 white and 2 black balls ? 

263. (i) (X - If ) (x - 2i) = i (1 + ix) (X - 1) 

(ii) iaf-iy + « = 7, }x^-y-i« = l, iy + j8-x+10 = 

264. A market-woman bought eggs at two a penny, and as many 
more at three a penny ; and, thinking to make her money 
again, she sold them at five for twopence. She lost, how- 
ever, ^d by the business : how much did she lay out P 



266. Shew that (x + ar»y - (y + y-*)* = («y - x'Y^) (ay' - xr^y), and 
exemplify this result numerically when x^i, y = - f • 

266. Find the G.C.M. of 4aV + 9a^x* + 2ax» - 2aij? - 4 and 3a*x* 
+ ScKB* - flix + 2. 

267. Find by Evolution Va+6x to five terms, and square the result 

268. Simplify 3a-. p + {2a-(6-x)}]+i- 



i-2x" 



2x+ 1 

9 x-1 



269. Find the sum of ^ ^ + o^r s\ t — «. . ox • 

2x + 2 xf2 2(x + 3) (x+2)(x+3) 

270. A gamester loses } of his money, and then wins 10«; he 
loses i of this, and then wins £1, when he leaves off as 
he began. What had he at first? 

271. The sum of n terms of the series 21 + 19+ 17 + &c. is 120; 
find the n^ term and n. 

2742. Divide 100 into two parts so that one shall be a midtiple 
of 7 and the other of 11. 

273. Into how many different triangles may a polygon of n sides 
be divided, by joining its angular points ? 

274. Convert 85 and 257 to the quaternary scale ; multiply them 
in that scale, and reduce the result back to the denary. 

275. (i)ia: + ia:-l = J{3x-i(a?-l)} 

(ii) ax + y = x + 5y = i(a? + y)+l (iii) 3xV = 144 = 4a:y« 

276. A and B can reap a field of wheat in m days, B and C in n 
days, and A can do p times as much as C in the same time : 
in what time would the three reap it together? 



XYL MISCELLANEOUS EXAMPLES. 

277. Find the value of od; + &y - c when 

mc -nb , Ic - na 

X = — ^ and y = fz . 

ma -lb lb -ma 

278. When a = 4, a? = - 8, y = 1, shew that 

a'*«» + y? = {a'^x^ + y*) (a*** - a'^x^y^ + y*). 

279. Reduce to its simplest form 

3g- V + fig-' j; - 12 
a-»«» - 8a- V - 12a->« + 63 ' 

280. Find the L. CM. of 

«B*-l,ac« + l, (aM-l)», (ai«*+l)«, aV-1, a*a^fl. 

281. Obtain the square root of £' - 4« + 8^^ ^. 4, 

282. Simplify ^/40-}V320 + V 135, andSVf- JV12+4V27-2VA• 
283. Shew that the sum of the cubes of any three consecutave 

numbers is divisible by three times the middle number. 

284. ISaihwcid, shew that 2a« - 3*" i 2^ - 3<? :: a* + &■ : c» + d*. 

285. Two thirds of a certain number of poor persons received 
1$ 6d each, and the rest 2< 6d each : the whole sum spent 
being £2 15«, how many poor persons were there? 

286. The No. of Comb°* of n letters taken 5 and 5 together, in all 
of which a, h, and c occur, is 21 : find the No. of Combn* of 
them taken 6 and 6 together, in all of which a, 5, c, d, occur. 

287. (i)V*^T(r:^=i-* (ii)_i_, _!_ = _!_ 

(iii) a» 4- ay + y* = 37, a: + y = 7 

288. A certain number of sovereigns, shillings, and sixpences 
amount together to £8 6« 6d, and the amount of the shil- 
lings is a guinea less than that of the sovereigns and 1}^ 
guinea more than that of the sixpences: how many were 
there of each P 



289. What is the difference of a(6 + c)" + b(a + c)* + c(a + by and 
(a+6)(a-c)(6-c)+(o-5)(a-c)(6+c)-(a-6)(a + c){&-c)p 

290. Prove the preceding residt when a = - ^^ ^ - it c = - i. 

291. Multiply l+ia'lor-i-Ja-V by l-Ja"* « + J a"* or"- ^^a-V. 

292. Obtain the coefficient of «• in (1 - 2ar + 3«" - 4«» + &c.)». 

293. Extract the square roots of 7 A, .064, and 31 - 10 V6. 



MISCELLANEOUS EXAMPI.BS. XVll 

294. Simplify 

{(« - by + 4a6}* X {(a + ft/ - 4ab]i x {^^ + 2a5 (a + ft))l 

295. Giyen two numben such that the difference of their squares 
is double of their sum, shew that their product will be less 
than the square of the greater by the double of it 

^^^ « . a 2a 3a g, •«««*•« 

296. Sum to n terms -= + -^ + -r + &c« and - + 1 + - + &c. 

n' rr fr n a 

297. Kequired two numbers whose sum shall be triple of their 
difference, and less than 50 by the greater of the two. 

298. The No. of Comb>" of n + 1 things, taken n - 1 together, 
is 36 : find the number of Permutations of n things. 

299. (i) (a + af)(6 + ar)-fl(6 + c) = fl*c6-' + «« 

(ii) V« + '^a-x = 2{V« - Va-ar) 
(iii) 2«« + 3y« = 5 = - 5(2* + 3y) 

300. A can do a piece of work in two hours which B can do in 
4 hours, and B and C together in 1^ hour; in what time 
could they do it, working all three together? 



301. Divide 

12*- 20a:* y'^ +27«* y "' - 18a?i jr*+4y *' by 4«* -4a?l y'^^y'K 

o/vn t:<- J XL 1 g x+2a x^2b , 4ab 

302. Fmd the value of — + — , when x = . 

a?-2a a:-26 a + 6 

303. Extract the square roots of 

18945044881 and (x + x'^f - 4 (» - x''). 

304. Find the G. c. M. of (6 - c) «• + 2(ab '-ac)x-{-M- €?c and 
(aft - ikj + J" - 6c)« + (a*c + oft* - a*6 - oftc). 

305. SimpHfy 

V128 - 2 V50 + V72 - V18» and (5 V5 - 7 V2) -r (V^ - 2 v 2/. 

306. Find the sum of /^^ " o^o -^^' 

2a? -2y 2a;'+2y «" + y* 

307. When are the hour and minute hands of a watch first together 
after 12 o'clock? 

308. Expand (3a"* - 2a-»a;^)-' to five terms. 

309. Sum 1^2 + i + 6 + ^- ^<> ^ and ^ ^ terms ; and insert four 
H. means between | and f . 

310. The No. of Comb" of 10 letters, r- 1 together : No. of Comb"- 
of them, r + 1 together :: 21 : 10: find r. 



XViii MISCBLLAKEOUS BXAMPLBS. 

311. (i) .03a^ - 2.1x = 30 

(ii) (a? + a)(y-6) + c = {aj-a){y + 6)-cl 

(« + 6) (y - o) = (aj + «) (y - *) / 
(iii) x-{-y-ax + hy=^aa^''h^ 

312. Supposing in (300) A to begin by himself, how long after 
must B and C begin to help him, so that, when the work is 
finished, A may have done upon the whole twice as much asC? 

313. Obtain the product of ^/a + V«« + V*, 

(i) by V<* " "/<** ■•- V*> (ii) ^y V* ~ V<Mf - V^** 

314. Find the value of , — ^=^ when ar = (i) ^ a, (ii) - — ^ . 

Va+x-va-x 1 + '' 

316. Write down the quotient of 16aV - y by 2a* a^-\-fj*. 
316. Extract the square root of f - ^5, and of 

26f - ^V^ a!y-» + A ^'V - ¥ «' V + A A"'- 

Vfl* ^/ dX t% 
and \/ , each to five terms. 
a- X Y o + « 

318. Multiply together 

1 + 2 V2, 4 - V3, V2 + V3» 4 + V3, 2 V2 - 1, V3 - V2. 

319. Find tiie n^ term and the sum of n terms of the A. P. 

+ 4- -I- &c. 

n n n 

320. If the sum or difference of two numbers be 1, shew that the 
difference of their squares is the difference or sum of the 
numbers respectively. 

321. A servant agreed to live with his master for £8 a year and 
a livery, but was turned away at the end of 7 months, and 
received only £2 13» ^d and his livery : what was it worth ? 

322. How many different sums might be made of a sovereign, 
half-sovereign, crown, half-crown, shilling, and sixpence? 
and what would be the value of them all P 

«,.« ,.. 2aj + a x-h ^ax^{a -hf 

323. (1) -J "^ ^ 

(")'^-2STfe = -2 (iH)— oy = = ay.6.-ea^ 

324. Two girls carried between them 26 eggs to market: they 
sold at different prices, but each received the same amount 
upon the whole : the first would have sold them aU for 1», 
the second for \^\ how many did they each sell? 



MI8CELLAKB0US EXAMPLES. XIX 

325. Write down the square of 1 - |j; + ia^, and square the result 

326. Divide -2«V"*+17a»y*-fi«'-24«'y*by -«V"*+7aV*+^y- 

327. Find V7, and thence VI, VI t» V^i -r ^/^, 2 -^ (4 - V'^)- 

328. Findthevalueof2;j^+2-^,wh 

329. Simplify ^WToei^, and |^^^Vt7^^ 

330. Findthesumofl.i-l.^-^l^.llj.j^^ 

331. If t« sji + ^ + r, where p is constant, qccxy, and r x ^ry'l, and 
when x=y=:lt u = 0, when x = y*^2f u s 6, and when a; = 0, 
II = 1, find tf in terms of x and y. 

332. Shew by the Bin. Theorem that ^3 = 1 + f - * + 1^ - J Jf + &c. 

333. In how many ways could I distribute exactly 55s among the 
poor of a parish, by giving laOd to some and 2«6<? to others? 

334. How many words can be formed of 4 consonants and 2 
vowels, in a language of 24 letters, of which 5 are vowels ? 

886. (i)_l_(x+i\ = l+_i±4_+ J_(l + 1\ 
a-c\ xj {a-c)x a-cX x J 

(il) 4iiJ - 6y + ma = 7af - lly + na = « + y + j?a = 3 

336. A boat's crew rowed Z\ miles down a river and up again in 
lOCV: supposing the stream to have a current of 2 miles 
an hour, find at what rate they would row in still water. 



337. If X » ,-^. , find the value of ^^Jl^^. 

338. Reduce to its lowest terms 

6a*«" - €^x - 1 

339. Find the coefficient of «• in (1 + i« 4- f a:" + f a?» + Ac/ 

340..Findthesumof^-.^L(^>- 2a5 

341. Simplify c?hc Vo^ - Vc VW^c + a«6V V243a^*Fvl 

342. Obtain the cube roots of 61.064811, and 1 - 6a; + 21a^ > 44^:* 
+ 63«* - 64a:» + 27«*. 

343. The prime cost of 38 gallons of wine is £25, and 8 gallons 
are lost by leakage: at what price per gallon should the 
remainder be sold, to gain 10 per cent upon the outlay P 



aOt lfI8CEU.AKEOUS EXAMPLES. 

344. If a:h :;e id, shew that 

a« {(a« + iP) -(*" + c^} = («•-*•)(«•- O. 

345. Expand {2a- 3 Vox}^ and {30-2%"^}' t, each to five terms 

346. From a company of 50 men, 5 are draughted off eyery night 
on guard: on how many different nights can a different 
selection be made ? and on how many of these will two given 
soldiers be found upon guard? 

347. (i) ''^'^^'^Kax^I^ ^^^ axy^e{bx^ayn 

a-i-x hzy-c{ax-hy) } 

(ii) 5a?-lly*+13«* = 22, 4ar + 6yi + 52* = 31, :r-y4 + JB* = 2 

348. A person, having to walk 10 miles, finds that, by increasing 
his speed half a mile an hour, he might reach his journey's 
end 16} minutes sooner than he otherwise would: what time 
wiU he take, if he only begin to quicken lus pace halfway ? 



349. Divide («»-l)a»-(a»+ «"-2)a« + (4a:«+ ar + 2)a-3(« + 1) 
by (a:-l)a"-(«-l)a + 3. 

350. Multiply v'a"* + V(fl*c)i by V«"*- ^(«*<?)*. 

351. If «= V{-ir+ VCi'*- }if% find the value of aj*+ra:»+ Aj». 

352. Extract the square root of f a^ - 5ar*yi + ^^«V " i^t^ + a^«y*« 

353. Add together J^^^^^)^'^ and ia-V5)^-2 

354. Find the sum to n terms and ad inf. of the G. p., whose first 
two terms are the A. and H. means between 1 and 2. 

355. What is the least number which is divisible by 7 and 11 
with remainders 6 and 10 respectively ? 

356. A privateer, running at the rate of 10 miles an hour, dis- 
covers a ship 18 miles ofi^ making away at the rate of 8 miles 
an hour : how long will the chase last P 

357. Expand {2a - 3 -J ax] ' ^ and {3a - 2 v ^}^ each to five tei^ns. 

358. In what scale will the common number 803 be expressed by 
30203 P What are the greatest and least common numbers 
that can be expressed with five digits in it ? 

(iU)f + | = i = ^ + y:i* 

'ah a 



MISCELLANEOUS EXAMPLES. XXI 

360. Ai B, C reaped a field together in a certain time: A could 
have done it alone in 9 J hrs more, B in half the time that A 
could, and C in an hour less than B. What time did it 
take themP 

361. Divide ^^?y - « Viy - fx Vy* + *«v V«v' 

by V;^-f Viy. 

362. The edges of three cubes are a, 6, a + 5 ; shew that the 
greatest : difference between it and the sum of the others 
: : (a46-i + aM^'f : 3. 

363. Extract the square root of a; + 1 - 2 Vo; (1 + V^) -I- ^ V^* 

364. Simplify ^72 - 3 \/} and V2a? - V2ai« - 4aa? + 2a. 

365. If a: = i(V3+ 1), find the value of 4 («* - 2««) + 2* + 3. 

366. ^'s money with ^ of ^s would be |^ as much again as 
before ; and if 2« be taken from A^s present sum and added 
to ^s, the latter amotmt will be \ of the former. What had 
they each at first? 

367. Find by Evolution %/a + hx^ and square the result. 

368. If the difference of two fractions be mn'^^ shew that m times 
their sum = n times the difference of their squares. 

369. The first term of an A. p. is n' - n + 1, the common difference 
2 : find the sum of n terms, and thence shew that 1 = 1', 
3 + 5 = 2», 7 + 9 + 11 = 3', &c. 

370. Find the area of a court 250 ft long by 200 ft broad, (i) by 
the senary, (ii) by the duodenary scale. 

371. (i) -x^ + i— j- = --1— (ii) iM?+ - = na + 5a-» 

' ab-ax he -ox €tc-ax x 

(iii) «* + y" = 2a*, « + y:«-y::m:n 

372. A cistern has three pipes A, B, and C: by A and B together 
it can be filled in 36', and emptied by C in 45', whereas, if A 
and C were opened together, it would be emptied in 1| hr : 
in what time would it be filled, if all were opened together ? 



Ill m 

373. Find + + , when «= — (tn-n^p). 

mn-mz np~nz mz-mp n 

374. Multiply ma«* + (m-;i) a"** +(m- 2) fl»a;-* hya"Va^'Vx. 

375. Extract the square root of 1 + m' + 2 (1 - m") Vm + 3m - m\ 



XXU MISCEIXAHBOUS EZiUfPUB. 



376. Simplify ^^± . A-^^+ ^ - -^ - . 

377. Find a nmnber of two digits such fliat its qaotient by 
sum ezoeedfl the fint digit by 1, and equals the other. 

378. How many terms of ^le series - 7 - 5 - 3 - &e. amount to 
9200? andhowmany of6 + 4-i-2i+&c.amomitto 14f ? 

379. A certain nmnber of men mowed 4 acres of grass in 3 hofars, 
and a certain nmnber of others mow 8 acres in 5 honis : how 
long would they be in mowing 1 1 acres, all working togetlier ? 

380. If <z, 5, e, <^ are in G. P., shew that 

(a + 6 + u + J)p = {a + ft)« + (i? + <ff + 2(6 + i?)*. 

381. The No. of Yaru of n things, r together : the No., r - 1 to- 
gether : : 10 : 1, and the correspcmding Nos. of Combo* are 
as 5 : 3 ; find n and r. 

382. A person makes 20 lbs. of tea at 4s 9(( by mixing three 
kinds atdsBd, 4s 6d, and 6$t how can this be done? 

383. (i)i(*-lff)-?^ = «-A{6*-f(l-.3*)} 



(u) af + ii + 6 + c= =^ 

a + o-e-¥x 






Off 

384. A trader maintained himself for 3 years at an expense of £50 
a year, and in each of these years increased that part of his 
stock which was not so expended by \ thereof: at the end of 
3 years his original stock was doubled ; find it. 



386. Divide (6a«-7ad+ 26^) «* + (5a* -3fl«6-6ay + 3ft«)a:»f(a«-6«)a: 
by (2a-6)ar + fl*-5». 

386. Find the L. c. M. of 

ir*-{/>»+l)aj»+i?» and «•-(/» + !)■«» + 2 (^i + l)^«-|j^. 

387. Obtain the values of (i) x - '^xy + y, and (ii) of «• + ay + y», 
when X = A (4 J + V7f ), y = A (4i - V7|). 

388. Simplify (a - b) (,-^ + 7-^) + 2 (— L. I. 

389. Obtain the square roots of 

2 + a'-* + a-*" and ^ + of- 2« Jt. 

390. Thei»>i> termofan A. P. is ^-^: find theaum of n terms. 



MISCELLANEOUS BXAMPLES. XXlll 

391. The diagonal of a cube is a foot longer than each of the 
sides : find the solid content 

392. Find the first time after noon when the honr and minute 
hands of a watch point exactly in opposite directions. 

393. In how many ways may £10 be paid in crowns, sevenshilling 
pieces, and moidores (27»)? 

394. Out of 6 white, 7 red, and 8 black balls, how many different 
sets of 6 balls could be drawn, (i) two of each colour, (ii) one 
white, two red, three black, (iii) three red, three black P 

395. (i) ar + V«»-2aa: + J^ = a + 6 

^ ' x\a X'C x + a-e ^ V «" V <r 

396. Two vessels, A and J?, contain each a mixture of water and 
wine, A in the ratio of 2 : 3, J5 in that of 3 : 7. What 
quantity must be taken from each, to form a mixture which 
shall consist of 6 gallons of water and 1 1 of wine P 

397. Shew that {ay - bx)* + {ex - az)* ^■{hi-cyf 

= (a* + 6» + c") (a;* + y" + 2^ - (or + 6y + czf. 

398. Find the G. c. M. of 3a:* + (4a - 26)a: - 2a6 + a" and 

a? + (2a - 6) a» - {2ab -a*)X' c?h. 

399. From i(aji + 3a: "*)(«* -2a;"*) take i (a:* + 2a: *)(«*- 3a;"*), 
and multiply the result by 6(1- «"*)'*. 

400. Extract the square root of a:' + 2a:* + 3ar* - 2ic"i + «'*-!. 

401. Multiply together 

n*\ «-l fi-l 

7(« + h)^, V(« + *)"^» V(» + *) " , 7(a + 5)~. 

402. Simplify 

rl+« 4ag 8a: _ l-a: \ ^ r l-ha:* 4a:* _ l-a:* \ 

ir^"^ i+«*^iTi»"T+«/ • ii-a:*^rn? T+?j • 

403. Sum (a + a:)P + (a* + a:") + (a - a:)* + &c. to 5 and to n terms. 

404. Find two numbers such that their sum, product, and differ- 
ence of their squares may be equal. 

405. Apply the Bin. Theor. to find (l.Ol)"* to nine places. 

406. Find the least integer which, when divided by 7, 8, 9, re- 
spectively, shall leave remainders 5, 7, 8. 

407. (i) ar + 3«V2(a: + 3) + 4 (ii) ofta:* - (a + 6) c« + c* = 



XXIV MISCELLANEOUS EXAMPLES. 

408. A person bought 38 sheep for £57 ; but, having lost a certain 
number, n, of them, he sold the remainder for n diillings 
a head more than they cost him, and so gained upon the 
whole 16« : how many sheep did he lose P 



409. Shewthat(a" + 6*-l)»f (a^ + ft«-l)" + 2(fl«' + M7 

= (a« + a« - ly + (y + J« - 1)» + 2 (flft + a'67. 

410. Find the o. c. m. of ay + 22* - 3^ + 4^ + ^ ~ i^ and 

2a^ " 9xz - 5xy + 42* - Sya - 12y*. 

411. Find the fourtii term of (V2 + V3)*, correct to four places. 

412. Obtain the square root of l+«-fV«(l+V«)+V*(2+ AV«)- 

413. If the r^ term of an A. P. be an'^ - r, shew that the sum of 

the mtJ» and n«» terms exceeds the (m+n)ti> by — t^?LL^*a. 

"* fnn(m + n) 

414. If a:-» = (a-c)(6-c), y-* = («-^ (&-«), r> = (a-6)(a-c), 
find the values of x - y + s and abx - acy + hez, 

415. If P, Q, R, be the f^, j-*, and r^ terms of any H. P., shew 
that {p-q)PQ^(q-r) QU 4 (r -;?) J2P = 0. 

416. Two parcels o'f cotton, weighing 9 lbs and 16 lbs, cost 11« 6^ 
and £1 0« 4<f respectively, and the charge for carriage was 
proportional to the square root of the weight: how much 
per lb. was paid for carriage P 

417. If a : 5 : : 6 : c, shew that a + & : 5 + c : : a* (5 - c) .: &^ (a - 5). 

418. Find the least number which being divided by 2, 3, 5, shall 
leave remainders 1, 2, 3. 

419. (i) (aj-l) + 2(a;-2) + 3(«-3) + &o. to six terms = 14 

420. A square court-yard has a rectangular walk around it; the 
side of the court wants 2 yds of being six times the breadth 
of the walk, and the no. of sq. yds. in thQ walk exceeds by 
92 the no. of yds in the periphery of the court ; find its area. 



ANSWERS TO THE EXAMPLES. 



1. 1. 48. 2. 12. 3. -8. 4. 1. 5. 106. 

6.-1. 7. -178. 8. 150. 9. 460. 10. 192, 



2. 1. 11. 2. 1. 3. 0. 4. 94. 5. 89. 

6. -64. 7. 16. 8. 264. 9. 6. 10. 3. 



a. 1. 26. 2, -16. 3. 12. 4. 6. 5. 21. 

6. 22. 7. 7. 8. 13. 9. 16. 10. 4. 



4. 1. 46. 2. 24. 3. 35. 4. 10. 6. 7200. 

6. 136. 7. 8. 8. 120. 9. 384. 10. 4. 



5. 1. 16a-»-3ft-6c + 6rf. 2. 14a; - 9y + 10a - 12. 

3. 23fl«-26a6 + 146". 4. 65y-7c2. 

5. 5a;» + 60a:V - 14*/ + 4y». 6. 2a:" + 2y« + 22*. 

7. -9aj»+2««»-31a«a: + 16a». 8. a» + ^ + c» + 6a6c. 

9. 6«» + 4y» + 2»-24«y«. 10. a;* + y* + 8*. 



2. I. 
7. 16. 


3. 0. 
8. 264. 


2. -16. 
7. 7. 


3. 12. 
8. 13. 


2. 24. 

7. 8. 


3. 35. 
8. 120. 



e. 1. a-36 + 3c. 2. - 2«* - 7ay 4- 3y». 3. 4fla:-9^ + 24ffc 

4. 6a:«-6a: + 6. 6. 7a« - 3a + 46» - 7a6 + 2e* - 66c. 

6. -a:»-6a!*y-2y" + 6-3«»-4y». 

7. 3** + 13«y - y* - 16aw - 13y8. 8. a:* + ay + y*i 
9. 3a*-4fl'd-4aft» + 26*. lOi 0. 



7. 1. 4a-4a;. 2. 4a»-4«»cv 3i «^-3y«-3a". 

4. 2aa:»+2iy« + 2c2«. 5. a«-36»+3c". 6. 20^ + 4^. 

7. 0. 8. -3a:-y«h4«. a 8x-8. 10. -4o + 4rf. 

(1) a 



ANSWEEB TO THE 

4. (4</ - 2#) + (3/+ 2fl) - (ft + 3c), (4^-2» + y)-(20>ft-3e). 

5. -(2#-3/) + (2tf-ft)-(3c-4ix -(2t-y-««)-(»-3e-4rf). 
«. (8/f 2a)-(6 + 3c) + (4rf-2eX (y+2«-»)-l3c--lrf-2e). 

7. {2a.(6+3c)}+{4£f-(2*-3/)}. 8. -{»T<8e-4rf)H2*-{?r-«)). 

0. -{3tf-(4rf-2«)}+{3/+(2a-ft)}. 10. {4il-(2e-y)l-K2«-<*^3c)}. 

11. -{2«-(3/f2a)}-{6+(3c-4d)}. 12. {y+(2«-ft)H3^4^-2e)}. 



1. (a-ft + c)«*-(6-c + rf)a;«-(c + J+e)*. i 2(«r-ly). 
3. (a + 6)««-(a-56)a!y + (fl-i?)y*. 4. 2(«*+iyX 2K*+y)- 
fl. -(a-56)« + (2a + 3ft + c)y, (a-46-c)«-i-{a-3*-2e)y, 

(5-0)0? + (3a -c)y. 
fl. (fi«-6)«-(2a-3ft-5c)y, -(a4-e)op + (a-64-2e)y, 

(4a-6-o)«-(a-2ft-7c)y. 
7. (2a + 45 + (;)ar-(a-56~do)y, -(4a-66)x + (20 + 5)y, 

-(2a-9ft-o)« + (a + 66 + 3e)y. 
H. (a + 4ft)» + (4ft + fic)y, -(3a-66-e)jr + (a + 2fr-ae)y, 

-(2a-9J-o)a;-i-(a + d6 + 3c)y. 



10. 1. aftdVf -miMJ», 2a*oa^y, o^t?, a"&j», -*y. 

2. «*-«V + ^f " t^x -^ €^a^ - aa^, - abs^ + Ma^ - aVx^ 

a?*y - 3«y + ai5»y" - ay*. 

3. 2a* + 7aft + 35*, 2ao-5c-6a<;+3&dL 

4. 6««+13ay + V» 6a»y - a^ - 12ft*. 

5. «" + e«"+7«-6, «»-ftr» + ll«-6. 

6. a* + a*-2a* + 3fl-l, a*-ii'-8a* + a + l. 

7. 81aj*-y*. 8. a» + 32ft». 9. a*^4iifx^3a\ 
10. 27a»+ft»+8-18flft. 11. «"-y»+«»+3ays8. 12; rt»-l. 

18. tf»-8ft»-27o»-18flftc. 14. a* + 2a»ft» + ft«. 

15. aj"-(a + c)a!"+(ac + ft)«-ftcj «*-(a"-ft+c)«»+a(ft+c)«-ftc. 

16. l-(a-l)aj-(a-ft + l)aj" + (a + ft-c)«»-(ft + c)a?» + «r». 

17. a* - amx - 2mV + mifcr* - nV; 

a* + a(m + 2n)a;^{a(m + n)-2mn}ji:'-(m' + 2n*)jE' + mfiJP*. 

18. e^s^'a*(h''C + d)x*y--(abc-abd-^aed)xf^ + bcd$^. 

19. 4jf*+6(m-fi)a»-(4m"+9m»+4n*)«"+6mn(m-n)jc+4mW. 

20. aj»-(2«*+2ft^+aft)«»+(tf*+a»ft+a»ft»+aft^+ft*)a:-(a+ft)a«ft'. 

(2) 



ANSWERS TO THE EXAMPLES. 

U. 1. a^-2aaj + «", l + 4a;* + 4«*, 4a*+12a*+9, 9aj» - 24ay + 16y*. 
2. 9 + 12x + 4*", 4«* - 12ay + 9y», a* - 6a*« + 9aV, 

y«* - 2ftc«V + «**y • 8. 4a«-l, 9a"a^-J», «*^1. 

4. a:* + 4« + 3, a:*+ai:*-4, e^l^-ab-6, 4a V - 8a&c + 36*. 

6. «* - 5a"«» + 4a*. 6. mV - ISw'nVy* + 36ny. 

7. 4««. 8. X* + 4y*, 4a* - 5a"6^ + ft*. 
9. a* + 2aft + y - c», a* - &• + 2ac + c', a« - J^ - 2ftc - c*. 

10. a» - 2aft + y - c», - a« + 2a6 - ^ + c«, - a« + &• - 2 Jc + c*. 

11. 4a" - y + 6ftc - 9c", - 4a" + 12ac + ^ - 9c». 

12. 4a" - ft" - 6ftc - 9c", - 4a" + 4aft - ft^ + 9c". 

13. a" + 2ac + c"-ft^-2ft<i-<i", a" + 2ad + d"-ft"- 2ftc-c", 
ft" + 2ftc + c» - a" - 2rt<? - d». 

14. a"+2a£i + d"-4ft^+12ftc-9c", 9c" + 6cd + d" - a" + 4aft - 4ft", 
a" + 6ac + 9c" - 4ft" + 4ft<i - d". 

aa. 1. ftc", 5xf^, ~S5bx. 

2. 3ay-2«B + 3y8, '(^l^i^1ab(*-4c\ ?^-3aa:+%-?^. 

ft > a 

2ni - 4m" n 3a" 5a ft 2ft" 

"*• 3^^^"3"»"'^3^' 2?"2ft^'*^25""?'" 
4. aj + 5, m"-4m + 3. 5. 3a - 2ft, 3x + 2y. 

6. 2aft-3ft". 7. a"-2aft + 2ft", 2a;»y" + 2jy + l. 

8. ar*-ar"y + 4«y-aiy"+16y*. 9. 1 -2a?+3««-4«"+5a:*. 
10. «» + 2ay + 3y", m"-2m + 3. 11. a» + 2a"ft + 3aft" + 4ft". 
12. a?* + 2a:" + 3«" + 2* + 1, a* - 2a"ft + 3a"ft' - 2aft" + ft*. 

13. 1. X* -px + 5'. 2. os^ + fta - c. 

3. y* - (m - 1 ) y» - (m - n - 1 ) y" - (m - 1 ) y + 1 . 

4. a + ft - c - dl 5. a + 2ft - c, 

6. a*-{^l^-ifi?^db-ac'^hcy a" + ft" + c" + aft + ac-ftc. 

7. 1 - « + 2y + «" + 2ay + 4y", 1 + ar - 2y + a:" + 2a?y + 4y". 

* 8. a:" + 4y" + 9«» + 2ay + 3a» - 6ys. 9. «" + y" + z" + 1. 

10. a-aa: + o»"-aa:"+ . , 1 + 5a; + 15a:" +45«" + -^ — j,— . 

1 -X l-3af 

11. l + 2ar + 3a:" + 4«"+ ^** " '**' 



1 - 2ar + a:" ' 

1 - (a + ft) a: + (a + ft) fta:" - (a + ft) Vs? + ^^j^^^^'""* , 
12. (^ - pi^ ■{■ qa - r. 

(3) a 2 



ASSWSB8 TO THB mhUTlML 

2. ar-i-l, 5tr>l, 2j;-3. 3. Sms-S, 4fli^-fs'. 

4. l-ar + 4«», Stx' + ar + l, l-2ar + 4^-8j:». 

lA. 1. (1 - 2jr) (1 + 2r), (a-3x)(a + 3rX (3m - 2ii) (3m 4^ 2n), 
«»(5a - 2) (5a + 2X ^V (4« - 5y) (4x + 5y). 

2.(« + y)(^-ay + /x (*-y)(^ + ^ + y% 

(l + ^)(l-ay + xV), («-l)(j:+l)(4:»+IX 
4!y(dy'«*)(i^ + 2'X 2aftV(a-2c)(a + 20). 
a J^(&p-a)(&rf aX ^•(a-3ft»)(« + 3i0i 

(2x-3)(4a^ + a«^9X (a-2&)(a* + 2a6 + 4ei*X 

i^VC^ + ^) (^ - 3^ -1^ ^^ 

4. (a:+2)(ir«-2«» + 4ir»-&c + 16X «i" (a + 3ap) (i^ - 3ax + 9j:»>, 

(2ir»+/) (4;r»-2*y+y»), (o^ + ^ («*• - c*) (aV + c*), 
afte(a + e)'. 

5. (3«-l) (3«+l) (9*»+lX (jf-2) («+2) (j:»+2ap+4) (a:*-2x-4), 
«*(*-6)*, «*(«-fly(x + a)«. 

6. (4* - 5) (22: + 1), (a + 3ft)(a-H 7 (x - y) (a? 4- y). 

7. (« - yy (« + yy, (c + a - ft) (c - a + ft), Soft. 

8. (« + y)", mn (m - n), 5b (a- ft). 

9. 2(a: + y)(4x-y), 2 (jr - y) (4y - «), 4y(2r+y). 
10. (a + ft) («• + oft + ft^ (a - ft)», 0. 

■ ■ ■■ m 

le. 1. (x^l)(z^5\ (a:+4)(x+5X (x-2) (x-SX (a?-3)(x-5), 
(a?+l)(ar+7), (x-l)(x-9). 

2. (a? + 3)(x-2), (jr-3)(a;+2), (ar-3)(x + l), (x + 6)(ar-3), 
(xf8)(x-l), (x-9)(x + l). 

3. (2r + 3) (2x + 1), (4x + 1) (x + 3), (4x - 1) (x + 3), 
(2x - 3) (2x + 1), (3x - 2) (jr + 2), (3x + 4) (2x - 1). 

4. (4x + 1) (3x - 2), 2(6x-l)(x-l), (4x + 1) (3x - 1), 
(x + 4)(x-3), (3x-5)(x + l). 

6. a*(x-fl)(x-2a), a (a - 3x) (a + 2x), aft (3a - 2ft) (a + ft), 

(4a«-x«)(3a* + x«). 
6. xy(2xi-y) (x+2y), 3y«(3x+2y) (x-y), a*(3ax-l) (2aa:tl), 

x« (2ft - 3x) (3ft + x). 

(4) 



AKSWBBS TO THE lEtA3iPt,lBR. 



17. 1. 5. 


2, 2. 


3. 3. 


4. t. 


5. -i. 


6. "-" . 


7. 2. 


8. 1. 

* 


9. 4. 


10. - Jo. 


11. -4. 


12. f. 


13. -f. 


14. — . 
n 




im. 1. 42. 


2. 12. 


8, 12. 


4. 5. 


6. 7. 


6. 4. 


7. 5. 


8. |. 


9. 7. 




10. A(26a- 


- 186). 


11. 7. 


12. -8. 





19. 1. 4. 2. 2. 3. 18. 4. 8. 5. -a. 6. 6. 

7. 4. 8. 5-a. 9. 7. 10. a-m. 11. 10. 12. 2(a+c). 



. 1. 12. 2. 9. 3. 120. 4. 7». 6. 35, 13. 

6. 613, 466. 7. 15. 8. 31, 18. 9. 15. 10. 90, 60. 

11. 24 ft. 12. 16. 13. 37, 30, 20. 14. 20. 15. 41. 

16. £5. 17. 88. 18. 8o«, 35«. 19. £36, £12, £16. 

20. 5. 21. £45, £57, £63, £65. 22. 15, 6. 

23. 98| miles from L, 10|h. 24. 22, 7, 12 gals. 

25. 1 h 20^ from B's starting, 6^ miles. 26. 3000. 

27. 3s, 58, Is. 28. £189. 29. 8. 30. 25. 



ai. 1. 4a6, -27a6c , ^^^, '"sT'' 

2. aj» + ar* + 12a; + 8. 3. a;* - 8x* + 24a:* - 32« + 16. 

4. it* + 15a;* + OOar* + 270a:* + 405a: + 243. 

6. 1 + 10a: + 40a:* + 80a:* + 80a:* + 32j?*. 

6. 8m» - 12m* + 6w - 1, 7. 81a:* + 108ar» + 54a:* + 12a: + 1. 

8. 16j:* - 32aa:* + 24a*a:* - Sc^x + a*. 

9. 243ar^ + 810aa:* + lOSO^'ar* + 720a*a:» + 240a*a: + 32a*. 

10. 64a» - 144a*6 + 108a*« - 276*. 

11. a»a:* - 3a*a:*y* + 3aay* - y*. 

12. a*x* + 4(^2^ + 6a»a:* + 4(ia:' + a:*. 

13. 32a*m* - 80a*m* + 80fl*m' - 40a«m* + 10am* - m". 

14. a* - 3a*6 + 3a*c + 3rt6* - 6a6c + 3ac* - 6* + 36*c - 36c« + c*. 
16. 1 - 3a: + 6«* - 7ar' + 6a;* - 3ar' + a:*. 

16. a*+3a*6a;+3a (6*f ae) a:*4-(6ac+6*) 6arV3 (a<^f6*) ca^^Sbt^a^+c'a*. 

17. 1 + 4a; + 10a:* + 16ai* + 19a:* + 16a:* + 10a;* + 4a:' + a;*. 

18. l + 6a; + 6a;*-10a;*-15a;* + lla;*+15a;*-10a;'-.5a;* + 5a;»«a;». 

19. 1 - 6a: + 15a* - 20ar' + 15a;* - 6a;* + a:*. 

(5) 



AK8WEB8 TO THB XXAXPUB. 

+ 4flc» + 166* - 32yc + 24yc» - 86c» + iJ». 
21. 1 + 10:r + 2fi^- 402*- 1906" +92je»+ 5702* -36ar'-67&r* 
+ 810aj» - 24ar». 

22. 1. l + 2ar + 3a!*+2jr» + «*. 2. 1 - 2jr + fi«» - 4«» + 4flt». 

3. 9-iac+10a^-4a^+«*. 4. fl*-4ii«&+10irt'»-12aft»+96*. 
6. 4aj« + 9y* + 16«" - 12ay + 16xz - 24ys. 

6. 9fl««» + 46y + cV + 12ii&ry + OflCCT + 4&y«. 

7. l-4ax + 2a««» + 4a«a;» + <»V. 

8. 4tf* ^ 4a» - 7a« + 4a + 4. 
\ l-ar + ar«-4«»+3«*-2*» + «». 

W. l + &r + 15aj« + 20aj»+16a?* + &r* + «». 

11. aj» - 4aJ* + 10a?* - 4a:» - 7a^ + 24« + la 

12. l+4ar-2a:«-4a^ + 26a?*-24fl* + l&c». 

13. «• - 4a*6 + 8a*J^ - 10a»6» + 8a*6* - 40^ + y. 

14. a»-8a'a:+28a*a^-56aV+70aV-5efl»«»+28a««»-8a*'+a 
16. 1 - 4« + 10a;* - 16«» + 19ar* - 16jj* + 10«» - 4*' + «■. 
16. a»- 4alp + Oo***- 8aV+ lltf*a?*- 8«»ar*+ 6aV - 4aa:' + «». 



9 
10 



80*'+ a:*. 



1. ± 2a6V, ± 7«y2, ± 10fl*W. 

3aa:«y» 7g|^ 5a:»y» 
^•*"6r'' * 8a ' -4^- 

a««V W W<^ Sain* 
^•^T*' "3?"' "6^' ""7"' 
. ,2x1/' , 3a^ 2ay 2a:«y 
*•*!?■' * 4ar* ' c* ' - 3«» • 



24. 1. 2ar + y, 6a -36, 6a;" + 3ary. 
2. 7a6 - a*, 4a?y + 6y«, 6a*6c + c*. 



25. 1. l4-2ar+3a:«. 2. ac»+2a? + 3. 3. 3a + 26 + c. 

4. ir"-4ay4-4y". 6. 2a«-3a+4. 6. 4««-2a6 + 26«. 

7. ic'-ar*+3a:-4. 8. 3a-6 + 6c+c;. 9. «'-2a:»y+2ay'~y\ 
10. 1 - 3a: -f 3a:* - a;*. 11. 2 - 3a - o« + 2a\ 

12. ^ + ya: + ra:* + ««■. 13. 1 - ar, a - 2. 

14. 2a - 36. 16. a: - 2, 16. a - 6. 



(6) 



ANSMnBRS TO THE EXAMPLES. 

. 1. 421, 347, 69.4, 737, 1046, 4321. 

2. 2082, 20.92, 1011, 20.22, 129.63. 

3. 3789, 75.78, 16.166, 8642, 2211. 

4. 4.164, 8328, 2668.2, 11367, 31230. 

5. 4.044, 8088, 6066, 6633, 16166. 

6. 1.6811, 44.721, .54772, .17320, 10.636, .03331, .06324, 
.07071. 

1. x + 2y. 2. a - 3. 3. d; + 4. 4. 2a - 35. 

5. a + 8d. 6. 2x - 7y. 7. m - 4nx» S. ax- 5bx. 

1. 0^ + 2a + 1. 2. ic" - 4a? + 2. 3. o^ - aft + 6". 
4. a:*-4aar + 4a*. 6. 2«* + 4d!y - 3y*. 6. «'-«* + a;-l. 

7. a - & + c 8. 1 - 2a? + 3a!» - 4**. 



I. 1. 21, 23, 26, 32, 4.7, 48, 64, 9.6. 

2. 114, 11.7, 126, 108, 1.41, 192. 

3. 2.34, 206, 3.84, 32.1, 282. 

4. 46.8, 936, 6.42, 1025, 1.284. 6. 1.367, .6848, .2164, 1.687. 

. 1. 3a;', 2aJ», 4y'r'. 2. ax, a, a?. 

. 1. 2ai'(a+xy. 2. a^(a^xy. 3. ab{a-by. 4. 2(ar-l). 
6. a*ix + l). 6. 2(a? + a). 7. a«(a?+l). 8. 3(aa?+2). 

. 1. 3a? - 2. 2. 2a? + 3. 3. 3a? + 6. 

4. 8a?« + 14a? - 16. 6. 4a? - 6. 6. «" + 2a: - 3. 



33. l.a^x, 2. a?-l. 3. 2 (a?« + 2a? + 1). 
4. y - 2. 5, X- 2a. 6. a? + 3. 

7. 3(a?+3> 8. a;" + y». 9. a{a + b). 

10. aia'-V^. 11. a?'-2ay + y». 12. a?» + 4a? + 4. 

34. 1. 2a; + 3. 2. 3a? - 2. 3. 3ai- 2. 
4. af - 1. 6. a? - 3. 6. a? - y. 
7. a? + 3. 8. a?«-3. 9. 6a;*- 1. 

10. 3^-2a;y + j^. 11. a? (2a:» + 2ay - y*). 12. a?-l. 

35. 1. 12a*J«c, 36ar'y», aa^y - aary*, ai^ - a£?*. 

2. 120a*6«, lOaW, 1800ay. 

3. 6 (a« - y), 12a (a* - 1), 120ay {a;« - y«> 

4. 24a»y(a«-y), 36a;y« (a?" - y*> 

(7) 



AH8WEB9 TO THB SXAHFUS. 

I 1 ^^i^ £ m 7£ i^-3mk 

• a * «•' 8(m-2ar)' 6«' 26(a^2»)' 

^ <j « + y ex ^d 

_ x-\ ^ x-l ^ a + 6 8g-2x 

X 'i'l X -^2 a-h 6a T 

9. ^j:^. 10. .-£±±^. 11. ^'-^ 



2a^Zx' ^•-ar + l* "6«»-aqfT2^* 



29 3j^ 23 

Tj!* 19 

2a-3af+ = , 12a; + 8 + 



2 a?(^-2a?-3) g'-t-2a^ jr»-f ay +y*^ 
«-2 ' a + 2x ' « + « 



- hex, ae y, dbz ScaF, 46j/*, 3aa? 
• ^* ^^ ' 12a6c ' 

^Vt^y^yioi^i^, 480* ^, 60a»ay« 
' " 60a»y 

8aa!»-86a!*, ay ^ a -a?, a + ar, 2g 



fl» + y Sfl* - g& 4- 2y 25fl - 20& 
• ^' 2(a + 6)6* 6(fl-6)6 ' 12 ' 

^' JTJ' ?ry» c^^v' (^-V • 
a + 6a? 2a* - 2a6 -t- 2y 2a6 a?-y 

(8) 



▲SSV^BttS to tAE focAM^tBdi 
4 ^ B ^ » a - « + «* 

ft l+«'^^*' o 2« 1ft 4aV-ar'y'-y« 

"• «•(«• + !/• •iT7* '"• ^•-y' • 

a' (a + a? ) x* - y* dr{x - a) 

« + y (!-«)' 4(1 -it*) 



2 g*-^ a*4^2a'ag + 2flj^ + d^ 2to*(g-y) 
a"af ' (a-*) (a"-aj? + «*)' c 

_ (a"-6")6 3a ««• + ** 

IT 26 X -0 

4-3a? 3« 6-2x 18ar+14 27 -4a: 12a; -40 
^* • 10 * 16- 2a:* 2a:+6 ' 21 ' 2(4x-9)' 33-2ar ' 
10 -13a: , 20 -3g 14 -20r 

^' 6~"' * ^' 2^^:25' 9"(^Tr)- 
^ 1 ^ y g' + ai* . 4 a:(l+± + a;») 

'• i' ^' a«' ^^* *• ^' 3x' ~i+i- • 

o(<K: + i') rt gcg o g5c . ace^bcd-b*e 

c^-^-be ' ' cd-be' ' a^b* * b(ae-<^) 

^- "• ^' db' '• af^2bc-bfg' ^* "25(a+l)' 



9. 4. 10. 6A. 



«!fc 



43. 1. 1. 2. f 3. 1. 4. -f 6. ^i^j^j,- 

6. li, 7. 5-^. 8.-1. 9. f . 10»-(o + c-6). 

4a -6 " a ' 

ILL 12.' 3a. 13,2. U. ---^» Id. - IJ. 

2a f 6 

16. 8. 17. 4* 18. 3*. 19. 11. 20. 20. 

21. 8. 22. 14. 23. - 107. 24. J. ^b. - 1. 

26. 0. 27. i. 28. U* 2d- 10. dO. 4t 



AN8WBB8 to TRB EKAliPtSS. 

4C 1. 144 sq. yds. 2. 75 gals. 3. £96,£i6, £8. 4. 26of eadu 
6. £210. 6. 22. 7. 2450, 196, 08. 8. £200. 

9. 42, 66, 162. 10. 69, 81. 11. £5Ss. 12. 84^ 

13. 15 ft. by 11 ft. 14. 4« 8dL 15. 201b, 151b, 15Ib. 

16. 22, £5. 17. £48. 18. 3^ days. 19. 75. 20. £125. 

21. 1504. 22. 1540, 880, 616. 23. 23} days. 

24. 37f , 25^. 25. 6h 39^', 6h 22H'- 26. 13. 

27. 110 yds. 28. £56, £84. 29. 5 days. 30. £32. 

31. 10 lbs. 32. 18, lOf , 6| days. 33. 40'. 

34. S$ lOid, 4« 4}i2. 35. £48, £32, £4, £65. 36. 3} oz. 

37. 30 his. 38. 40. 39. 90, 120. 40. 654. 

41. 12 gals. 42. 25«, 20ff. 43. 120, 104. 

44. 62, 93, 155. 45. 76, 30. 46. 12, 21if. 47. 36^. 

48. 21 x^ hn, lOif hn. 49. 189. 50. libr. 



45. 1. «=1, y=l. 2. x = -h, ysa-i-6. 3. x-5, y = 2. 

*~riii» ^"i~^' ' ' y=-i. 8. «=i, y=o. 

DC on 

7. « = 1, y*2. 8. a?= — y^J± 9. «=6, y=7. 

a f a + o 

10. x^l, y = 7. 11. x=\% y = 24. 12. a;»144, y=216. 

18 ar^"^^— ^ hd{en-am) 

^^•* ad^he '^" ad^-hc " !*• '"Z, y-3. 

15.ar=-^,y-^^. 16.* __,y«____. 

^^•"^ — ?TF"' y «» + *• • 

1ft flftc {6c - g (6 4 c)} _ abc ^ {a -^^ e) - ac) 

19. x=6,y=8. 20. a^,y=2. 21. x:=5,y=2. 22. dr»-2, y=-i. 
23. d;»7, y = 9. 24. «s5, yci5. 25. «»21, y=20. 



4e.l. d;sl, ya2, ss3. 2. xs7, y = 10, z = 9. 

3. a;a5, y = 6, z = 7. 4. fl: = 4, y = -5, 8 = 6. 

5. J? a -5, y = 6, «=-2. 

6. ir = i(6 + c-a), y»i(a + e-&), s = }(a + &-e). 

7. «=.lf, y = 2}, « = -12. 8. « = 2, y--8, z = 4. 
9. a:=12, y=12, »=12. 10. ir = 5, y = 7, «=-3. 

' (10) 



ANSWE&g to TUB SltAM^LtiS. 

47. 1. A. 2. 21, 40. 3. 59, 3a. 4. £24, £12. 

6. 17 yds, 13 yds. 6. 48. 7. 108 sq ft. 

8. 640, 720, 840. 9. 18«, 90. 10. 4 hrs, 6 hrs. 

11. 76. 12. 40, 90. 13. 20, 30, 60. 14. 222. 

15. 30, 50, and 70, 20: or 60, 20, and 40, 50. 

16. 24, 72. 17. 72, 60. 18. 12, 12. 19. 34. 20. 31. 
21. 12, 10. 22. 255. 23. 3a. 24. 39a, 21a, 12a. 



1. a^ + ar^ + aj« + «*; dip + a'ft* + a'6* + a^h, 

2. aft* + a* + a'fti + a6*j ah* + oh* + e^h* + aH«. 

3. a-»+26-«+3c-'+4a6-H5a-«J; a'6-'+3a«ft-»+5a6-»+4a-«6+2a-='6«: 

«■*" J*"^ c»^ o-»6^ a6-»' a-'J''*' a-«6^ a-**'"*" a«6-» ^ ?P' 

4. ia»6-V* + 4o-«6-V + 2a-»6c + ia-»6-»c-», 

,1 4 2 1 



12 3 5 



2a->J-»ci 3a*6-V« 4a*6*c* a&*c-> 

5. V« + 2Va* + 3Vfl" + 4Va + Va', 

Vft*"^ 2Vc "^ 3V6' "^ 4 Va"^ 5.*/i»' 

he ac 1 g* 1 yg Vy 1 

4«. 1. oft*, a«, a"i, a»5. 2. a;-y, a!«y?. 3. n^f/^z, a*b^c. 

4. a^ + 6a«^ + 9z^ - 4y. 5. a - 6". 6. d" - 645*. 

7. a'-a3 + 2a'-2-o"J + a"'. 8. a: + a:*y*«-a?^y~^ -y"^ 

9. 8flj* +4«^y* + 2a:*y + y^; a:'* + a;"iy'^ + y"'. 

10. a'* -I- 2a-*b^ + 4a"*6* - Sa'ft + IQa'k^ - 826^, 

a?^ + 2a:' + Sx^ + 2a:5 + 1. 
(11) 



ANSWERS TO THB SZAMPLE8. 

11. 4a - 2iife"i + 2a*ci + 6' + h'iJ + A 

12. iiJ-« + 3aV* + 3a"l6 + a-V, A*V - 2* + fy - V^ry. 
18. «• - Ca^fti + 21a^fti - 44fl&i + 63a'^ - 64a*rf + 276. 

14. J - 4a + lOa^ - 16a*+ 19 - 16a"* + lOa'i - 4a-» + dt'K 

16. «■ - 4a:*^ + ftr^ + 4jr^y^ + y", 

d?^ - 5a^!^ + 10x*y» - lOxV* + 5«Jy" - y^*; 
irt-* - 4a6-' + 6 - 4a-»6 + a-*6«, 

a*6"* - fiofft* + lOa^jt - lOaM + 5a*6* - aM. 

16. oJ-' + l + a-'ft. 17. a^-fii*+3-6a"i + 9a-*. 

18. a'^-l+o^x-i 19. jry'i-«"V*» 20. 2«*-3y*» 

5o. 1. 64*, 8li, (J)S (i)?\ (i)S si. 

2. 25*, (4/)*, (}««)i (fa*)*, {J(a« + 2aJ + y)}*; 

125^, (U^)*, (a^«^M SVA {}(a« + 3a«6 + 3ay + y)}*. 

3. (tH)*, (tJ^A (;^)^ (^j*; 

6561-*, (iiy«P)-l, (0^-1, (^)-*. 

4. VI 25, V3, V12, Vi, Vi» V32D. 

6. i;/64, ^266, ^2048, VS, \/f> ^ J|. 

6. VS,V9-8?i, ^, ^^^J, ^-^. 

7. V2^,V6A,^g, y^,Va^T?. 

8. 3 V6, 5 ye, 36 V3, 3 ^5, 18 V2, i V6, Vl2, V54, 6. 

9. 4V2, 8\/2, 6 v48, iy/2, i^ V2> * v 2, fV21, f '^150, ^375. 
10. 2 A 15 V3, JV3, AV3, iV3, iV3. 

«L 1. V108, V112; ^81, '/80; ^120, Vl28, Vl35; Vl25, ?/121; 
Vi, Vi; V125, Vl44, V 162. 
2. V2, 3V5. 3. W3, »^aO» 4. 24^3, 120 V3, 36. 

«. 216 'v^6, 288 '?^72. 6. 6 ~ V6, 6 ^3 f 3 1/30. 

(12) 



ANSWERS TO THE XXAMPLES. 

7, 18. 8. i(V2 + V8 + V«), 1 V6 + 1 V82 + i v^l20. 

9. 1(2V2-V3), Vfi + 1» V5-V2, 4 + V2, t(7 + 3Vfi), 

A(7V14-13). 
10. ,^(58 + 8V7), A(8V5 4-23), J(3-.V6). 



X 



1? — ''*'- *• *-•"-' l-a^- 



412. 1. V3+1. 2. 3+V2. 3. Vfi-V3. 4. 2V5-3V2. 

fi. 4V2-3. 6. iV5-l. 7. 2-iV3. 8. JV2-i. 

9. V2 + 1. 10. V5-1. 11. i(V5 + l). 12. V5 + JV3. 



M. 1. /o- ^'T^T' 3. 2VS-6. 4.^-. 5.2. 

2fl*-ft« T J h R Sin g (*-^)" la ^t*-2a) 

54. 1. 12. 2. ±3. 3. ±1. 4. ±J. 5. ±J. 6. ±2J. 
7. ±f. 8. ±5. 9. ±3. 10. ±5. 11. ±2. 12. ±2. 

i3.±v3. i4.±ev3. i5.±J^i^,f^5;^ 16. (-a. 

^ 2 V 2(c« + d«) V2«-1 

as. 1. 4, -2. 2. -1, -9. 3. 20, -6. 

4. 7, 6. 6. 8, -40. 6. 10, -110. 



se. 1. 1, -8. 2. 17, -4. 3. -6, -20. 

4. - 1, - 12. 6. 1, - 20. 6. 25, - 136. 



57. 1. 6, -5f. 2. 6, -4J. 3. 8§, -10. 

4. 14, -10*. 5. 12, -12iJi. 6. 13, -llx^. 



. 1. 10, 2. 2. 3, -1. 3. 2, -f. 4. IJ, -Jf. 

6. 15, -IJ. 6. 7, -IJ. 7. 2, J. 8. J(-9±3V3). 

9. 2, H. 10. 3, -J. 11. i(27±Vfi7). 12. 2, -3. 



. 1. 11, -13. 2. 5, 5f. 3. 5, 21. 4. 7, -If 

5. 6, 3i^3. 6. 5, -4i. 7. 1, lOf. 8. 3, -8^,* 

•O 1. «»-4x-21=0. 2. 6a;*f5*-6=:0. 

3. 161?*- 153«* + 81=0. 4. a?*-6«» + lla:"-6x = 0. 

5. 4jj* - 7:r» - 3a; = 0. 6. 4ar» + 3** - na:* - 12a;» + 4x = 0. 

(13) " 



AN8WBX8 TO THB SZAMFLBB. 



«. 1. x=1, y=±4. 2. ««4, y«-3>l 3L x=4, sr=«, 1 

7. a;>5, y = 3, ^ 8. af = 3, y = 4, 1 

9. « = 4, y = 2,1 10. «= 10, y = 16, 1 

« = 2, y = 4./ «=-10J, y = -16JJ 

11. « = 3, y = 2, 1 12. a; = 5, y = 4,l 

ar=-2, y=-3./ i: = 4, y = 5./ 

13. a? = i{fl±V2&«-a"),l 14. « = i{±V4?+^+6},l 

y = i{a + V2?r^.J y = i{+V4?Ty-6}.J 

16. a: = 8, y=l,\ ,« ^ ^ «• 



= 1, y=8.j i/^Z^ ^ 



69. 1. ±12, ±16. 2. ±10, ±16. 3. ±4, ±12. 

4. 16 ydfl, 26 yds. 6. 8 and 6, or 66 and -42. 

6. 27 yds. 7. 4660. 8. 24 or - 3. 

9. 4 or - If 10. 40 yds by 24. 11. 9, 12, 15. 

J 2. 12 and 7, or -9} and - 14}. 13. 10 yds, 16 yds. 14. 3 in. 

16. 26 ft, 38 ft. 16. 16. 17. 49, £3. 18. 4 ft, 5 fU 

19. £60 or £40. 20. 10, 16- 21. £275, £225. 

22. 26, 20. 23. 264. 24. 2, 5, 8. 



•a. 1. x = 3,1 a; = 23,1 iF = 31, 2,1 a: = 30, 16,1 
y=lj y= 2,/ y= 2, 6,/ y= 1, 8./ 
2. a: = 6,1 a:= 6,1 a: = 49,1 .:=11,1 3 « , . a 

y = 6,/ y=12,/ y = 22,/ y= 3./ ^- 3,6,5,9. 

4. a? = 6, y = 3, 8 = 6. 6.6. 6. 4, 2. 7. 4- 

8. A gives 14 pieces, ^9. 9. 8; 16. 10. 21, 12. 11. 4. 
12. 69. 13. 8 h. g. and 3 h. c. 14. £13 U or £42 U. 
16. By paying £6 and receiving 4 huU. 
16. 3, 21, 16, or 6, 2, 32. 17* 603. 

18. 2«, 4*, 6»* 19. 209* 20. 841. 



1. 32, 272* 2. 39, 400. 3. 63, 363. 4. 694, 34750. 

6. 9, 16. 6. -1, 0. 7. -28. 8. - 275. 

9. 16}. 10. -84}. 11. 836f. 12. -84. 

(14) 



. AN8WBB8 TO THB EXAKPLES. 

. 1. 12. 2. 6. 3. 20. 4. -A- 

6. 6, 8, 11, 14; -2, -6, -10, -14. 

6. 3f, 4i, 4t, 5f, 6, 6J, 7*, 7*, 8f ; -11, -9, -7, -5, -3, -1, +1. 

7. 4, 16, 26, 37, 48, 59, 70, 81, 92, 103; -2*, -2J, -2i, 
-2, -U, -U, -1}, -1. 

8. -2, -li, -J, i, 1, If, 2i, 3J, 4; -2^, -2i, -If, -1, 
-*, i, h li, 2. 9. 5, 7, 9. 10. -3t, 3i, 10. 

11. -if if li- 12. n\ 13. 300. 

14. 78, 90. 15. £5 3«; £135 4c. 16. 5 miles, 1300 yards. 



. 1. 64, ^. 2. 1280, 1705. 3. 96, 189. 4. -256, -170. 

6. 4096, 3277. 6. -512, -841. 7. 1%. 8. liif. 

9. 4 1%. 10. 2«t. 11. 5m. 12. 72^,. 



•7. 1. 8. 2. 1}. 3. i. 4. A. 5. f 6. f. 
7. A. 8. 1. ^' lA- 10. IJ. 11. lOJ. 12. -2 A. 



1. 4. 2. 3, 6, 12, &c. 

3. 4, -8, 16, &c.; or -f, -f, -J^, &c. 4. A 

5. 3, 15, 75, 375; or -2, 10, -50, 250. 

6. ±4, 8, ±16; ±2, 8, ±32. 

7. i, -*, *, -If; -1, li, -2f, 3f. 

8. 2 + f + f + &c.; or 4 - f + f - &c. 

9. 3-f + f-&c 10. la^p or 6f . 



. 1. -4, 00, 4,...f, f, f; «, if, 1A,...1«, -'yi, -3; 
A, *, i, ... If, 2i, 3i. 
2. 2f, 3; If, f, A, ♦, A, xV 3. 24. 



70. 1. 3i, 3, 2if. 2. 2 A, 2f, 2A. 3. 8 and 2. 

4. 1 or 16. 5. 8 and 2. 6. 9 and 1, or f and - 7f. 



9m 1 lA Xfi. AAA iAi . *o« iAA _■>_»_ " « + 

^a. A. gp, gQ, jgg, 10J, iiT«, 115«, frstf. 

x+y ar + if 
^ a:'-lla; + 28 ^ . ^ (a-^bf 

(15) 



CI. _ . 

a-b 


a* + aV4-ir* 


a*-a:* ' 


9. ^^-*^. 



AVSWEBS TO THB 
n. 1. 10, 4i, 2A. 2. 9. 44, if. X C^ 11. 1*. 

13. (Oar.J^JlJJ; fn)x=«+6 or }(•-*); (in) x=l, y=4 

(iT)«-±9, ys±3. 14.3. 1& 25^ ». 

16. 8 : 7. 17. £200, £lda 18L aOQL 

19. £125, £166f, £208}; £212if, £ld9H> £Vri^. sa 6l 

n. 1. «y-4f(«*+y*). 2.2. 3.y=^j^. 4. 3r=S»+2j:»^x» 

7C 1. 720, 720. 2. 5040. 3. 6720, 45360, 3326400, 19058400. 
4. 12600. 5. 9. 6. 1120, 831600, 336, 34650. 
7. 6. 8. 7. 9. 15. 10. 3628800. II. & 12. 4. 



74. 1. 126, 84, 36. 2. 330, 330, 11. 3. 3003. 455. 4. & 
5. 63. 6. 210, 84. 7. 50063860, 5006386. 8. 1& 9. 12. 
10. 11. 11. 12. 12. 43092000. 



70. 1. l + 6a? + 15a^.f 20jr*+l5a?' + 6a* + a'. 

2. a' + 7a»a?f21aV + 35tf*ir» + 35fl*j^ + 21iiy+7itt»+j*. 
8. l-8a? + 28ir»-56«»+70«*-66j* + 2aB»-8r'+a». 

4. a»-9a*ar + 36aV-84flV+126a*ar*-126aV+84ii'*»-36ii«x' 
+ 9a«* - a^. 

5. If 12ar + 6ar«+220aj»4-495a?* + 729a*+9242*+792x'+495z' 
+ 220«» + 6&r» + 12a?" + ar". 

6. l-20aJ+180«»-960««+336ai;*-8064a*+13440a^-16360x» 
+ 1 1520ir» - 5120«» + 1024ar". 

7. (?• - IMx + 135aV - 540a»i^ + 1215a*** - 1458aa^ + 729x». 

8. 25ftr» + 1024ar' + 1792aV + 1792a»a* + 1120aV + 448a»je' 
+ 112fl*aj»+16a*j? + fl». 

9. 128a»- 1344aV6048a»a»-15120dV+ 22680fl»«*- 204120*^ 
+ 10206ai!*-2187aj\ 

10. l-5a?fV^-15a;»+^Aj?*-Va!»+W«*-H«'+,%«»-rf^ir* 

11. l-V« + V«'-¥«*+V7^-Yi*^+i««*-«««'+TH7«* 
- f^yVi^*+ roVie*"- fr7\-4>«" 

•r r I f f n i 

(16) 



ANSWEUS TO THE EXAMPLES. 
3. l-6a: + 27«»-108a:' + 405ir*-&c 



10. l-i«» + V«*-it«*-ri»«"-&o 
12. l-ia» + |«*- A«»+ A^a;*-&c. 



ya. 1. i + J« + Aa* + iaj* + A«* + &c. 

2- h + «^« + s^a* + iV^a* + «%a* + &o. 

8. a-' - a-"&t + a-W«" - a-*ft*a» + fl-*6V - &c. 

4. a-« + 2a-Va + 3fl-*6V + 4a-»ftV + 6a-*6V + &c. 

5. fl" + 6a*6* + 21a' 6* + 6^9^ + 126a'*fti + &c. 

6. a* - ia**** - i^a^ia^ - rh^'^^a* - A^5«''^a« - &o. 

7. a-3aV* + 6aU"*-lQa«6-' + 15dU-^-&C 

8* a* - ia'^a - ia"*a* - fia'^a^ - a»Aa"^V - &c. 

9» a-» + ia^a» + A^""*" + AS^'^a** + e\\«-"a« + &c 

10. a*-|a*a» + fi"*a*+ gV"^a» + rf^"^a:» + &c 

11. a'hia'ia^ + fja'^a* + i^^"^** - iJff«"^«" + &c. 

12. a"ia"*+ia"ia;i + Ja"M+i<«'''*a* + AV^*ai*+&c. 

79. 1. 6221, 203116. 2. 100101100, 102010, 10230, 2200, 1220. 

3. 41104, 23420, 14641, 7571, 5954. 4. 235, 1465. 

5. 511, 22154. 6. 1212, 1212201. 



80. 1. 1 + 14 4- 244 + 4344 + 114144 4- 2050544 = 2214223 (sen.) 
- mill (den.). 

2. 100001000000 (bin.) = 201000 (qiiat). 

3. 1756 X 345 := 701746 (oct), 1337 x 274 = 381011 (non.), 
345, 274. 4. 57264, 95494, eltS. 

5. 4112, 6543, 62^. 6. 1295, 216; 2400, 343; 4095, 512. 
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MISCELLANEOUS EXAMPLES: Pabt L 



1. (a«-y)ft^+(fl"-3ay+y)«-(2a-d)iw». 

2. 3a«-2fl&a:-2a*ft*. 3. 3f. 4. {m^n)a, ^^^y-t-y* ' 

6. lA, 8.162. e: i^, ^. 7. 98, in(3n + 25). 

11 -8d; it*~l 

8. lA- 9. 6Vfi» 7aV2i, ? 4. 10. l+a;+|«»+f«'+V**+&c- 
11. (i)« = 5,. (ii)rar = 5 or-U; (iii) « = 4, y=:3; 

(iv) aj = ±3, y=±2, or x=±2, y^±S. 12. f. 

13. l + 4a:+2««-6a:»-««+a»+JaJ«. 14. -2ir»+8ay-6/. 15. 68. 

16. aj«-y«. 17. 126, 1.709. 18. ar, 5^. 19. 2^, 2^. 

ar-y 

20. a*5-«c*, «- W. 21. a-*{l+a-»«+2a-««»+V«^«'+¥«"**'+&c.}. 

22. 1232, 11313, 363, 1044. 

23. (i) a: = 3A; (ii) a: = 2 or -f ; (iii) a? = 6, y = 4J. 

24. 12 days. 26. ^•-a*. 26. |«»-6a!«+iar + 9. 27. f. 
28 -^ 3a -fl 4-ar 2ar 

^-y' 4fl«+2a-r ^^- 6^' ?3I* 
30. 139, 1.39, 4.3966. 31. 2A, .061. 32. »{1 -(-*>•}, If- 

33. (ac)-*{l +fa->a: + i|^-«a;«+ jftAa-»«» + f*f|-*«* + &c,}. 

34. 7 ; 22 dollars and 67 doubloons. 

36. (i) a?=175 (ii) « = 60, y = 40; (iii) » = 3 or -fj. 
36. 3}hr8. 37. 2a«6» + 2a«c« + 25^c« - a* - 6* - d». 

38. l-i« + ,Ji,«« + rf-8» + yifya.« + &c. 39. J. 

43. a'{lj-7a-*a:» + JiLa-V + KV + V«-V + &c.}. 

44. i\^18a, V6^. 46. 93, A («' + «- 6). 

46. 6221, 40266141, 6262711, 2461, 3341684, 1828. 

47. (i) « = 21; (ii) « = 39, y = 21, « = 12; 

(m) «=a.— ^, y=a.-_. 48. 64 days. 49. a-6. 

60. 9 + 1 + 49 = 69. 61. 3(a« + y + c^-2(a6 + ac + ftc). 

62. «»-9y*. 63. 1064, V7+V2. 

(18) 



ANSWERS TO THB EXAMPLES. 

57. a-<{l+fi-*ft«+A«-*J^a^+Mo'*i'«»+iH«"*ft*«*+&c-} ««• 21. 

59. (i)«=-fj (ii)«=3, y=4j (iii) «=3, y=l ; (iv) «=-l, y=-3. 

60. 16. 61. 2ar*yi - ariy - 7«i - lOS^. 62. a5« + 2a:+l. 

63. 1. 64. aV (6 + c). 65. 2ar - 1. 66. -t^-j ^^ * 

67. 12.747. 68. (a««)"^{l+ia->«+i«-V+Ao-'«"+i¥8«"***+&c.} 
69. 30. 70. 260, 60300, 13874000. 

71. (i)af = 95 (ii)« = 3J or-4; (iii) ar = J, y = f 

72. Shrsj 17|hr8, 24hr8,40hr8. 73. 6(a: + 2a;i + 4aj-* + 8ar»). 

74. i. 75. ar, J^^ ^ . 76. 55 V7. 77. .1.772452, ar - i. 

79. 54, in(3n + l). 80. **-2«»-8««+ 16 = 0. 81. 28. 
82. 15120, 120. 83. (i) ar = l; (ii) af=2i, y = 5J; (iii) a;=3. 
84. £563J, £1106f, £3320. 86. «»+l+a:"'. 86. V+a«-2««. 

87. 7. 88. i (1 +«), 1?^ . 89. a**'* - a^x'^^ + 6*. 

^ 3ft - 2a 

90. «i - 1 - a:-*. 91. in(3n + 1), A {{gT - !}• 

92. l + ar-fa^ + ia:»-V«* + &c., 1 + 2a; - 2a:" + 4a» - 10«* + &c. 

93. 27,48. 94. 6. 95. (i) ar=9; (ii) a;=4, y=3; (iii) ar=6 or J. 
96. 4 A miles an hour; 13^ minutes. 97. a^, 

98. a«-2aft + jy. 99. a«-l. 100. ^i^, — ^!^^. 

101. 4.11. 102. l-a" + ar* + 3a'a:"*. 103. 7. 

105. 76, 25. 106. V^l^^^ll «^^- = 2626 = 10000 dm, 

107. (i) a: = 9; (ii) xr^t^'s/^-, (iii) ar = 4, y = 0, « = 5. 

108. £136, £90. 109. 48. 111. 36«* - 97a^ + 36. 
112. \a?-ax^\€?. 113. 2.4494, .4082, .8164, 1.2247. 

1 14. (a5)*^"**'\ 1. 116. a« - 4fl6 - 6ac + 4^ + 12Jc + 9c», 

4a« - 2a6a; - (ac - ift») «» + (8arf + iftc>a:» - (2M - Ac") a:* - ciir* 
+ 4^a:«. 116. ¥{1 - (?)-}, 8J. 117. - If 

118. l-2a?-2«»-4«»-10a^-&o. 

119. (i) ar=21; (u) «=-3orf; (iii) x = 6, y=3. 120. 3J, 3. 

121. 8-12ai + 18a*-27a*. 122. a*+ta«Jar-i(a«-ft»)«*+|iia;»-J«*. 

123. ^X^^^^' 124. a}^ - a^x'' - a*a^ ^ x\ 

4a:* + a: + 2 

126. 1.2247, 3 + y/Z. 126. c. 127. 0, A^ (7 - n). 

128. ^ gives 26 guineas and receives 10 crowns. 
(19) 



A1ISWKB8 TO THB KXAMFUB. 



131. (i)«=10i (u)«=3. y=7; (ui)x=4«r-J. /^ 
133. With ,«^ dgn^ 1» + » = 6 X fi 5 ^^^;^ « xir+S) 



134. «'44y. 13fi. ««+tt«+*. 186. 5^7^' 9«»-x-S* 

137. i««(m'-fi')K-4A 1*. «^-a«+l- 

139. ^(« f 6) («+c). 140. 4.8989, .6803. 4.4494, 1.5506. 3.4494- 

141. If, 2J; n. 11. "3. (i) «=7, (U) *;*'gf> r? "jj^** 

144. £9, 30.. 145. aW -«*«-(«' *2«')^ + «* + 2^- 

146. o'-«M-V«* + 2«*** + ^. ««-2.M-¥-^ + V-»*» 
4 W"*** - 23<^ie* - 26«t' + 16(^4^ + 1«**. 

147. x'-W-l&r', «»+l+«^. 1«. S^^l^- "•• •*^*** 

160. *-2V« + l. 161.V3^y5. l«2.i{l-(irM4- 

163.0,3,-2. 164.6. 166. 6J days, 16 days. 167. S*o- 

166. (i)x^^, (ii)« = f; (m)* = ±2. y = ±8- 

^'0 + 6 
168. fli - 2ai* + 3«*i - 2aH' + i*. 159. «-6. 

160. «i£±i>, A. 161. «»+2*'-&r'-6x-l. 162. 9, 160. 
163. (6+~c)^ 164. 1147. 166. l-6*'+24«'-8ftr'+24ar«-&c.. 

o* {1 + 3a-'i + fi-V - ia-'V + f»-W - &c}. 

166. 33233844, 4344 = 1000 den., 244 = 100 «fcn. 

167. (i). = 17, (a). = ^J,y = ^; (iii)* = ±6. 

168. £40, £28, or £28, £52, according as A had more or less 
at first than B. 169. V{«*+**}x(«"+*^^=3 ^289=19.834. 

170. aj»-4«-V + V- I'^l- «"* "» "^+1 * 

a --« oar- 5* « + 2 

172. 1 - Joar* - 2aV. 173. ^ r-7 jr.f --^ — r. 

■ {x-a){x -o) ar - 1 

174. 3.8729, 1.2909, .7745, 1.5491, 6.4549. 
175.-10, in(7-3«). 176. 16. 

177. l-2ari + 3ar-4;^ + 5i^-&c., 1 - 4*1 + 10a: - 20a:* + 3&r« - &c. 

178. 12, 16, 18. 179. (i) ^I^; (U) 2 or -1}; (iii) «=49, y=50. 
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ANSWERS TO THE EXAMFLES. 

180. 10 days, 3} days. 181. o'+io' (2j;+y-s)+ia(22:y- Zxz-yz) 
- ixyZf which becomes a' + Sa*b + Soft" + y, by putting 
a; = 5 a ^ s - je, or a: = 6, y = 26, s = - 26. 

182. 5«« + {a"ia*-Wa"'« + K*«* + *«-*• 183, a + 1. 
184. J^^. 185. ai«(aV-l). 186. a6-»-Ja-*ft + l. 

187. (^^^^^Tiy.. 188. 720,i(l+V7). 189. 4ttt,f{l -*)»}. 

190. U 37' 12*. 191. (i) If ; (u) x=4, y=5; (iii) 4}. 192. 10. 
193. A- 19*' «** + 2. 195. 6 + 2V6, V*. 6(5 + 2 V6). 

196. ("•-i-^-Y. «' + <^ + ^, 197. i2x'-2«'-ll*'+l. 

198. f {l-(-f)"}, 11. 199. n«. 200. {«. 201. 15. 

202. l-6ir*+21a?*-56a;+126a:*-&c., l-3«i+6«*-10ar+15a^-&c. 

203. (i) I; (ii) a' or 6"'; (iii) ar = 3, y=l, op x^i, y«i. 

204. £800, 0. 206. pa^^qx-r. 207. a - a"* + 4. 

208. ^^(<»'-« )^-<' , 209. ,_, ,A.^ .X . 210. 7.0102, 202. 
x-a (a*+l)(a^+l) 

211. i^i, 20. 212. (ah)A 213. 4 yds, 5 yds. 214. 66361, 236, 34. 

a* 6* 

215. (i) 4 or If ; (ii) a?a-5, y = 5j (iii) x= . ■ , y= 



216. — ^ days, — days. 217. 2(» + 4). 

218. a* + 6* + c» - aH* - Je - i'c. 219. 2. 220. :^ -y*. 

221. 3.1622, .12649, 2.1081, 1.5811, 4.4414, .31622. 

222. I {1 - (f )"}, 2f . 223. a"* {1 - 3a- V + ^a-*a* - ^-a* 
+ AJ^-«ar»-&c}, ia-*(l + 3a-"«+^- V+¥«' V+^Vfl"V+&c}. 

224. £5825 8« 5c7. 225. 0, - 1, 2. 226. 20, 5. 

227. (i) x^a-^ or -*; (ii) a:=^53^j^j„ y= ^_^^^^y ? 

(iii)*=3ori. 228. ^^gig. days. 229. 2y«-ay-K. 

230. «* + a"a;« + fl*, «» + 2ar? + fl*a^ - a*, a^ - a^x^ - 2a*a^ - a\ 

231. <!•-»•. 232. «•- 2** +«*-«•+ 2«-l. 233. ,^„ ^!— ^ . 

234. i«* - 5j/i. 235. 88, |{l-(iW, 2J, IJ, IJ, If. 
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ANSWERS TO THS SXAMPLBS. 
236. 20^ ft. 237. 12, 4, 18 miks. 240. !!^±^ days. 



239. (i) »=-6J; (ii) *=^-£, y= ^-^; fm) *=10, y=7, ^=3. 

241. ««-ary'* +x*y"*-y"*, a:*- (a + ft)x + aft. 

242. 36, 125. 243. &r + 4. 244. ^^, i. 

245. .8164, 1.6329, 2.0412, .1010, 3.2549. 247. 3}, 3f, 4^, &c. 
248. 7. 249. 720. 250. 24866M69, 54373. 

251. (i)* = 17; (ii);r=?^±^, y=;^i (iH) «= .V 

'''' ^^£^^^^;^£^.^^ ^ ^^' «^- 

254. «"*-j:"V+y*» «*-(m-l)tf*«i + a. 256. IJ, ^--?. 

255. iai^-45«'+37a!'-19a?+6. 257. ^^ ^^** 



258. 24 miles, i hr. 259.0^. 260.3. 26L a+2a; : a+3x. 
262. 7425. 263. (i) ar = 4 or If; (ii) « = 10, y = -3, « = 4. 

264. 8»4dL 265. V^-^,Y = V = ix A- 266. afc + 2. 

267. a* + 3a"*« -!«'*«• + V«"*a^-^H*«''** + &«.> a + 6«. 

268. a. 269. , ,t\/ !o%r . q^ • 270. £2 8». 

(« + 1) (« + 2) (« + 3) 

271. n = 10 or 12, l=S or -1. 272. 56, 44. 

273. Jn(»-l)(n-2). 274. 1111x10001=11111111=21845 (fen. 

275. (i).=6J;(ii).= ^^:^j,y=3:^ 

276. (i'j:^^ days. 277. 0. 279. -J^'^J^. . 

np-m ^ ar*a^- lla-*«+ 21 

278. Jx64+l = 9 = (ix4+l)(ixl6-ix4xl + l). 

280. a*a:»-<i»a^-ii«a^+l. 281. «*-2a5*-2. 282. 3^^5, VV^- 
285. 30. 286. 15. 288. 4, 59, 55. 289. 12afte. 

287. (i) ir = 14; (ii) «=-4t; (iii) a: = 4, y = 3, or « = 3, y = 4. 

290. (-iriT+i*«-TiT)-(TH+TfT-if)-i=12(-ixix-J). 

291. 1 - o^o"***. 292. 84. 293. 2f , .25298, 5 - -/6. 

294. (^-Vf. 296. t^o, ^^^^^^ 297. 10, 20. 

299. (i) ar=ac6->; (ii) a?=iV; (i") « = l,y=- 1, or «=-ll,y=f. 

298. 40320. 300. f br. 301. &ei-2«iy''i + 4y'i. 
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ANSWERS TO THE EXAMPLES; 

302. 2. 303. 137641, x-'2-x'\ 304. b-c. 

305. V2, V5 + V2. 306. -^^ . 307. 1 hr 5 A'. 

308. Aa« {1 + 2a'iari + {«"*a:* + |^-»aj + |^"*a:* + &c}. 

309. If, An(n + 1); f, f, 1, li. 310. 6. 

311. (i) ;i:=100or.l05 (ii) x=-^, y^-^ki i^) ^=M» 

^" nrS* 312. f hr. 314. IJ, 5 or h'K 

313. a + ai«i -^ x, x - 2a*x^ - a^^i - a. 

316. 8aM-4a*a!yi-2a*a?^-yl 316. i(V5-2), fajy-'+J^'V-S. 

317. ai{l + ia-»« + {«■*«" + A«"V + iVs^"*** + &©•}» 

a:* {1 - iar'x + Ja- V - if a" V + a%o-*a^ - &c.}. 318. 91. 
319. an-^-n, a-in(n+l). 321. £4 16«. 322. 63, £62 8«. 

,.. 2a& .... ... a' + ^ a* + ftc 

323. (i)ar = — g; (u)« = 2; (m)a: = — j^, y=— ^. 

324. 13,12. 826. l-a: + iia:»-iar»+ia;S l-2«+V«'-|a!' 

+ ««*-4«* + H«*^a^«'+8V- 326. 2a:V--3«V- 

327. 2.64676, .37796, 1.32287, .88191, 1.47683. 328. n'K 

329. 2aVir^, f, 'yl^. 830. ^^Jy 

331. 1 + 2ay - 8a!y-». 333. 7. 334. 27907200, 

336. (i) x- or-1; (ii) x=2, y=l, s=0; but indeterminate, 

c 

if 2m s n +/». 836. 6 miles an hour. 887. c. 

338. «V«(fV«-l). 339, 4,i^. 34O. ^ 



2ajVa-l « + o 

341. 8 (o&c)^. 842. 3.71, 1 - 2x + 3^:*. 343. 18« 4c2. 
346. (2a)* (1 - ia'^x^ + ia''x + A^a'^x^ + Aa-«a:» + &c.}, 

(3a)-*{l +|«"M + {!«■*«* + |ia-»a: + iffa"M+ &c.}. 

346. 2118760, 17296. 347. (i) x=a^^; (ii) a:=l,y=4, 8=27; 
/...v (a" + y)c (a* + J*)c o-o rti. oifi/ 

349. («» + «+ l)fl^-(a; + l). 360. a'^-Mh 361. 0. 
3*2. 1^- W.l^y. 863. J^^^^- 

354. V{l-(in> 13i. 3fi5. 76. 3fi6. Shn. 
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AK8W£1I8 TO THB JXAMTUBL 



871. (i) «-- (a-6+c)j (ii)a;=aor — ; (iii)«=± 



(3a)* {1 - |a-M + fi - M - A-*""* - .I^^J^ - A«4- 
308. 4| 1028, 256. 860. 2} hn. 361. #V- j^x. 962. ^^^f. 

359. (I) ± yJ-\——^. (u) ; (Si) ,= _., J^=_-. 

363. «i - «U 1. 864. V9, A^ 365. 1. 366L Ms, 16ff 
367. a* {1 + 2a-»« - 4a-'aj" + ^-"«» - Af»«-V + &e.)^ 

«i {I + 4a-'« - 4a- V + V«"V - H*«"V + &e.}. 

360. n*. 870. 102362 Mft. = 24^28 iAhmL « 50,000 sq. It 

y-±a !!lr_'! . 872. 8 hw. 373. 0. 376. ••*-«»-m*-l. 

374. m«"-ad^-a'd;-(ti»-2)a'. 876. ±Vd:y. 377. 45. 378. 100,4. 
379. 3} hri. 361. 15, 6. 382. 1, 7, 12, or 2, 4^ 14, or 3, 1, la 

383. (i) «-ll> (U) «-^^J ("0 «=±fl. y=f*- 384. £740. 

385. (3a- 26)«»+ (a«-ft^«. 387. i, }. 388. ^-J^lg^. 

386. «•+(/) + l)«*-(j9»+i»+l)aj*-(/>+l)(^+l)a^Qi^+l> + l)«« 

+ (;) + 1)|^« - «■. 389. a^ - a"^, a V5^- '/tf. 

390. Aft(8fi+1). 391. 2.549038 cub. ft. 392. 12hr32A'. 

393. 17. 394. 5880, 5880, 1960. 396. 2 gals, 14 gals. 

»f^m /.v a (a + 25) ,..v ,, . ,.... . 24^^ 
.105. (0«-— 2J— ^> (u)« = i(c-«)5 (*")* = ±25J- 

308. « + a. 399. a? + 6. 400. x^ i- :f^ + I - x'i. 

m n 

401. (a+5)-*"^. 402. 2«-». 403. 5(a-a:y, n{(a^if:f-(n-l)ax}. 
404. i(8±V5), 4(1±V«). 405. .986186312. 406. 1727. 

407. (i) 6 or -Ij (ii) ca-' or cJ"*; (Ui) g=+-^ , y=± ^* 



V?T6* Va*+5*- 

408. 4. 410. 2a; + 3y-«. 411.293.9387. 412. l-fa:* + a:*. 
414. 0, 1. 416. Id. 418. 23. 420. 266 sq. yds. 

419. (i) 5; (ii) ia or fa ; (iii) af=0, y=6, z=e, or a?=2a, y=-6, «=>-(?. 
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By the same Author, 



THE ELEMENTS OF EUCLID, 

FROM THE TP.XT OF DR. SIMSON, 

"With a large Collection of Geometrical Problems, selected and arranged 
under the different Books. Designed for the Use of Schools. 

Price 4«. 6«?. 



The above, with a KEY to the PROBLEMS. Price 6». 6(/. 



Or, the GEOMETRICAL PROBLEMS and KEY.- Price 3«. 6<f. 



Or, the PROBLEMS, separately. Price 1«. 
For the Use of Schools where other Editions of the Text may be in use. 



AEITHMETIC. 

Fifth Edition: Price 4«. 6rf. 



LoKDOit : 89, P4'nRitotTBm Bow : 
Sbptcxbbb, 1848. 



9L SbtUtt CTataloguc of 

BOOKS ON EDUCATION, 
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LONGMAN, BROWN, GREEN, & LONGMANS. 



ELEMENTARY CREEK WORKS, LEXICONS, 
CRAMMARS, ETC. 
Unifitrm with LUUUU and 8coW» Luttcon. 

An English- Greek Lexicon ; 

OoBtaiiiiiu: all the Greek Words tued by Writers ofeood anthority; citing the 
Authorines is Chrondogical Order for ererr Word used ; explaining the 
Construction ; and giving the Declension or CTonjugation of eacD word when 
irregttlar ; and marking the Quantities of all douotful Syllables. By C. D. 
ToHOB, B.A. Small 4to . [In preparation. 

Brasse's Greek Gradus. 

A Greek Gradna ; or, a Gredi, Latin, and Enirlish Prosodial Lexicon : contaming 
the Interpretation, in Latin and English, of all words which occur in the Greek 
Poets, from the Eariiest Period to the time of Ptolemy Pliiladelphns. By the 
late Rer. Dr. Brassb. With a Sjnopeia of the Greek Metres, by the Rev. J. R. 
Mijor, D.D. New Edit, revised by the Rer. F. E.J. Valpy, M.A. 8vo. Ifis. cloth. 

Giles's Greek and English Lexicon. 

A Lexicon of the Greek Language, for the use of Collei^ and Schools : contatnine 
— 1. A Greek-English Lexicon, combining the advantages of an Alphabetical 
and DeriratiTe Arrangement ; 2. A copious English-Graek Lexicon. By the 
Rer. J. A. Gilss. LL.D. New Edition. 8to. 21s. cloth. 

*,* The English-Greek Lexicon, separately. Ts. 6d. cloth. 

Dr. Kennedy's Greek Grammar. 

Grnca GrammaticB Institntio Prima. Rudimentis Etonensibns quantulum 
notnit immutatis Svntaxin de suo addidit B. H. Kbmmgdt, S.T.P. New 
Edition. 12mo. 4s. od. doth. 

Eiihner's Elementary Greek Grammar. 

An Elementary Grammar of the Greek Language. Bt Dr. Raphael Kfibner, 
Co- Rector of the Lyceum at Hanover. Translated by J. H. Millard, St. John's 
College, Cambridge. 8vo. 98. cloth. 

Valpy's Greek Grammar. 

The Elements of Greek Grammar: with Notes. 
8vo. 68. 6d. boards ; bound, 7s. 6d. 

Pycroft's Greek Grammar Practice. 

Three Parts: 1. Lessons in Vocabulary, Nouns. Adjectives y and Verbs in 
Grammatical order ; 2. Greek, made out of eacn column for translation ; 
8. English for re-translation. By the Rev. J. PTCRorr, B.A. 12mo. 38. Cd. cl. 

Moody's Eton Greek Grammar in Enghsh. 

The New Eton Greek Granomar ; with the Marks of Accent, and the Quiintity of 
the Penult : containing the Eton Greek Grammar in English, and the Syntax 
and Prosody as used at Eton ; wiui numerous Ait' tions. By the Rev. 
Clbubnt Moodt, A.m. New Edition. 12mo. Is . cloth. 

Valpy's Greek Delectus, and Key. 

Delectus Sententiarum Grsecamm, ad nsum Tironum accommodatus : cum 
Notulis et Lexico. Auctore R.Valpt,D.D. Editio Nova, eademque aucta et 
emend ata. 13mo 48. cloth. 

Key to the above, being a Literal Translation into English. 12mo. 2s. 6d. sewed. 



ByR. Vai.ft,D.D. New Edit. 



MB8BE8. LONOKAN AKA CO/s 



Valpy^s Second Greek Delectus. 

BeooadGicekDdectiM; or.NewAjulectaMiBon: iateadedtoberMfdtaiScbiMlt 
between Dr. Valpy** Greek Delectus and the Third Greek Delectas: with 
Eb^Ui NotM, MM a copioiM Greek and Kiigliah Lezioon. By the Rer. 
P7E.J.TALrT,l(.A. New Edition. 8to. taTo. bonnd. 

Valpy'8 Third Greek Delectus. 

Tbc^niird Greek Ddectoa ; or^New AndeeU Major*: with Ea^idi Motet. In 
Two Parta. B7 the Rer. F. £. J. Talpt, M.A. 8to 15a. 6d. Wniad. 
*•* The Parta may be had aeparatelT. 
Past 1. PROSE. Sro. Sa. ed. bovnd'. — Past 3. POETKT. 8to. 9a. 6d. bovad. 

Dr. Major^s Greek Vocabulary. 

Greek Tocabnlazy ; or, Exerdaea on the Declinable Parta of Speed*. By the 
Rer. J. R. Majos, D.a NewEditka. 12aao.28.«d.cIoth. 

Valpy's Greek fixercisesy and Key. 

Greek Exereisea; being an Inteodnction to Greek CompotitioB. leading the 
atndeat from the Elementa of Grammar to the higher parta or Syntax By 
theRcT. F. E. J.Vau>y,M.A New Edition. ISmo. 6a. 6d. cloth. 

KcT, I2mo. 8a. 8d. aewed. 

Neilson's Greek Exercises, and Key. 

Greek Exerriaea, in Syntax, Ellipsis, Dialeeta, Prosody, and Metaphrasls. To 
which is prefixed, a conda e but comprrhenaive Syntax ; with Obserrstions on 
some Idioms of the Greek Language. Br the Rar. W. NsiLaoM, D.D. New 
Edition. 8vo. 6s. board8.-~KxT, Sa. boarda. 

Howard's Introductory Greek Exercises, and Key. 

Introdnctory Greek Exerdaea to thoae of Hnntingford, Donbar, Neilson, and 
others ; arranged nader Modela, to aasist the learner. By N. Howaxd. New 
Edition. 12mo. 6a. 6d. cloth.^KxT, 13mo. Sa. 6d. doth. 

Dalsers Analecta Grsca Minora. 

Analecta Grcca Minom^ad nawn Tivonnqa accommodata. Com Notts Philo- 
logicis, onaa partim oollegit, partim aeripait A. Dalskl, A.H. Editio nora, 
cttffA i. Baiut, A.M. CMwn 8to. 6a. bound. 

Dalze] and Dunbar's Collectanea Graeca Majora : 

Ad usnm AcademicvJuTcntntiaaceommodntc. Cnm Notia Plulologicia. New | 

Editiona. 3 Tola. 8to. £1. Ma. 6d. boond. 
Yol. 1. Excerpta ex Variia Orationia Soluta Scriptoriboa Bro. 9a. 6d. 

" 2. Excerpta ex Tariis PoStis. Edited by the Rer. Canom Tatb. 8to. lis. 

" 8. Excerpta ex dnobnaprindpiboaOratoribnaet Variia PoStia. ByGnoRos 
DuNBAK, A..lf . 8to. 14a. 

Dr. Major's Guide to the Greek Tragedians. 

A Guide to the Reading of the Greek Tragedians ^ being a series of articlea on the 
Greek Drama, Greek Meteva, and Canons of Cnticiam. Collected and arranged 
by the Rev. J. R. Muon, D.D. New Edition, enlarged. Sto. 98. doth. 



The Beo, J. Seaffer*9 Tranalatiom. 

Maittaire on the Greek 

Dialacta. 8to. 9s. 6d. boards. 



60s on the Greek Ellipsis. 

With Notes. 8to . 9a. 6d. boarda. 

Hermann's Elements of 

the Doctrine of Metrea. 8to, 8a. 6d. 

Hoogeveen on the Greek 

Particles. 8vo. 7s. 6d. boards. 

■ ,« The above Five Worka may be had in 2 rola. Svo. £2. 2s. doth 



Vi^r on the Greek 

Idiomat with Original Notes. 8to. 
9s. 6d. 



LATIN WORKS, DICTIONARIES, GRAMMARS, ETC. 
Riddle and Arnold's English-Latin Lexicon. 

A CopiflQs English-Latin Lexion, founded on the German-Latin of Dr. Charles 

Ernest Georees. By the Rer. J, E. Riddle, M.A. Author of " A Complete ■ 

Litin-Enarlish Dictionary," Sec; and the Rev. T. Kereherer Arnold, M.A. 1 

Rettor of Lyndon, and late Fellow of Trinity College, Cambridge. 8vo. 263. ' 



STAMDAKD KSUCATIONAL WORKS. 



Uniform with Lidddi and Seott's Lexicon. 

Riddle's Larger Latin-English Lexicon. 

A copioas Latin -&glLdi Lexicon, from tht new German work of Or. Freund, 
augmented with important Additions. Bj the Rev. i. E. Riddle, M.A. of 
St Edmund Hall, Oxford. Small 4to. [In preparation. 

Riddle's Complete Latin Dictionary. 

A Ckimplete Latin-English and English-Latin Dictitmary. For the use of Col- 
leges and Schools. From the best sources, chieflv Gennan. Bjr the Rev. J. E. 
RiDDLB, M.A. New Edition, corrected and enlarged. 8to. Sis. 6d. cloth. 

o _j. 1 r The English-Latin Dictionary, 10s. 6d. cloth. 

Separately ^ ^^ Lafin-English Dictionary, £1. Is. cloth. 

Riddle's Young Scholar's Latin Dictionary. 

The Young Scholar's Latin-English and English-Latin Dictionary; being Mr. 
Riddle's Abridgment of his larger Dictio£tfy. New Edition, corrected and 
enlarged. Square ISmo. 12a. bound. 

Q * 1 / The Latin-English Dictionary, 7s. bound, 
separately -^ ,^^^ English-Latin Dictionary, Ss. 6d. bound. 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Latin -English Dictionary. A Guide to the Meaning, Quality, and 
right Accentuation of liatin Classical Words. By the Rev. J. B: RisoLS, M.A. 
New Edition. Royal S2mo. 4b. bound. 

Riddle's Latin Vocabulary .• 

A Progressive Latin-English Vocabulary: being a List of Common Latin 
'Words, with their principal Meanings in English : distinguished according to 
their comparatiTe importance or frequency of use. By t&e Rer. J. E. Risdu, 
M.A. 12mo. 2s. cloth. 

Riddle : Questions for Exercise in Latin Composition, 

Adapted to Riddle and Arnold's English-Latin Lexicon. Br the ReT. J. E. 
Riddle, M.A. of St. Edmund Hall, Oxford ; Author of <* A Cdmplete Latin- 
English Dictionary/' Ac l2mo. [In the press. 

The Illustrated Companion to the Latin Dictionary : 

Being a Dictionary of all the words repmenting Visible Objects, connected 
with the Arts, Science, and Every-day Life of the Ancients> Illustrated by 
nearly 2,000 Woodcuts fiom the Antique. By Akthomt Rich, Jun. B.A late of 
Caius College, Cambridge ; and one of the Contributors to Dr. Smitii's " Dic- 
tionary of Greek and Roman Antiquities." Post 8to. [Nearly ready. 

Zumpt: A Grammar of the Latin Language. 

By C. G. ZuXFT. Ph. D. Translated from the 9th Edition of the original 
and adapted for tne use of EnfiAish students, by ' ~ 
the Hign School of Edinburgh ; with new Add: 
Author. New Edition. 



litions and Corrections by the 



Ziimpt's School Grammar of the Latin Lan^ua^e. 

Translated and adapted for use in English Schools. By Dr. L Scbmits, 
F.R.S.E. Rector of the High School of Edinburgh. With a Preface, written 
expressly for this Translation, by the Author. 12mo. is. cloth. 

Pycroft's Latin Grammar Practice. 

Latin Grammar Practice : 1. Lessons in Vocabulary, Nouns, Adjectires, and 
, Verbs, in Grammatical Order; 2. Latin, made out of each column, for Trans- 
lation; 3. English, for re-translation. By the Rer. Jaxxs Pxcbovt, B.A. 
New Edition. 12mo. 2s. 6d. cloth. 

Valpy's Latin Grammar. 

The Elements of Latin Grammar: Kith Notes. By R. Vm.pt, D.D. New 
Edition, with numerous Additions and Corrections. 12mo. 2s. 6a. bound. 

Dr. Kennedy's Latin Grammar. 

An Elementary Grammar of the Latit. Language, for tl^use of Schools, hv 
the Rev. B. H. Ksmmedt, D.D. Head Master of Shrewsbury School. New 
Edition. 12mo. 3s. 6d. cloth. 



MMimi. LOKOICAW AWD 00 /• 



WrI ford's Liitin Vewe Book. 

Proffmiiv* CurpUM In Lattn BImIm Vwm, AAadM, with It»l^r«tien 
Uirnutfhottt. to the BraUt of Dr. KeniM4y*t Lalltt OraiaiMrj Md treom* 

SLnlcd by Mu«lnal tdtetnoM to tha Worka of tht best Latin PMta. Djr tht 
»v. E. Wal?o»d. M.A. BchoUr of BaUlol C«lk(«, Oafbid, mmI AaalalMl' 
MaKtar of Tuabrldga Bohool. Itaio. la. 6d. oloth. 

Dr. Kennedy'^ Latin VocRbularjr. 

A Latin Vocabulary, arrantad on Rtjrmoloflcal Prlnelplaa. aa aa Bttrclaa' 
Book, and flnit Latin Dlotlonary (br tlie uac of th« Low«r Claaaaa In Behooto. 
Br BiMfAMiN Hall Kinmidt.D.O. Prabcndarj of Llabflald. llmo.aa. Sd. 

Kennedy : The Child*i Lntin Primer; 

Or. FIrat Latin Laaaonai Eitraetad (with Modrt Quaatlont and ttmclaM) 
from *' An SiMnmtarj Latin Orammar,** by Bai|ia»la Hall Kaimadjr, O.D. 
PitbandaryorLkhflaU. lime. to. doth. 

Jnckson : The Lntin Tyro's Guide i 

OTj PIrtt 8t«p towarda tha AequiratDattt of Latin. By Q«or(a Jaekaon. Id 
»o; 



Edition, tfoyal IBmo. la. 6d. bloth. 

Moody's Eton Latin Grammar in English. 

Th» Nvw Bton Latin Orammar. with th« Marka of Qnantltr and tha Rnica of 
Aocenti eontalnln|r tha Eton Latin Orammar aa naad at Btoni and Ita Trant' 
Ution Into Eaffllahi with Notaaaad ooploua Additlona. Br Rar. OuiitaitT 
MooDT, M.A. Naw Edition. ISmo. la. td.oloth. 

Tha Eton Latin Aeoldcneai with Additlona and Notaa. Kaw BdlUon, llmo. la. 

Grahnm's First Steps to Latin Writing. 

rint 8t«pi to Latin Writing i Intandad aa a Praatlcal tlltiatraUoa of tha Latin 
Aooidancff. To whloh ara addrd, Examplaa on tht principal Rulaa of Nmtaa. 
By 0. F. OnAMAM. Naw Edition, oonaldrr ably enlatfad. llmot 4a. aloth. 

Valpy's Latin Delectus, and Key. 

Dvlrrttts llantvntlarum at Hlatorlarum{ ad uanm TIroanm aecomnodatna! tmii 
Notttlla at Laxloo. Awtorc R. VAtPV, D.D. New Edition llmo. la. M. doth. 

Krt. Naw Edition, earalUUyratlacd. llmo. la. Id. oloth. 

Valpy's Second Latin Delectus. 

Tha (Iprond Latin Dal^rtuat detlgnad to ba rvad In Sehoola allrr tha Latin 
Dalartua, and balbra tha Analacta Latlna Majorat with Engllah Notaa. By 
tha RtT. F. B. J. Yalpt, M.A. Naw Edition. Bro. la. bouad. 

Valpy's First Latin Exercises. 

FIrat Eaarrliira on the principal Rulva of Orammar, to ba tranataiad Into Latin t 
with Ikmlllar Explanatlona. By tha lata Rav. R. Valtt, D.O. Naw Bdltloa, 
with many Additlona. 18mo. la. M. doth. 

Valpy's Second Latin Exercises. 

Seoond LaUn Etarolaaa; appllcabla to cvary Orammar. and Intcndad aaan Intro- 
dui'tlon to Valpy'a "ElwantlM Latin*.'* By tha Rav. E. Valpv, B.D. 
New Edition, llmo. la. N. doth. 

Vnlpy's Elegantiffi Latines, and Key. 

ElMantla Latlnai | or, Rulaa and Eaerdaaa lllnatrntrva of EI#Rant Latin Btylr <. 
With the Orlf(inal Latin of the moatdllHottlt Ph^aaea. By Rav. E. V al.^t, A.D. 
New Edition, llmo. 4a. Id. oloth. 

K«Y, bring tha Original Paaeageii, which ham bean trantlated Into Et:glUh,U> 
aerva aa Etamplea and Eiardaea la tha above, llmo. la. 6d. aewed. 

Butler's Praxisi and Key. 

A PrHxIe nn the Latin PrepoMltlnne i belnR an attempt to Itluatrate their Orifln, 
HiKnIflcatinn, and Oovernmcnt. In the way of EKeroiae. By tha lata Bianop 
DuTLMR. Naw Edition. Bvo. w. Id. boarda.— RiT,Oa boarda. 

An Introduction to the Composition of Latin Venie \ 

contalainff Rulra and Eiereiaea Intcndad tn illttHtrfttit the Mannera, Cuattitnt, 
and (.IpminnM, mentioned by the tinman Pneta, and to render Aimlliar the 
prinnpiii Jdiomii of the Lntin LAn«iin«e. By tite late On ni arum an R^rirK, 
A.n. New Kdltinn, revised by tha Rev. T. K. AaioLU, M.A. llmo. la. Od. 
doth.— Kit, 3a. Od. aewed. 



«TAV04fiP iiaii04Tfoir4i« nroRM. 



How{ir4'« L^tin J^wveiuen extended, 

ImUn ivMnciMK U»l«i»d«d ^ or, • iJeriiai Mf iMin ExercuMM,sif|«Bt«4 from t^te (>«»( 
Ui*m4tt Writer*, Kiui iMiAfAeti to Urn HuU* uf S^muk, u^Ukul^rly io Uw i^um 



IffuwAM). Vew K4it(ui». iS^MM 






BradUy'n Latin Prosody, and Key, 

JS««f(.jMr» iff (4ifi4A PnModir *ud VgmlkiaMn- Vnw Vduion, »itk (m Apptrn4>» 
MA ^)tri« »d4 PrjM»«i»(- UM»*i*rK«. I3w«. 8«. ($4- Untit—tntf. I'^tm. '*»• M. 

Bradlev'« J^Kevomti, Ste, on Liiiin Grammiir. 

l^fiK»of}l,tufct»fn^amuttauiMi »4»pt«4 to the bett l^Un (irMminar*,»n4 
4ie*igA«4 »« » Qimp Ui P*i»md, luid i^n Intr«^w.Ugn t» tlu: le.jntm*i:if uf V'»luy , 
Tumicrj CUfk», Vi\U, tut. Ik. Dy Om ^r- C. 0»«wi^)»¥, New iulia<^A. 
I^MMi- %■ 04. \m^. 

HowArd'« Introductory Latin ISK^roisas, 

(l»tro4u£tor/ f<«4tin ii>«j:ci««;ii to Mw»« »( C'Urkf;, i£l){«, Tun)«r. i»a4 oU)iir« : 
4««ign«4 fur Um yo>mgi.-r C'lMMa. fif lfUH4M»)(»' H'^w*»m. ' " '" 






Beea'fei Latin Testament, 

)i4iHw iiitcuwtypt^- \%vm.^.iA.\wiu\^\. 

Valley's Knitome Hacr» Hi«torl», 

S»£nK HM>torw i£i4tonu;, in uium bctfHiMruw ■- cwm V0M4 iAgili;i«. Ay Um 



^WV^^^x^ ^^X ^^x/'^^s^vys 



(DITIONI OF Wa.% CtAllie AUTHOM. 

Valpy'i Homer, 

T.«»( fif^ntmt, Ry Um a«y. £. V^t^irv, 



H»mtfr'»lii't4,coini'li;to: Unglinb Vote*, »a4 Qm«i»Mom to ir«l Pigbt Bnolw. 
y»n. of ihtmi, By Urn a«y. E. V^t^irv, BP- W* ll«*M:r uf VomrTcIt SciMM . 
tinvn K4»l4tiA. livM. iO». Ati. htmm^—Tntimlt, Vkw )B4ii. ftvo. 6».IW- \n*iwl. 




Major's Kurmides, 

vnuuyuu Uf msuu.in ttynunm. ttf Mr. mnun- nvu. **•■ nu 

Burges's .^sehylus. 

JlS0cnvlwt-TUt! rrumntimuM : V.ngUih VotM.tc. ByO. BN»«pf , A.l|. Trini^ 

Linwood's Hopbooles, 

Uos^Uit 7'r»g«4i« »uu«r»titofl. B«fi«fw4^ tl brwi AnwfMioM in«tfnf »l 
0. lina wumt, U A- -^w Ci»ri«M »pm4 U»«tti«MM AmmmixM' 6vw- Im. tiUmh 

Brasse's Sophoeles, 

Sopiwcim, commito- ii'rom t^»t T«f 1^ of H*nMMi, KrA»r4|| Ao. ; wi^h origijul 
Enultmatory Engli^lt Koto», I4u«»l4«n«. imm imkis». By P'* B»^««*,iCr. 
Bu»0M,iMi4a«irF. V4^rv- ivuU.pM^it^vu.H*.f:U^it^. 

* ,* TiMi SevftA PUy» iii«p»r»toly, priM A*- (t«cl)» 

Balfour's Xenophon's Anabasis, 

ThK AffAlj^siA uf XeitopiMR. r'i/i«(ly •«£or4iM to t^» T»ti of HHtoitinMH. 
WiUi l^%i)\iuniUir}f t»tAeft,itni niM«tr»MuMon4iom«fromVig<ir,lu:..pupiou« 
Io4«XM ,»n4 Etii m iBitti o tt (iun»Uum. By ?• C. B«^I'|iwm», ll>i> 0»oi). F.a. A-S* 
Pt.p. VkwMUoa. Po«(iivo.iii».M.t«ftr4«, 

Hiekie's Xenopbon's Memorabilia, 

%Mmp\wn'» lf«inor»bilia of Socr»to«. Prom Um tcsl of Ki»bp«r' Witt) Wptoi, 
Criutnl md Ex{ii»n»tory, from t|M be»t Cumfi*Vii#U*fif, mA UliUu fUiiiuf, 



QutntUu^n for V,$4mii^»tifiU i Nd IwiiiiM' By 



MESSRS. LONGMAN AND CO.'« 



White's Edition of Xenophon's Anabasis. 

Xeoophon't Ezpfditioa of Crnu into Upper Aaia : principallT fttni the Text cf 
Schneider. With English Notes, for the qm of Scho(^. By the Rer. J. T. 
WhiU, M.A. C.C.C. Ozon; Junior Upper Master itf Christ's Hospital, Lon- 
don. 12mo. 7s. 6d. bonnd. 

Barker's Xenophon's Cyropsedia. 

The Cjropeedia of Xenophon. Chiefly mnn the text of Dindorf. With Notes, 
Critical and Explanatory.from Dindorf. Fisher, HntchinsonJPoppo,Senaeider, 
Starts^ and otherscholars, arcompanied bj the editor's, witn Examination 
Questions, and Indices. By E. H . Bakkse. Post 8to. 9b. 6d. bds. 

Stacker's Herodotus. 

He rodotos ; containing the Continnons History alone of the Persian Wars : 
with English Notes. By t. e Rev. C. W. STOcutn,D.O. Vice- Principal of 
St. Alban's Hall, Oxford. >ew Edition. 2 rol*. post 8to. 18s. doth. 

Barker's Demosthenes. 

Demosthenes— Oratio PhUippica I., Olynthiaca I. II. and III., De Paoi>, .^chines ; 
contra Demosthenem, De Corona, with English Notes. By E. Ii. Baekek. > 
New Edition. Post Sro. 8s. 6d . boards. I 



EDITIONS OF LATIN CLASSIC AUTHORS. 

Girdlestone and Osborne's Horace. 

The Works of Horace. Adapted to the Use of Younc Pencms, by tiio 
Omission of OfliensiTe Words and Passages ; and illnstrated Djf original English 
Notes, embodying the naost recent Poilological Information, together with 
occasional Strictores on Sentiments of an nnchriatiaa tenaency. By the 
R«T. CHABtBS OiBDLBnoMB« M.A. asd the Bct. Wiixiam A. Osboskb, 
M. A. 12mo. 78. 6d. bound. 

Valpy's Horace. 

Q. Horatii Flaeei Opera. Ad fidem optlmomm cxemplarinm castigata ; cum 
Notulls Anrlicis. Edited br A. J. Valft, M.A. New Edition. Idmo. «s. 
bound ; without Notes, 3s. M. bound. 

*,* The objectionable odes and passages hare been expunged. 

The Rev. Canon Tate's Edition of Horace. 

Horatius Restitutaa ; or, the Books of Horace arranged in Chronolo^al 
Order, according to the Scheme of Dr Bentley, firom the Text of Gesner, cor- 
rected and improved: with a Preliminarr Dissertation, very much enlarged, 
on the Cluonolonr of the Works, on tne Localities, and on the Life and 
Character of the Poet. By JAxas Tatb, H.A. New edition. 8vo. 13s. cloth. 

Virgil with 6,000 Marginal References, by Pvcroft. 

Tne JEneid. Of orgies, and Bucolics of Yiivil : with Marginal References, and 
concise Notes from Wagner, Heyne, and Anthon. Edited, fimn the Text of 
Wagner, by the Rer. Jas. Ptcbott, B.A. Trin. Coll. Oxford. Fcp. 8to. 7s. 6d. 
bonnd ; without Notes, Ss. 6d. bonnd. 

Valpy's Edition 6f Virgil. 

p. VirgUU Manmis Bueolica, Oeorgica, .Sneis. AooednBt,ln mtiam JuTentuUa 
Not« quMdam Anglice acriptv. Editsd hj A. J. Yalft, li.A. New Edition. 
18mo. 7s. 8d. bound ; the Tbxt only, 9s. 6a. bound. 

Bradley's Ovid's Metamorphoses. 

Oridii Stetarnxvphoses ; hi nsnm Scholamm excerptv : ouibus acoedunt Notnia 
Anglic* et Qiuntiones. Studio C. BKiLOUiT, A.M. Editio Nora. 12mo. 
4s. 6d. doth. 

Valpy's Ovid's Epistles and Tibullas. 

Electa ex Oridio et TibuUo : eum Notis Anglicis.' By the Rer. F. El J. Taut, 
M.A. Master of Burton-on-Trent School. New E<utlon. I2mo. 4a. 6d. eloth. 

Bradley's Pheedrus. 

Phsdri Fabul«; in usum Scholamm expnrgata: quibus aocedunt Notnla 
AngUcsBetQuvstiones. Studio C.Bbaoi.bt,A.M. EditioNova.I2mo.SB.6d.cl. 
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P. Terentii Afri Comoedise Sex. 

^£x Editioae Th. Fud. Ood. Rxinhaast. With Ezpltnatorv Note*, by 
D. B. HxcKiE, LL.D. New Edition. lamo.iriUi Portrait, Os.Vd. cloth. 

Barker's Tacitus — Germany and Agricola. 

The Germany of C. C. Tacitae, from Faasow'e Text; and the Agrikola, from 
Brotier'sText: with Critical and Philological Remarki, partly orl((Uial and 
partly collected. By E. H. BaacxA. New Edition. 12mo. te. 6d. cloth. 

Valpy's Tacitus, with English Notes. 

C. Comelii Taciti Opera. From the Text of Brotier ; with his Explanatory 
Notai,tranelatedlntoEngli«h. ByA.J.yAX.PT,M.A. 3vol*.post8vo.21t.1>ds. 

C. Crispi SalluPtii Opera. 

With an £nffliah Commentarr, and Geographical and Hiatorical Indexes, by 
CHAKLaa Amthok, LL.D. New Edition. ISmo. 0«. cloth. 

C. Julii Ceesaris Commentarii de Bello Gallico. 

Ex recenaione Fa. Oudxmdokpii. With Explanatory Note*, and Historical, 
Geographical, and Archselogical Indexes. By CuAMLmt Amtbom, LL.D. 
New Edition. ISmo. la. 6d. cloth. 

M. Tullii Ciceronis Orationes Selectee. 

Ex recensione Jo. Avo. Eemssti. With an English Commentary, and 
Historical, Geographical, and Legal Indexes. By Cha.blss Axtbox, LL.D. 
New Edition. i2mo. Os. doth. 

Barker's Cicero de Amicitia, &c. 

Ckero's Cato Malor, and Lalins : with English Explanatory and Philological 
Notes : and with an English Essay on the Respect paid to Old Age br the 
Egyptians the Persians , the Spartans, the Greeks, and the Romans. Efy the 
late £. H. Barxxr. New Edition. 12mo. 4s. 6d. doth. 

Valpy's Cicero's Twelve Orations. 

Twelve Select Orations of M. Tnllins Cicero. From the Text of Jo. Gasp. 
OreUins ; with English Notes. Edited by A. J. Yaltt, UJL. New Edition. 
Post 8to. 7s. 6d. boards. 

Bradley's Cornelius Nepos. 

Cornelii Nepotis Vita Excellcntiiun Imperatomm: qvibus accednnt Notnla 
AnglieaetQnastlones. Studio C.Bbaslxt, A.M. EditioNoTa. 12mo.3s.6d.cL 

Bradley's Eutropius. 

Eutropii Historic Romana Libri Septom : quibns accedunt Notnla Anglic* et 
QiuBstioues. Stodlo C. Bxaolxt, A.M. Editio Nova. 12ino. 2s. (m. doth. 

Hickie's Livy. 

The Pint Five Boofcs of LItt: with English Explanatory Notes, and Examina- 
tion Queitions. By D. B. Hioxu, LL.D. New Edit. Post 8to. 8s. 6d. boards. 

WORKS BY THE REV. 8. T. BLOOMFIELD, D.D. F.8.A. 

Bloomfield's New Greek Vocabulary. 

Lexilogtts Scholastictts ; or, a Greek and English Vocabulary on a new and 
improTed plan : comprising all the PrimitlTes. witii some select DeriTattres ; 
and presenting a brief Epitome In outline of tne Greek Language. 18mo. Ss. 

Bloomfield's Epitome of the Greek Gospels. 

Epitome ETsngelica ; being Selections from the Pour Greek Gospels : with a 
Claris and Grammatical Notes. Intended as a Companion to the Author's 
*' Lexilogus Scholasticus," and as an Introduction to his *< College and School 
Greek Testament" 18mo. 4b. cloth. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament ; espeeiallir adapted to the 
use of Colleges and the higher Classes in the Public Scnools, out also intended 
as a conrentcnt Manual Tot Biblical Stodents in general. New Edition, en- 
larged and improred. Fop. 8to. 10s. 6d. doth. 
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Bloomfieid's College and School Greek Testament. 

The Gfwk TtetaMtt: w&l»»irfBi^{IMiWote«,PWIiih«ir«!«adFtiii—rtnt: 
EBperiaOylbniHdlbr the «w ofColkfnaad the Pi^lk Sdiools^ Imft 
Mi«|itrti far general purpoee*, wlieic a larger work ii aol i c qaiai t e . Mew 
Edition, wdMged and impmwJ. Fiep. 8*0. lOi. Cd. dcilli. 



Bloomfield*s Greek Testament 

Tbe Grcek TeatameBt: with eopioiu EngUdi Vote*, Ciitiea], PhiMa|gieal, and 
Ezplanatorr- NewEditi(iii,eiilaisedaiidiinprofed. S vola. 8vo. with M^ of 

Bloomfieid's Greek Thaeydides. 

The History of the Pelmmimeaian War, by Tfaaejdldca. A New ReeeBa h Mi of 
the Text; wtth a eaierally amended Panetaatiim; and copioaBNoln, Critical , 
Philologieal, and Ezplanatory ; with fldl Indieea, both of Giaek Words and 
Phrases, explained, and natters diwiM a e d in the Notes, t vole. 8*0. with 
Maiw and Flans, 98s. cloth. 

Bloomfieid's Translation of Thaeydides. 

Itie History of tiw Peloponnesian War. By Tkvctsisb*. Tkanalaled into 
English, and accompanied by copiofiu Notes. Philolosical and Exp lsn a h wy, 
Historical and Geographical. 3 vols. 8n>. with Maps, &e. £>. fis. boaida. 



HirrORY, CHRONOLOGY, AND MYT>IOLOGY. 

Eccleston : 'An Introduction to English Antiquities. 

Intended as a Companion to the History of England. BjJaniesEedestoa, B.A. 
Head Master of Sutton Coldileld Grammar Sehoiil. 8vo. with nvmeroos En- 
gravings on Wood, 2Is doth. 

Mr. Parr's Elementary History of England. 

T)m Collegiate, School, and Family History of En^and, from the Earliest 
Period, £9 the Eleventh Tear of tbe Reign of Queen Victoria; containing a 
Nartativp of Civil and Military Transactions, and eihibiting a view of ue 
Religion, Government and Laws, Literature. Arts, Commerce, Manners and 
Customs, Ac. Ac. of the different Periods of Engladi History. By EnvrAmn 
Tamm, Esq. F.S.A., Author of « A Continuatifla of Hume xAA Smollett,*' ftc 
13B10. fis. od. bound. 

Lempriere's Classical Dictionary, abridged 

For iSiblic and Private Schools of both Sexes. By the late E. H. Barxxk, Tri- 
nity College, Cambridge. New Edition, revised and corrected throngnout. 
By J. Cautim. 8vo. 1&. bound. 

Blair's Chronological and Historical Tables. 

From the Creation to & Present Time : with Additions and Corrections from 
tiie most Authentic Writers : including the Computation of St. Paul, as con- 
necting the Period from tbe Exode to the Temple. Under the superintendmea 
of Sir HxiTKT Eixu, KJL Imp. 8vo. 31s. 6d. half-bound morocco. 

MangnalPs Questions.— thb()iii:.t gmuvimmaxb cowLBn edittox. 

Hist<mcal and Miscellaneous Questions, for the Use of Young People ; with a 
Selection of British and G«ieral Biographv, Ac. Ac. Bv R. Maic oi(ai.l< New 
Edition, with the Author's last Correcuons, snd otaer very oonsiderable 
Additions and Improvements. I2mo. 4s. <d. bound. 

Comer's Sequel to MangnalPs Questions. 

Questions on the History of Europe : a Sequel to Mangnall's Historlca Ques- 
tions ; comprising Questions on the History of the Nations of Continental 
Europe not comprehended in that work. By Jolu. Coxhsk. Mew Edition. 
12mo. fis. bound. 

A Catechism of Church History 

In general, from the Apostolic Age to the Present Time. To which is added, 
a Catechism of En^Ush Church History; with a Chronological Summary of 
Principal Events. By the Ear: W. T. WllUnson, A.M. Fq>. 8to. fla. cloOi. 
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Hort's Pantheon. 

The New Pantheon; or, an Introdaction to the Mrtholosy of the Ancients, in 
Question and Answer: compiled for the Dae of loonf Persons. WiUi an Ac- 
centuated Index, Questions tor Ezercise.and Poetical Illnstrations of Grecian 
Mytholo^, from Homer and Yirgil. By W.J. Uo&T. New Edition, enlarged. 
ISurn. wttjt 17 Plates, fie. 6d. bound. 

Hort's Chronology. 

An Introdnetion to the Study of Chronolo^ and Ancient History: in Question 
and Answer. By W. J. Hobt. New Edition. Itaio. 48. bound. 

Mrs. Slater's School Chronology. 

Sententite Chronoln^cfB ; or, a Complete System of Ancient and Modem Chro- 
nologyj contained in Familiar Sentences : intended for the nae of Schools and 
Private Students. By Mrs. Johm Slxtsb.. New Edition. 12mo. Ss. 6d. 
cloth. 

Mrs. Slater's Chronological Chart. 

A Chronolo^cal Chart, designed to accompany Mrs Slatb&'s ** Sententin 
Chronologictt," and correctna to the present time, to correspon 
Edition of that work. On 2 large sheets, coloured, price 6s.; or mounted on 



Valpy' 



Chronologictt," and corrected to the present time, to correspond with the New 
Edition of that work. C ~ " 
linen on a roller, 9s. 6d. 

School Chronology ; or, the Great Dates of History. 

Drawn up for the. use of the Collegiate Schools, LiTerpooL New Edition. 
Square 12mo. Is. stitched. 

T*8 Poetical Chronology. 

Poe&cal Chronology of Ancient and Eng&sh History : with Historical and Expla- 
natory Notes. By R. Yi^LFT, D.D. New Edition. 12mo. Ss. 6d. cloth. 

Keightley's Outlines of History. 

Outlines of History, from the Earliest Period. By Thomas Kbiohtlbt, Esq. 
New Edition, corrected and improved. Fcp. 8vo. 68. cloth ; 68. 6d. bound. 

Sir Walter Scott's History of Scotland. 

History of Scotland. By Sir Waltsb Scott, Bart M ew Edition, 3 vols. tep. 8vo. 
with Yignette Titles, ISs. cloth. 

GEOMETRY, ARITHMETICrLANID-SURVEYINC, ETC. 

Sandhurst CuUege Astronomy and Geodesv. 

Practical Astronomy and Geodesy : including the Prqfeetions of the Spliere and 
Spherical Trigonometry. For the use of ^e Royal Military College, Sand- 
hurst. By JoHH NAKBnm , F.R.S. & R.A.S. Processor of Mathematics, &o. 
in the Institution. 8vo. 14s. bound. 

Sandhurst College Trigonometry. 

Plain Trigonometry and Mensuration. By W. Scon, Esq. A.M. and F.R.A.S. 
8to. 9s. 6d. bound. 

Sandhurst College Elements of Euclid. 

Elements of Geometry : consisting of the flrst four, and the sixth. Books of 
Euclid, chiefly from the Text of Dr. Robert Simson ; with the principal 
Theorems in Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and Solids ; with one on 
Spherical Geometry. By JoBirNABBiBN,F.R.S.aBdR.A.8. 8vo. 10s. 6d. bd. 

Sandhurst College Analytical Geometry. 

Analytical Geometry : with the Poperties of Conic Sections : and an Appen- 
dix, containing a Tract on Descriptive Geometry. For the use of the Royal 
Milita^ College, Sandhnrst. By J. Njlbbibb, F.R.S. and R.A.S. 8vo.8s.6d. 

Sandhurst College Arithmetic and Algehra. 

Elements of Arithmetic aad Algebra. By W. Soott. Esq. A.M. and F.RJL.S. 
'" ~ " 8vo. i6s. ' 



Second Mathematical Professor in the Institution. 



bound. 



Professor Thomson's Elementary Algehra. 

An Elementary Treatise on Algebra, Theoretical and Practical. By Jambs 
Tbomsom, LL.D. Professor of Mathematics in the Uaiversity of Glasgow. 
New Edition. 12mo. Ss. doth.— Kbt, 4s. Bd. dotlt. 
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Nesbit's Mensuration, and Key. 

A TraatJM on Practical McBanratioB * oontaiaiBe tlie 
dncwvoff G««iiieirical Finres; Menrantkni of 
Mduuration of Solids ; tte Uae of the C^ncBtar's 
B/A. Nemit. NcwEditioa. l2iao.wjdk9l 

Kbt. New EditioB. 12ido. Sm 

Nesbit 



of 
Load Sttn e yfa m . 
,ale ; Timber Mcmor, Ac 
(■.boond. 



SarTeriiig. 
By A. Ns< 




a Complete Treatise on Practical Land 

For the »■<# Rehonhead Olmhutfc. With 290 Practical Eumples. 
By A. 5tstBiT. Near Editioa, oorrceird and ffieatly eolarnd. To vfaich are 
now added, Plaae TrteoBometrr, inclndinc the nac of the Theodolite and 

" • .~ . ' ^"{, Inetadiau the Friaciploa a»l 

I, CtotluiK and Embankiay, 
-SnrweTor and Clril Eagi 
aeer. HvoT with woodeote, pl^^ea, and an engraved fidd-Dook, 12s. doth. 

Crocker's Land Surveying. - 

Crocker's Elements of Land SorveTug Mew Edtttoa, co r rec t e d thimighovt, 
and consklerablT improred and modemfaed, by T. G. Bout, Laad-Sttrreyor. 
Bristol. To «iueh ate added, Tkbles of 8is-flgiuc Logarithiniy sapcrinteDdca 
^RiCHABO FARLBT.ofthe Nautical Almanar EstotdMhmeat. PoatSTo. with 
Flans, Field-book, ae. 12s. doth. 

Farley's Six-Figure Logarithms. 

Tables of Six-figure Logarithms ; ooataiBiag the LqgaiitlnBa of Numbers fhmi 
1 to IOjOOO, and of Siiies and Taqgeats tor crcry Kuaata of the Qoadrsat and 



•very Six Seoonds of the first Two 
FormulK for the Solution of Plane 
BiCHAJU) Faalst. Post 8to. 4s. 6d. 



with a TaUs of Castftants, and 
Spherical Tkiaa^cs. Saperiateaded by 



Illustrations of Practical Mechanics. 

By the Rer. H. UtKhwrt, ILA. Professor of Natazal Philosophy aod Astnmamy 
ia King's College, Londoa. New Bdk. Fep. 8to. with Woodeato, 8s. dote. 

Tate : Exercises on Mechanics and Natural Phi- 
losophy ; or, an easy introduction to Eagineerfaac ; containing various Aoplioa- 
tions of the Prindple of Work : the Tteory of ukb Steam EngiBe with Simple 
Machines ; Theorems and Problems on Aoenmnlated Worii, Ac By Thohas 
Tats, Mathematical Master of the National Sode^'s Traiaiag College, 
Battersea. NewEditioa. Fcp. 8vo. 2s. doth. 

Tate : Treatise on the First Principles of Arithmetic, 

after ths method of Pestaloizi. Designed for the use of Teachers and Moniton 
in Elementary Schools. By Thomas Tatb, Mathematical Master of the 
National Sodety'sTminfaig College. Battersea. Now Bditioii, with additions 
and improvements. 12mo. Is. 6d. cloth. 

Wharton : The Principles and Practice of Arithmetic 

and Mensuration ; with the Use of Logarithms. Adapted for the use both«f 
Public and Private Schools and the Universities. By J. Whaktoit, M.A. 
With the Sanetion of the College of Pieoeptors. 12mo. 4s. doth. 

Keith on the Globes, and Key. 

A New Treatise on the Use of the Globes ; or, a Philosophical View of the Earth 
and Heavens: ctnnprehending an Account of the Fieure. Magnitude, and 
Motion of fhe Eartn: with uie Natural Changes of ns Surface, caused by 
Floods, Earthqnakes^Ac. By Thomas Ksith. New Edition, improved, by 
J. RowBOTHAM, and w. H. Faiom. 12mo. with 7 Plates. <s. 6a. bound. 

KjiT, by Paioa, revised by J. Rowbotham, 12mo.2B.6d.dotli. 

Tate : Principles of Geometry, Mensuration, Trigo- 
nometry, Land-Surveying, and Levelling: ooataining familiar Deme a - 
strations and lUnstraiions of the most important Propositions in Eudid"* 
Elements ; Proofs of dl the usefol Rules and Formute in Mensuration and 
Trigonometry, with their application to the Solution of Practical Probleisa 
in Estimation. Surveying, and Railway Engineering. Br Jambs Tatb, 
Mathematical Master of the National Sodety^ Traintag Collq^e, Battaiaaa. 
New Edition . 12mo. with 317 Diagrams and Woodfiate,9s. 6d. doth. 

Tate's Algebra made Easy. 

Algebra mads Easy. Chiefly intended for the use of Sdiools. By Thomas 
Tatb, Mathematicd Master of the National Society's Trainiag College, 
Battersea. New Edition. 12mo. 2s. doth. 
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Keith's Trigonometry. 

An Introduction to the Theory 'and Practice of Plane and Sfpherical Trigonometry , 
and the Stereograpbic Projection of the Sphere, incIniMng the Theory of Navi- 

?!ition. By Thomas Keith. New Edition, corrected by S. Matita&d. 8to. 
U. cloth. I 

Colenso's School Arithmetic. 

Arithmetic, deeigned for the use of Schools. By the Rer. J. W. CoLBNao, M.A. 
Rector or Forcnett St. Mary, Norfolk ; and late Fellow of St. John's College, 
Cambridge. New Edition. Fop. 8to. 4s. 6d. boards. 

^he Ladies' Complete .Arithmetician ; 

Or, Conversational Aritnmetic' In which ail the Rules are explained in Easy 
and Familiar Language. To which is added, a short History of tiie Coinage ; 
with Tables of the Weights and Measures or the Ancients. By Mrs. Henry 
Ayres. New Edition. ^ISmo. 5s. cloth.— Key, Ss. ^oth. 

Taylor's Arithmetic, and Key. 

The Arithmetician's Guide ; or, a complete Exercise Book : for Public Schoc4s 
and Private Teachers. By '\^. Tai Loa. New Edition, revised by S Mat- 
XAAD. I2mo. 2s. 6d. bound. 

K.ST. By W. H. Whitx. 12mo. 4s. bound. 

Molineux's Arithmetic, and Key; 

An Introduction to Practical Axitiuaetic ; in Two Puts : with vaiitua Notes, and 
oecuional Direetikms for the use of Learners. ByT. Moliitxqx, many years 
Teacher of Accounts and the Mathematics in Macclesfield. Ib Two Farts. 
Parti. 12mo. 2s.6d.bound.— P»rt2. 12mo. 2b. 6d. bound. 

Kbt to Part 1, 6d.— KxT to Part 2, 6d. 

Simson's Euclid (the Standard Editions). 

Simson's Elements of Euclid (Library Edition) ; viz. the First Six Books, toge- 
ther with the Eleventh and Twelfth'; also the Book of Euclid's Data, with 
the Elements of Plane and Spherical Trigonometry ; and a Treatise on the 
Constructicn of the Trigonometrical Canon. By theKer. A. Robb&T80n,D.D. 
F.R.S. New Edition, revised and correeted by S. Matmard. 8vo. 98. bound. 

Simson's Figments of Euclid ^chool Edition) ; vis. the First Six Book8,together 
with the Eleventh and Twelfth. Printed, with a few variations and additional 
references, from the Text of Dr. Simson. New Edition, revised and corrected 
by S. Matmakd. 18mo. 6*. bound. 

Simson's Elements of Euclid (Symbolically Arranged) : edited, in the Symboli- 
cal form, by the Rev. R. Blakblock, M.A. late Fellow and Assistant Tutor of 
Cathenne Hall, Cambridge. New Edition. I8mo. 6e. cloth, 

Joyce's Arithmetic, and Key. 

A Svstem of Practical Arithmetic, applicable to the present stnte of Trade and 
Money Transactions : illustrateid Wy numerous Examples under each Rule. By 
the Rev. J. Jotcb. New Edition, corrected and improved by S. Matma&d. 
12mo. 3s. bound. 

Kbt. 18mo. 3s. bound. 

Walkingame's Arithmetic and Key, by Crosby. 

The Tutor's Assistant ; being a Compendium of Arithmetic, and a complete 
Question- Book : containing Arithmetic in Whole Numbers, vulgar Fractions, 
DecimaU, Duodecimals, the Mensuration of Circles, a Collection of Questions. 
Ac. By FxAMCis WAi.xXKaAXB. A New Edition, corrected by T. Obosbt. 
12mo. 2s. cloth. 

Kbt. 12mo. 3s. 6d. cloth. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, by Sina^e and Double Entry ; comprising several 
Sets of Books, arranged accoraing to Present Practice, and designed for the use I 
of Scliools. By Jambs Mobbison, Accountant New Edition, considerably 
improved. 8vo. 8s. half-bound. 

Sets of Blank Books, ruled to correspond with the Four Sets contained in the 
above work : Set A, Single Entry, Ss \ Set B, Double Entry, 9b. ; Set C, Com- 
mission Trade, I2s. ; Set D, Paruxership Concerns, 4s. 6d. 
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Morrison's Commercial Arithmetic, and Key. 

A Coafdae Syctfem of C«Mnmereijl Arithnetie.- Br J. Mosmiaoii, Ai 

New EdttMm. reriaed and improved. ISnio. 4a. SdL boaad. 
Kbt. llewE(mMm,caRectedaBdtmiMroTedb7S.lfATJiABi>,Bdif0ror**Kcitfa'a 

Mathenutieal Worka." 12iiio. 8a. bonad. 

Nesbit's Arithmetic, and Key. 

A Trastiae cm Pnctieal Aritfametie. B7 A NsaBir. Mew Edition. iaB«.a«. bd. 
A ftsT to the aaine. 12no. 9a. boud. 
PaktII. of Mcabifa Practical Aritlimetk ; eontainiiig FractiwM, Ileeimala, 

Logaritluna. Chaia-R«le, fte. 
Kbt to |Mut II. ISmo. 7a. douhL 

Pe^chel's Elements of Physics. 

The Elcmenta of Phjaica. By C. P. PEacnt, Principal ni the Boyal Military 
College, Dresden. Traaalated from the German, with Notea, by E. We>t. 
8 vola. fcp. 8vo. with Woodcnta and Diagrams, 21a. doth. 

I Part 1. The Pbyiica of Ponderable Bodice. Fcp. Sro. Ta. Cd 
Sepenttely ^ Part 2. Imponderable Bodies (Light, Heat, Magnetism, Elec- 
l tricity, and Eleetro-Dynamica). 2ToU.lfep. 8vo.13a.6d!. 

Mr. Gower's Scientific Phenomena of Domestic Life, 

Familiarly explained. New Edition. Fcp. 8to. with woodcnta, fia doth. 

Content! :--l. The Bedroom; 2. The Brealcfaat Parlonr ; 8. The Maninc 
Walk; 4. The Kitchen; 5. The Study; 6. The Summer^ Eveatng ; 7. Lati- 
tade ; 8. Longitude ; 9. The Sea Shore. 

Mrs. Lee's Natural History for Schools. 

Elementa of Natural Hiatofr, for the use of Schools and Young Penons ; com- 
prising the Prindples of Claasiflcation, internpersed with amusing and in- 
structive Original Accounts of the most remarkable Animals. By Mrs. Lbs 
I2mo. with M Woodcuto. 7i.6d. bound. 



WORKS FOR YOUNG PEOPLE, BY MRS. MARCET. 
Spelling: Book : The Mother's First Book : 

Containmg Reading made Easy, and the Spelling Book. Mew Edition. 
12mo. with Woodcuts, Is. 8d. doth. 

Willy's Grammar : 

Interspersed with Stories, and intended for the use of Toong Boys. Mew 
Edition. 18mo. 2b. 6d. doth. 

Mary's Grammar : 

Interspersed with Stories, and intended for the use of Otiis. Maw Editkm. 
ISno. 8e. 0d. halPbonnd. 

The Game of Grammar : 

^ith a Book of Conversations, shewing the Rules of the Oame, and aflbrding 
Eumplea of the manner of playing at It. In a varnished bos, or done up as a 
post 8vo. volume, 8s. 

Conversations on Language, for Children. 

New Edition. ISmo. 4s. 6d. doth. 

Lessons on Animals, Vegetables, and Minerals. 

New Edition. ISmo. 2s. doth. 

Conversations on Land and Water. 

New Edition, revised and 6«»rrected. Fcp. 6vo. with a colflored Map, Is. 6d. 

Conversations on Chemistry. 

New Edition, revised, oonreeted, enlarged, sad imprnved. 2 vols. fop. Sro. 
14s. cloth. 

Conversations on Natural Philosophy. 

New Edition Fcp. 8vo. with 23 Plates, IDs. 6d. cloth. 
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Conversations on Vegetable Physiology. 

New Edition. Fcp. 8to. with four Plates, 9b. cloth. 

Conversations on Political Economy. 

New Edition. Fcp. 8to. 7s. 6d. cloth. 

Conversations on the History of England. 

For the U«e of Children. New Edition, with con&nation to the Reign of 
George ni. 18mo. 6e. doth. 

GEOCRAPHY AND ATLASES. 

Dr. Butler's Ancient and Modem Geography. 

A Sketch of Ancient and Modem Oeographr. By Samttsl Botlbx, D.O. late 
Bishop of Lichfield, formerly Head Master of Shrewsbury Schocd. New Edition, 
Teviaed by his Son. 8to. 9s. boards ; bound in roan, lOs. 

Dr. Butler's Ancient and Modem Atlases. 

An Atlas of Modem Geography ; consisting of Twenty-three Coloiued Maps ; 
with a complete Index. New Edition, 8to. 12s. halr-boand. 

An Atlas of Ancient Geography; consisting of Twenty-two Coloored Maps, 
with a complete Accentnatea Index. New jBdition, corrected. 8to. I2s. 

A General Atlas of Ancient and Modem Geocrrftphy ; consisting of Forty-llYe 
colonted Maps, and Indices. New Edition, corrected. 4to. 24s. half-bound. 
*•* The Latitude and Longitud^are given in the Indices. 

Abridgment of Butler's Geography. 

An Abridgment of Bishop Butler's Modem and Ancient Geography : arranged in 
the form of Question and Answer, for the use of Beginners. ByMasT 
CuxNiNOHAX. New Edition. Fcp. 8to. 2s. cloth. 

Dr. Butler's Geographical Copy-Books. 

Outline Geonaphical Copy-Books, Ancient and Modem : with the Lines of Lati- 
tude and Longitude only, for the Pupil to fill up, and designed to accompany 
the above. 4to. each 4s. ; or together, sewed, 7s. 6d. 

The Geographv of Palestine or the Holy Land, 

Including Phoenicia and Philistia: with a Description of the Towns and 
Places in Asia Minor visited by the Apostles. By w. M'Leod, Head Master 
of the Model School, Royal Military Asylum, Chelsea ; late Master of the 
Model School, Battersea. New Edition. 12mo. with Map, Is. 6d. cloth. 

Dowling'js Introduction to Goldsmith's Geography. 

Introduction to Goldsmith's Grammar of Geography : forthA use of Junior Pupils. 
ByJ.DowLixo. New Edition. I8mo. 9d. sewed. 

By the same Author, 

Five Hundred Questions on the Maps in Goldsmith's Grammar of Geography. 
New Edition. 18mo. 8d.— Kbt, 9a. 

Goldsmith's Geography Improved. 

Grammar of General Geography : for the Use of Schools and Young Persons. 
By the Rev. J. Goldsmith. New Edition, improved. Revised throturhout and 
corrected by Hiu[h Murray, Esq. Royal 18mo. with New Views, Maps, &c. 
3e. 6d. bound. — KxT,9d. sewed. 

Goldsmith's Popular Geography. 

Geography on a Popular Plan . New Ecut. including Extracts from recent Voyages 
and Travels, with Engravings, Maps, &c. By Rev. J. Golssxith. 12mo.l4s.bd. 

Mangnall's Geography, revised. 

A Compendium of Geography; for the use of Schools, Private Families, ftc. By 
R. MANONA.Lt. A new Edition, revised and corrected throughout. 12mo. 
7s. 6d. bound. 

Hartley's Geography, and Outlines. 

Geography for Youth. By the Rev. J. Hartlbt. New Edition, containing 

the latest Changes. 12mo. 4s. 6d. bound. — B;^ the sacae Author, 
Outlines of Geography : the First Course for Children. New Edit. 18mo. 9d. sd. 
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THE FRENCH AND ITALIAN LANGUAGES. 

Miss Rowan's Modern French Reading Book. 

MoroeAvx Cboiiis des Antewa Modcmes, i I'uage dc la JeaneMe. With a 

iffictdt Word! ukd 



and rr^tlr improred. I2aio. 4». boand. 
KeT) I2ino« Ss^tomML 

Hamel's World in Miniature. 

The World in Miniatnn ; containing a fidthftal Aooonnt of the SitaatioB, Extent, 
Prodnctioni. Government^ Population. Manners, Coriocitiet, Ac. of thediCTerent 
Countriee of the World : for Translation into French. Bt N. Hakil. N«w 
Edition, corrected and brought down to the present time. 12mo. 4s. 6d. Ud. 

Tardy's French Diction^irv, improved by Tarver. 

Tardj's Explanatorr Pronouncing cSctionarr of the French Language, In 
French and English ; wherein tne exact Sound and Articulation of eren 
Syllable is distmctlr marked, according to the Principles of the Frencn 
Pronunciation, dereloped in a short Treatise. New Edition, corrected and 
much enlarged. Bji.C. Tahysr, French Haster, Eton. Fcp. 8to. 7b. 

Benelachi's New Italian Conversations. 

L'Interloeutore Italiano ; ossia, Modemi CoUoquii Italiana, in una Serie di 
OouTersaxioni Familiari ed Interessantissime. ad uso della Oiorentu amante 
della bella ed armoniosa Favella Toscana : intersperse di Aneddotti e Bag- 

uag^. Con un 'Vocabolario contenei - 

riuija A. BxHBLacBi. 12mo. 3s. 6d 



guag^. Con un 'Vocabolario contenente tatte le Parole che vi si trovano. lia 
ii ^ ~ — - -. 



THE ENGLISH LANGUAGE. 
Orammar$t Reading Booki, and JTmcsBoimom Work*. 

The Modern Poetical Speaker : 

A Collection of Pieces adapted for Recitation, carefbUT selected fhmi the 
English Poets of tiie Nineteenth Century. By Mrs. Palliser. Dedicated, by 
permission, to the Bight Hon. the Dowager Lady Lyttelton. 12mo. 6s. botmd. 

Sewell : The New Speaker and Holiday Task-Book. 

Selected from classical Greek. Latin, and Enirliah writers: — Domosthenes, 
Thucydides, Homer, Sophocles, Cicero, Litt, Virgil, Lucretius, Shakspeare, 
Milton, Burke^ Bacon, &c. By the Rer. W Saw ill, B D. Fellow and Tutor 
of Exeter CoMegb, Oxford. I2mo. 8s. bound. 

Maunder's Universal Class-Book : 

A New Series of Reading Lessons (original and selected) for Every Day in the 
Year : each Lesson recording some miportant Event in General History, Bio- 
graphy, Ac, or detailing, in familiar language, interesting facts in Science, 
with Questions for Examination. By SAicrsL Maumdbr, Author of " The 
Treasury of Knowledge," Ac. New Eilition, revised. 12mo. 6s. bound. 

The Rev. J. Pycroft's Course of English Reading. 

A course of English Reading adapted to every Taste and Capacity: with Anec- 
, dotes of Men of Genius. By the Rev. jA.MEeFTCRorr, B.A., Author of " Latin 
' Grammar Practice," &c. Fcp. 8vo. 9s. 6d. cloth. 

The Debater : 

Being a series of complete Debates, Outlines of Debates, and Questions for 
DiKcnsetioQ : with amplp References to the best Sources of Information on 
each particular Topic. By Frederic Rowton, Fcp. 8vo. 6s. cloth. 



Tranalatioa of the New and Difficult Words and Idiomatic Phraaea which 
oocor in the Work. By F. M. Rowax. Foolscap 6vo. 6s. bound. 

Hamel's French Grammar and Exercises, by Lambert. 

Hanael's French Grammar and Exercises. • A New Edition, in one volume. 
Carefnllv corrected, greatly improved, enlarged, and zc-arraaged. By N. 
Lambert. 12mo. fie. ed. boond. t 

HamePs French Grammar (the Original Edition). 

A New Universal French Grammar ; being an accurate System of French Acci- 
dence and Syntax. By N. Ha.xbl. New Edit, improved. 12mo. 4a. bound. 

Hamel's French Exercises, Key, and Questions. 

French Grammatical Eserciaei. By N. Haxxi.. New Editiott, caivAiUy revised 
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The Rev, John Hunter'B English Grammar. 



untuy SchtKli. Bj Um 
iell'i'TTUiilEfCiiIkfi, I 



Lindley Murray's Works. 



Mavor's Spelling Book. 

Tb> En^ll Ji tpta iaf-tMlj laauDpuIri b; > Pn^naln S>ri» al am, ud 
IL. EojIUl. LMjuim^ BrDr. Mi™.. Nf ir EdiUoo, Ump.rtUi Finnli"- 

I Carpenter's Spelling-Book. 
Mr, M'Lend'e New Reading Book, 



' Graham's English Spellmg-Baok. 
Progressive ExercJRea in English Compositio 

B!a>Ba..Il.a.P>ik.r,AJ<, Ke-EdSmi. llmii.li. U.doUi. 

Walker's Dictionary Remodelled. 



tomised. 



. Graham's Art of English Compositior 
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Grahara'a Helps to EiiKlUh GnmmaT. 
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English Sjnanjmee classified nnd esplained : 

vllh Pradful EkncUa*, dttLned f« Bchooli ud IMTtto ToiUoB 



Aikin's Poetry for Children, 

"ortiT ftw ChUdrtB i coBtlaUr- -•■►-■-»■— 
thn bHt Fovll, in lal l ini Md 
ItoW. -jlh FiCBliapUH.ai. 
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tblliMPilrU.ilibnpvild^HthOllilulPinn. B7 Ula AlIuiTNlf Ed 
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I Works bv Richabd Hilst 

I. Elemeniaiy Stria. 
1. TlH CtiJld'i ^rvt Epqltth Onmmv : La PnvcH'^c Lci 

, U. Janior Stria. 

lil. Uidait Strut. 

■ T. EncLMi Eitnim'uUiUi. Nfokdh^on. liao.». 
|i. Pra|iw>itr Eiifllsti CminHlin. Nto EdHiud. > ttaB 
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